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A-transform of Wavelet Frames

FEA. Shah and N.A. Sheikh

Abstract. In this paper, we introduced the concept of A-transform A = (ap g j «)
and study the action of Aon f € L2(R") and on its wavelet coefficients. Further,
we also establish the Parseval frame condition for A-transform of f € L?(R™)
whose wavelet series expansion is known.

1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [8] in
1952 to study some deep problems in non-harmonic Fourier series, reintroduced
in 1986 by Daubechies, Grossmann and Meyer [7] and popularized from then on.
Nice properties of frames make them useful in characterization of function spaces
and other fields of applications such as filter bank theory, medicine, optics, sigma-
delta quantization, signal and image processing and wireless communications.
Recently the theory of frames also showed connections to theoretical problems
such as the Kadison-Singer Problem. We refer [2, 12, 13] for an introduction to
frame theory and its applications.

In 1982, Jean Morlet, introduced the idea of the wavelet transform and
provided a new mathematical tool for time-frequency analysis. Morlet first
introduced wavelets as a family of functions constructed from translations and
dilations of a single function v(x) called the mother wavelet and defined as

x—>b
1/)( ), a,beR,a#0

wa,b(x) =

a

Vial

where a represents the dilation parameter and b the translation parameter. For
some very special choices of v and a, b, the 1), , constitute an orthonormal basis
for L2(R). In particular, if we choose a =277, b = k277, j, k € Z, then there exists
) such that the functions

P100) = g p () = 2%4p(27x — k)
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constitute an orthonormal basis for L%(R) (see [6, 24]).

Wavelet systems that form frames for L2(R) have a wide variety of applications.
An important problem in practice is therefore to determine conditions for wavelet
systems to be frames. Many results, including necessary conditions and sufficient
conditions, have been established during last two decades. For example, in 1990,
Daubechies [6] proved the first result on the necessary and sufficient conditions
for the wavelet system ), ,(x) to be a frame for L?(R), Chui and Shi improved
the result of Daubechies in [3] and gave the characterization of tight wavelet
frames for an arbitrary dilation factor a > 1 in [4], Casazza and Christenson
established a stronger version of Daubechies sufficient condition for wavelet frames
in [1, 2]. Recently, Shi and Chen [25] have established a set of necessary conditions
for wavelet frames and showed that these conditions are also sufficient for tight
frames.

In the early nineties, a general scheme for the construction of wavelets was
defined. This scheme is based on the notion of multiresolution analysis (MRA)
introduced by Mallat [17]. Immediately specialists started to implement new
wavelet systems and in recent years, the concept MRA on R" has been extended
to many different setups, for example, Dahlke introduced multiresolution analysis
and wavelets on locally compact Abelian groups [5], Lang [14, 15, 16] constructed
compactly supported orthogonal wavelets on the locally compact Cantor dyadic
group % by following the procedure of Daubechies [6] via scaling filters and these
wavelets turn out to be certain lacunary Walsh series on the real line. Later on,
Farkov [9] extended the results of Lang [14, 15, 16] on the wavelet analysis
on the Cantor dyadic group %4 to the locally compact Abelian group G which is
defined for an integer p > 2 and coincides with ¢ when p = 2. The construction
of dyadic compactly supported wavelets for L’(R") have been given by Protasov
and Farkov in [19] where the latter author has given the general construction of all
compactly supported orthogonal p-wavelets in LZ(R+) and proved necessary and
sufficient conditions for scaling filters with p™ many terms (p,n > 2) to generate a
p-MRA analysis in L2(R™) (see [10]). More results in this direction can be found
in [21, 22, 23] and the references therein.

Recently, Shah and Debnath [22], have constructed dyadic wavelet frames on
the positive half-line R* using the Walsh-Fourier transform and have established a
necessary and a sufficient conditions for the system

{4, (x)=:22yp(2Ix 0 k): j€Z k€ ZT}

to be a frame in L2(R™). The conditions obtained by Shah and Debnath are better
than those of Daubechies [6], Chui and Shi [3, 4], and Casazza and Christenson
[1, 2]. In this paper, we further investigate the dyadic wavelet system 1); , by A-
transform, where A = (a, g ; i )p,q.jx 1S @ regular double infinite matrix and we will
establish the Parseval frame condition for this system. Further, wavelet coefficients
and the convergence of these coefficients are also being established.
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We have organized this paper as follows. In Section 2, we state some basic
notations and preliminaries related to the operations on positive half-line R*,
Walsh functions and polynomials. In Section 3, we explore the new concept of
A-transform and derive our main results.

2. Notations and preliminaries

Let R" = [0,+00) be the positive half-line, Z* and N be the sets of positive
integers and natural numbers, respectively. Designate C,, the space of all double
sequences in R* which converges to zero. Let us denote the integer and the
fractional parts of a number x € Rt by [x] and {x} respectively. Then, for each
x €R" and any j € N, the values x;,x_; € {0, 1} are defined as follows:

Xj= [27x](mod 2), X_j= 217 x](mod 2). 2.1
For each x € R™, these numbers are the digits of the binary expansion
x=[x]+{x}= ZXJZ_j_l + ijz_j.
j<0 j>0

It is clear that

[e¢] [o¢]
[x] =Zx_j2j_1, {x} =Zx]-2_j
j=1 j=1

and there exists k = k(x) in N such that x_; = 0 for all j > k.
The binary addition on R* is defined by the formula
xX®y= Z |x; _}’j|2_j_l +Z |x; _}’j|2_j
j<0 j>0
where x;, y; are defined in (2.1). Moreover, we note that x®y = x©y as x©y =0
where © denotes the substitution modulo2 on R*.
For x € [0,1), let w;(x) be given by

o [L ifxeo1/2)
YO ifxef1/2,1).

The extension of the function w; to R" is denoted by the equality w,(x + 1) =
wy(x) for all x € R". Then, the generalized Walsh functions {w,(x):n € Z*} are
defined by

k
wo(x)=1, w,(x)= l_[ (w1(2'x))", neN, x eRY,
i=0
k .
where n= ), u;2/, u; €{0,1}, uy = 1, k = k(n).
=0

Note that the Walsh functions almost behaves like characters with respect to
dyadic addition, namely

wy(x®y)=w,()w,(y), neN, x,y€[0,1). (2.2)
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Thus, for each fixed y, equality (2.2) is valid for all x € R except countably many
of them.
For x,y € R+, let

26 y) = (=170, where o(x,y) = D (x;y_;+X_;¥;) 2.3)
j=1

and x;,y; are given by (2.1). Note that y(x,27"m) = x(27"x,m) = w,(27"x),
for all x € [0,27™) and m,n € Z*. It is shown in [11] that both the systems
{x(a, )}, and {x (-, @)}’ are orthonormal bases in L’ [0,1).

The Walsh-Fourier transform of a function f € L' (R") is defined by

f(€)=j )y (x,&)dx,
R+

where y(x, &) is given by (2.3). The properties of the Walsh-Fourier transform are
quite similar to those of the classic Fourier transform (see [11, 20]). In particular,
if feLl’(R"), then f e L’(R") and

”f“Lz(]R*) = ”f”LZ(]R*)'

For any function vy € L2?(R"), we consider the system of functions

{4k} pezxz in L*(RY) as

{1 (x)=:2"2y(2Ix0k): jeZ ke Zt,x €R*}. (2.4)
By taking Walsh-Fourier transform to (2.4), we obtain

%[’j,k(g) = 272277 )w (277E).

Therefore, by Plancheral theorem, we have
Cix=(frjn) =J FON;(x)dx, f € LA(RY). (2.5)
]R+

We recall that the system (2.4) is a wavelet frame for L2(R") if there exist
constants C and D, 0 < C < D < oo such that, for every f € L2(R")

CUFIR <D [(F 0] < DIFIP 2.6)
JEZ keZ*
The constants C and D are known respectively as lower and upper frame bounds.
A frame is called tight frame if the lower and upper frame bounds are equal,
C = D. A frame is a Parseval frame if C = D = 1 and in this case, every function
f € L>(R™) can be written as

FGY=D0" cjuaa(x) @2.7)
JEZ keZ*

where c; ;. = (f,;«) are given by (2.5), usually known as wavelet coefficients of
the given wavelet series (2.7).
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LetA= (ap,q,j,k
of double sequence {x; ;}(j x)ez+xz+ is defined as

Z Z Ap,q,jkXjk- (2.8)

JELT kel*
This definition is due to Moricz and Rhoades [18]. It is shown in [18] that the
necessary and sufficient condition for a matrix A to be regular is

@ pthﬂoo X 2 Gy =1
: JEL* keZ*

) be a double infinite matrix of real numbers. Then, A-transform

(i) lim > la,q;xl =0, for every k € Z*
pg—too L TP

(i) lim >} la, ;x| =0, for every j € Z*
Pg—+00, s

(V) Al =sup, ey 22 2 lapq k] < oo.
JELY ket

Either of conditions (ii) and (iii) implies that

lim a,,;,=0. (2.9)

p.g—00
3. Main results

Theorem 3.1. Let A= (qa, 4 ; x) be a double regular matrix whose elements are of the
fOTTTl ap,q,j,k = ('Lpp,qﬁ wj,k) and lf
D X X e FOW Oy =1
JELT keZ*
(i) lim 4y 4(x) = ().

Then, A-transform of the sequence of wavelet coefficients {c; } belong to C,.

Proof. Since the elements of a double non-negative infinite matrix are of the type
(Y x> ,,4) and the wavelet coefficients c; are given by Eq. (2.5). Thus, we have

ap,q,j,kcj,k = <wj,k: wp,q>(f: ’ij,k>
- f GG f reTmerr
R* R+

:J. f(x)wp,q(x)dxf Y (x)dx
R+ R+

Therefore, we can write

DD apiik= 2. D, fw  VnaCRE G O ) dy

JELT kelT JELT kel™

Using condition (i) and (ii), and the fact that the dyadic wavelet 1 satisfies
fR+ Y (x)dx = 0, we obtain

p,lqiinoo Z Z Ap,q,j.kCik = p}}Eloo Jw Ppq(x)dx = fw Y(x)dx = 0. 0

jEZY ket
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Theorem 3.2. Let A= (a, 4
are the wavelet coefficients associated with the wavelet expansion (2.7). Then, the
frame condition for A-transform of f € L2(R") is given by
CyllFIZ <D D KAF P, o) 2 < DI I3
DPEZLqeZ*
where Af is the A-transform of f € L2(R™) and 0 < Cy <Dy < o0.

) be a double non-negative regular matrix and if c;

Proof. We have
flx)= Z Z (fs ()
JEZ keZ*
Taking A-transform of f, we get
AF ) =D D AF Py g (x)
PEZqEZ*

and therefore

DAY D f A ()Pt ()P dx
]R+

PEZ qeZ* PEZL qeL*
<TAIPIFIE D S D byl
PEZ qeZ*
Since we have assumed that A is a regular matrix and ||y, ||, = 1. Thus, we have
DI HAf )P < DyIF I 3.1
PEZ qeZ*
where D, is a positive constant.
Now, for any arbitrary function f € L2(R"), we define

~1/2
)= | 5 X AP £

PEZ qeZ*
Clearly

~1/2
ety = | 2 T WAL 0P| )

PEZ qeZt
Hence

ST At ) P <1

pEZqel*

Now, if there exists a constant M > 0 such that ||Ag||§ <M, then

-1
[Z 2. |<Af,¢p,q>|2] IAf 12 < M

DPEZ qeZ*
or

. "
[Z >, |<Af,¢p,q>|2} I < gz = o >0

PEL qeL*



A-transform of Wavelet Frames 279

or

CullFIZ< DD 1A, o) (3.2)

PEZ qeZt

Combining (3.1) and (3.2), we obtain
CyllFIZ <D D HAF o) 2 < DylIF I

DPEZ qeZt

which is the desired result. O

Theorem 3.3. If {c;} are the wavelet coefficients of f € L%(R™). Then

dpq = Z Z Ap,q.j.kCjk (3.3)

JEZ keZ*

where {d, ,} is defined as the A-transform of {c; ;}.

Proof. By taking A-transform of Eq. (2.5), we obtain

Af i) = f Af (), o(x)dx
]R+
=f DD GGtk GOy () dx
R* jeZ kez*
Hence,
Z Z (Af’ wp,q>¢p,q(x) = Z Z J Z Z ap’q,j;kcj,kq‘/)j:k(x)wp:q(x)dx
pEZ qeZt pEZ qezt YR jeZ kezt
=>>] dp,qu,q(x)f 113
PEZ qeZ+ R*
= Z Z dp ¥ p.q().
PEZ qEL*
Thus
DD () =D D HAF Ay )P0 (X)
PEZ qeZ* PEZL qeL*
which implies that d, ;, = (f, v, ;) are the wavelet coefficients of Af. 0

Theorem 3.4. Let A = (a, ;) be a double non-negative infinite matrix whose
elements are (Y, v, 4). Then

DD AP =D D W) P = IIF I3
PEZ qeZ* PEZ qeZ*

where d,, ; = (f, 1), 4) is the A-transform of the wavelet coefficients c; .
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Proof. We have

2 2
Z Z ldpql° = Z Z lap,q,xC5xl

PEZ qeZ* PEZ qeZ*

=3 P

PEZL qeZ*

= o,

PEZ qeZ*

=22,

PEZL qeL*

=22,

pPEZ qeZt

2

27P/2 J FEWp(2PEIW, (27PE)dE
R+

2
3.4

2P
27P/2 J [ > Fp,e(a] we(277E)dE
0

Lez+

where F, ;(&) = f(E®2P0)Y(27PE @ (). Now, for each p € Z, we define
(&)= F, (&) (3.5)
Lez+
Clearly F,(& ® 2P) = F, (&), for all £ € R* and therefore it can be expanded in

Walsh series as

Fo (&)= g (F)w,(2778), £e[0,29),

qEZ*

where g,(F,) = 27 fozp F,(&)wy(27PE)dE. Moreover, by Parsevals formula, we
have

2p
Dl (R =277 f IF,(£)IPdE. (3.6)
qeZ*t 0

By in-cooperating (3.5) and (3.6) in (3.4) and using the fact that Y. [/)(27P&)?> =

PEZ
1 a.e, we get

PIDITED I I

PEZ qeL* DPEZ qeLt

=277 > gy (F,)P

pEZ qeZ*

2pr
=Zf I, (£)I2dE
0

PEZ

2P
=Zf F,(£)F,(8)d&
0

PEZL

2r 2
f Fp(&)wy(27PE)dE
0
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2P - -
= f | T feeroierEe i@ e 0fE oD a8
peZ YO0

LezZt
2P(0+1)

=22 FEF @2 PENE

pEZ Lt J 2PL

=f FORD b Pe)PdE
R+

DEZ

f I (©)IPde
Rt
=1I£113.

This completes the proof of the theorem. O
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