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Abstract. Two vertices of a graph G are said to be radial to each other if the distance between them
is equal to the radius of the graph. The radial graph of a graph G, denoted by R(G), has the vertex set
as in G and two vertices are adjacent in R(G) if and only if they are radial to each other in G. If G is
disconnected, then the two vertices are adjacent in R(G) if they belong to different components of G.
The main objective of this paper is to determine the radial graphs of some families of product graphs.
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1. Introduction

In 1967, Harary and Wilcox [6] and Abay-Asmerom et al. [1] defined various boolean operations
in graphs. Also, El1-Kholy et al. [4] described the new operations in graphs. Let G be an
undirected graph with vertex set V and edge set E. The distance d(u,v) between a pair of
vertices u and v is the length of the shortest path connecting them. The eccentricity of a vertex
of a connected graph G is the maximum distance from the vertex to any other vertex. The
radius of G, denoted by r(G), is the minimum eccentricity of the vertices of the graph. The
diameter d(G) of G is the maximum eccentricity of the vertices of the graph. A graph for
which r(G) = d(G) is called a self-centered graph. Kathiresan and Marimuthu [[7]] introduced the
concept of radial graphs and Avadaiyappan and Bhuvaneswari [3] developed the concepts of
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radial graphs. Let F'13 and Fg9y denote the set of all connected graphs of G for which r(G)=1,
d(G) =2 and r(G) = d(G) = 2, respectively (Kathiresan and Marimuthu [8]). The eccentric graph
(Akiyama et al. [2]) based on G, denoted by G., is the graph whose vertex set is V(G) and two
vertices u and v are adjacent in GG, if and only if d(u,v) = min{e(u),e(v)}.

Let G1 = (V1,E1) and Gg = (Vy,E5) be two graphs with V1 nVy = @¢. Then, the Cartesian
product [6] of G1 and Gg, denoted by G1 x Gg, is a graph having the vertex set V; x Vo and
whose edge set consists of all elements {(«1,u2),(v1,v2)} where either u1 =v; and (ug,v2) € E9
or ug =vg and (uq,v1) € Eq.
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Ugv1 Ugv2 Ug03
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u3vi u3vg u3v3
P3
P3 ><P3
Figure 1

The conjunction [6] of G1 and G2, denoted by G1 A Gg, is a graph having the vertex set
V1 x Vo and whose edge set consists of all elements {(x1,u9),(v1,v2)} where (u1,v1) € E1 and
(ug,v9) € E9. The composition or lexicographic product [6] of G1 and G2, denoted by G1 [G2], is a
graph having the vertex set V1 x Vo and whose edge set consists of all elements {(z1,u9),(v1,v92)}
where either (u1,v1) € E1 or [u1 =vq1 and (ug,vs) € Egl.

The disjunction [6] of G1 and G9, denoted by G1[1G2, is a graph having the vertex set Vi xVjy
and whose edge set consists of all elements {(x1,u2),(v1,v2)} where (u1,v1) € E1 or (ug2,v2) € E9
or both. The rejection [6] of G1 and G2, denoted by G1/G2, is a graph having the vertex set
V1 x Vo and whose edge set consists of all elements {(u1,u59),(v1,v2)} where (u1,v1) ¢ E1 and
(ug,v9) ¢ Eo. The corona of G1 and G9, denoted by G10Gyg, is a graph obtained by taking one
copy of G1 of order p; and p; copies of G2 and then joining the ith vertex of G to every vertex
in the ith copy of Gs.

The join [5] of two graphs G and Gg, denoted by G1 + Gg, is the graph with vertex set
V(G1+G2)=V(G1)UV(Ge) and edge set E(G1+G2) =E(G1)UE(G2)U{uv: ueV(G1),v € V(Gg)}.
The tensor product [9] G1®G9 of graphs G1 and G9 is a graph such that the vertex set of G1®Go
is the Cartesian product V(G1) x V(Gg) and vertices (g,4) and (g’,~’) are adjacent in G1 ® Go if
and only if g is adjacent to g’ in G and A is adjacent to 2’ in Gs.
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This paper determines the radial graphs for some families of Boolean operation graphs.

Result 1.1 ([7]). For a graph of order n, R(G) = K,, if and only if either G or GisK,.

2. Main Results
Theorem 2.1. For any two integers m,n =3, R(C,, xC,)=R(C,,) AR(C}).

Proof. Let u and v be vertices in C,, which are radial to each other and x,y be two vertices
in C, which are radial to each other. Then uv € E(R(C,,)) and xy € E(R(C,)), that is,
(u,x),(v,y) e E(R(C,,) AR(C})). Also, (u,x) and (v, y) are radial to each other in C,, x C,,. Thus,
(u,x),(v,y)e E(R(C,, xCy)). Hence R(C,, xC,)=R(C,,) AR(C)). O

Corollary 2.2. For any two integers m,n =3, R(P,, x P,) = R(P,,) AR(P,).

Theorem 2.3. For any integers m and n, R(K,, xK,)=K,, xK, =R(K,)ARK,)=K,, NK,,.

Proof. Let uq,us9,...,u, be the vertices of K,, and v1,v9,...,v, be the vertices of K,,. Then
(u;,v)) €Ky xKy, foralll1<si<mand 1<j<n.Since u;u, € E(K,,), forall 2 #i and v;v; € E(K})
for all I # j, d((u;,v;),(ug,v;)) < 2. Therefore, K,,, x K, € Foo. Hence R(K,, x K,) = K;;, xK,.
In K,,, x Kp,,d((u;,v;),(ur,v;)) =2 if and only if i # & and j #1, that is, (u;,v;) and (u,v;) are
adjacent in R(K,, xK,)ifand onlyif i # £ and j # /. On the other hand, R(K,,)AR(K,) =K, AK,.
In K,, NK,,(u;,v;) and (ug,v;) are adjacent if and only if u;u; € E(K,,) and v;v; € E(K,) if and
onlyifi #k and j #1. Hence R(K,, xK,)=R(K,)AR(K,)=K,, NK,,. O

Theorem 2.4. For any two integers m,n =3, R(C,[K,])=R(C,)V R(K,).

Proof. Let ug,uq,u9,...,u,—1 be the vertices of C,, and vg,v1,vs,...,v,-1 be the vertices of K,,.
Then (u;,v;) are the vertices of Cp, [K,], for 0O<i<m-1landO0=<j<n-1.

Case (i): m is odd.

For each u;, the radial vertices in C,, are Ujr| 2] and Uiz where the subscript is taken over
addition modulo n. Therefore, 7(C,,[K 1) = r(Cy,) = | 5]. In C,[K,], for any j, the radial vertices
of (u;,v;) are (up,v;) where k=i + L%J and 0</<n-1,0<i<m-1. Thus, any two vertices
(u;,v;) and (ug,v;) are adjacent in R(C,[K,]) if and only if 2 =i + L%J. On the other hand, since

R(K,)=K,,we have R(K,)=K,, a totally disconnected graph. Hence any two vertices (u;,v;)
and (up,v;) are adjacent in R(C,,) vV R(K},) if and only if u; and u, are adjacent in R(C,,) if and
onlyif k=i+|3] where 0<i<m-—1.

Case (ii): m is even.

For each u;, the radial vertices in C,, are Ujrm where the subscript is taken over addition
modulo n. Therefore, r(C,,[K,]) =r(C,,) = % For any j, the radial vertices of (u;,v;) in Cy,[K,,]
are (up,v;) where k =i+%5 and 0</<n-1, 0<i<m-1. Hence any two vertices (u;,v;)
and (up,v;) are adjacent in R(C,,[K,]) if and only if 2 =i + % On the other hand, since
R(K,) = K,, a totally disconnected graph. Thus, any two vertices (u;,v j) and (up,v;) are adjacent
in R(Cp,) v R(K,) if and only if u; and u,, are adjacent in R(Cy,) if and only if 2 =i + 5 where
O<sism-1. O

Theorem 2.5. For any two integers m and n, R(P,,[K,]) = R(P,)Vv R(K,).
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Proof. Let ug,u1,u9,...,un_1 be the vertices of P, and vg,v1,v9,...,U,_1 be the vertices of K,,.
Case (i): m is odd.

In P,,, each u; is radial to u; yme1 for 0<i=< ™= —3 and radial to ug and wu,,_1 for i = = L and
radial to u, m21 for & = mtl <<y — 1. Therefore, r(Pm) = m L= r(P,,[K,]. In P,,[K,], for any j
and0<i< m2 , (u;,v;) is radial to (ug,v;) where k =i + #5= L 0<l<n-1.Fori= T’ (ui,v;)
is radial to (up,v;) where &k = 0 and k=m-1,0<l<n- 1 and for 2 = mtl

radial to (ug,v;), where k=i —"5=,0=</<n-1. Hence in R(P,[K},]), two vertices (u;,v;) and
(up,v;) are adjacent if and only 1f u; and uj are radial vertices in P,

<l<m ]- (ul>UJ) 18

Case (i1): m is even.

In P,,, each u; is radial to Ujpm for 0<i <2 -1 and radial to Uj_m for % <i<m-1. Thus,
r(Py) = 7 =r(PnlK,D. In P,[K,], for any ] and 0<1i < m -1, (u;,v;) is radial to (uk,vl)
where k=i+%5,0<l<n-1,and for 5 <i<m-1, (u;,v;) is radlal to (ug,v;) where k=i -7,
0<!<n-1. Thus, two vertices (ui,vj) and (up,v;) are adjacent in R(P,,[K,]) if and only if «;
and up, are radial vertices in P,,.

Therefore, in both cases, two vertices (u;,v;) and (up,v;) are adjacent in R(P,,[K,]) if
and only if u; and uj are radial vertices in P,,. On the other hand, since R(K,) is a totally
disconnected graph, any two vertices (u;,v;) and (ug,v;) are adjacent in R(P,,) v R(K},) if and
only if u; and uj are adjacent in R(P,,) if and only if u; and u, are radial vertices in P,,. [

Theorem 2.6. For any graph G with r(G) =2, R(K,,|G]) = K,,/G.

Proof. Let ui,uq,...,u,, be the vertices of K,, and viy,vg,...,v, be the vertices of G and let
(u;,v;) and (ug,v;) be any two vertices in K,,[G].
Case (i): i £ k.
Since u; is adjacent to uj in K,,, d((u;,v;),(ut,v;)) =1 in K,,[G] where j and [ varies from
1,2,...,n
Case (i1): i = k.
If v; is adjacent to v; in G, then d((u;,v;),(ur,v;)) =1 and if v; is not adjacent to v; in G, then
d((ui,v;),(ug,v)) =2.

Thus, the eccentricity of each vertex in K,,[G] is 2 and hence K,,[G] is of radius 2 and
diameter 2. Hence R(K,,[G]) = K,,[G]. Then by the definition of rejection and composition, this
result follows. O

Observation 2.7. For any graphs G and H, r(GoH)=r(G)+ 1 and d(GoH) =d(G)+ 2.

Proof. Clearly, r(GoH)=r(G)+1. Let d(G) = k. Then the length of the path in G is k. Let it be
v1,V9,...,U0;. In GoH, every vertex v; of GG is joined to each other vertex of the corresponding
ith copy of H. In particular, vy, 1 is joined to each vertex in the (& + 1)th copy of H. Therefore,
the length of the longest path in G o H should be % + 2. O

Theorem 2.8. If G is a self centered graph with p1 vertices and r(G1) =2, then R(G10Gg)isa
(p1+1)-partite graph where Go is any connected graph.

Proof. Let vy,vs,...,vp, be the vertices of G1 and let Wiy, Wiy, -, Wiy, be the vertices of ith
copy of Ga. In G10Gg,e(v;) = eqg,(v;)+1 where 1 <i < p; and e(wij) = eq,(v;) +2 where
l<i<p;and 1=<j<pso. Hence r(G10Gq) =r(G1)+1 and d(G10G2) = d(G1) + 2. Since G,
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is self-centered, dg,(vi,v;) < r(G1) and hence dg,.q,(v;,v;) Will never be equal to r(G1) + 1.
Therefore, (v;,v;) ¢ E(R(G1°G32)). In GloGg,d(wij,wik) <2 and hence (wi;,wi,) ¢ E(R(G10Gy)).
Hence {v1,v2,...,Up,}, {wil,wiz,wi3,...,w,~p2 : 1<i < p1} are the partitions of R(G10cG2). Since
r(G10Go) is finite, R(G10G9) is connected and hence the result follows. O

Theorem 2.9. If G1 € F19, Giisa m-partite graph and Geisa n-partite graph, then R(G10G3g)
is a (m + n)-partite graph.

Proof. Let G1 € F12. Then r(G1) =1 and d(G1) = 2. Now, r(G10Gg) = r(G1)+1 =2 and
d(G10Gs9) = d(G1)+2 = 4. Let G; be the m-partite graph with partitions {a¢11,a12,...,a1,,},
{ag1,a22,...,a2:,},...,{Q@m1,0m2,...,amr,,} and Gs be the n-partite graph with partitions
{blly b12, ceey blsl}, {bgl,bzz, ceey bzsz}, ceey {bnl, bnz, cen ,ansn} where ri+ro+--+ry,=pi1 and 81+
Sg+:--+8, = pa2. Since a;1,a;2,...,a;r; belong to the same partition in G_1 for each i, they are
not adjacent to each other in G; and hence they are adjacent in G;. Then by the definition of
G10Gg, they are adjacent to each other in R(G10G2). As r(G10G2) =2, they are not adjacent to
each other in R(G10Gyg). Therefore, {a;1,ai2,...,air;}, 1 <i <m are the m-partitions of vertices
of G1 in G10Gy. Since bj1,bj9,...,bjs; are in the same partition of G, for each J, they are
not adjacent in Go and hence adjacent in Gs. Thus, they are adjacent in G1 o Gs with labels
as bijl,bijg,...,bijsj in the ith copy of G where 1 <i < p;. These vertices are not adjacent
in R(G10Gy). Thus, bijl,bijz,...,bijsj for all i =1,2,...,p1 belong to the same partition in
R(G10G@Gy9). This is true for each of the n-partitions. Hence the result follows. O

Theorem 2.10. For any two integers m,n > 3, the radius of the join graph of P,, and P, is 2.

Proof. In P,, +P,, every vertices of P,, is adjacent to every vertices of P,, that is, the distance
between every vertices of P,, and every vertices of P, is 1. Also, the distance between any two
vertices of P, is 2 in P,, + P,, and the distance between any two vertices of P, is 2 in P,, + P,,.
Hence the radius of the graph P,, + P,, is 2. O

Corollary 2.11. For any two integers m,n > 3, the radius of the join graph of C,, and C,, is 2.
Theorem 2.12. For any two integers m,n >3, R(K,, +K,)=K,, + K,.

Proof. In K,, + K,,, the distance between every vertices of P,, and every vertices of P, is 1,
and r(K,) =1 for all n. Thus, the radius of K,, + K,, is 1, that is, K,, + K,, is a complete graph.
Therefore, by the Result[1.1) R(K,, + K,) =K, + K. O

Theorem 2.13. For any two graphs G1 and G, and both are not complete graphs with atleast
four vertices, the radius of the join graph of G1 and Gy is 2.

Proof. Every vertices of G is adjacent to every vertices of G2 in G1 + Gg. Also, the distance
between any two vertices of G is 2 in G + G2, and the distance between any two vertices of Go
is 2 in G1 +G9. Hence the radius of the graph G1 + Gy is 2. d

Theorem 2.14. For any integers m and n =3, P,, ® P, is a graph of infinite radius.

Proof. Since there is no path connecting the vertices u;v; and u;v;,1 in P,, ® P,, the distance
between u;v; and u;v;,1 is oo for any vertex u;v;, that is, the eccentricity of any vertex u;v; is
oco. Hence P,, ® P,, is a graph of infinite radius. O
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3. Conclusion

In this paper, we explored the concept of radial graphs, defining radial vertices as those pairs
whose distance equals the radius of the graph, and constructed radial graphs R(G) based on
this definition. We examined the behavior of radial graphs in various families of product graphs,
including Cartesian, direct, and strong products, each exhibiting unique properties affecting the
structure of their radial graphs. This study enhances our understanding of the connectivity and
structure of complex networks, with implications for network theory, communication systems,
and parallel computing. The findings provide a foundation for further research into specific
applications and extensions to other graph operations and transformations.
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