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1. Introduction

Variational inequalities have been the subject of considerable research owing to its profound
contributions in a variety of problems arising in the fields of optimization, economics,
transportation, elasticity and applied sciences. The classical variational inequality problem
was introduced and studied by Stampacchia [18] in early 1960’s. Because of its wide
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applications, the classical variational inequality problem has been studied and generalized in
different directions. Among these generalizations, variational inclusion is of much interest and
importance and has been extensively studied in the recent years (see, e.g., Ding and Feng [4]],
Ding and Lou [5], Fang and Huang [6], Fang et al. [7], He et al. [8]], Malik et al. [14]], Shan et
al. [17] and the references therein).

One of the most important and challenging aspect in the theory of variational inequality is
the development of an efficient and implementable algorithm for solving variational inequalities
and its generalizations. Among several methods proposed for solving variational inclusion
problems, resolvent operator technique has been widely used. It is well known that monotonicity
of the underlying operators plays a crucial role in the solution of variational inequalities and
variational inclusions. In the recent past, several researchers have explored and improved
resolvent operator technique to discuss the approximation solvability of several classes of
variational inclusions (see, for instance Ding and Feng [4]], Ding and Lou [5]l, Fang and Huang
6, Fang et al. [7], Huang and Fang 9], Kazmi et al. [10,11], Malik et al. [15], and Zeng et
al. [19]).

In recent years, the fixed point theory and its applications have been extensively studied
in real ordered Banach spaces. Therefore, it is very important and natural to study the
generalized nonlinear ordered variational inequalities (inclusions). In 2008, Li [12]] introduced
the generalized nonlinear ordered variational inequalities and proposed an algorithm to
approximate the solution for a class of generalized nonlinear ordered variational inequalities in
real ordered Banach spaces. Since then several researchers have used XOR operation and its
allied forms to solve some classes of variational inequality and variational inclusion problems
in real ordered Hilbert and Banach spaces (see, e.g., Ahmad et al. [1-3]l, Li [13]], and Sarfaraz et
al. [16]).

With inspiration and motivation from recent investigations in this area, we have defined
a new type of operator known as (a, p)-XOR-NODSM operator and the associated resolvent
operator and discussed some of the important properties of the resolvent operator associated
with the (a,p)-XOR-NODSM operator supported by a well constructed example. As an
application, we have considered a generalized system of variational inclusion problems involving
XOR operator in the setting of real ordered positive Hilbert space. Using the resolvent operator
technique, we proved the existence of solution for the system considered. Furthermore, we
have discussed the approximation solvability of the generalized system of variational inclusion
problems involving the XOR operator. The results proved in this paper unify and generalize
many known results present in the literature in this direction.

2. Preliminaries

Let C be a cone with partial ordering “<”. An ordered Hilbert space with norm |- || and inner
product (-,-) is called positive if 0 <x and 0 <y, then 0 < (x,y) holds. Throughout the paper, }(,
is assumed to be a real ordered positive Hilbert space. We denote by 27 (respectively, C*(H ),
the family of nonempty (respectively, compact) subsets of }{,, d is the metric induced by the
norm and D(,) is the Hausdorff metric on C*(J,).
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We recall some known concepts and results which are needed to prove the main results of
this paper.

Definition 2.1 ([2]). A nonempty closed convex subset C of }{, is said to be a cone if:
(1) forany x€ C and any 1 >0, Ax € C;
(ii) for xe C and —x € C, then x =0.

Definition 2.2 ([2]). Let C be the cone, then:

(i) C is called a normal cone if there exists a constant Ax > 0 such that 0 <x < y implies
lxll = Anllyll, for all x,y € Hp;

(ii) for any x,y € H,, x<yifand onlyif y—x€C;
(iii) x and y are said to be comparative to each other if either x < y or ¥y < x holds and is

denoted by x o< y.

Definition 2.3 ([2]). For any x,y € H,, lub{x, y} denotes the least upper bound and glb{x, y}
denotes the greatest lower bound of the set {x,y}. Suppose lub{x,y} and glb{x,y} exist, then
some binary operations are given below:

(1) xvy=ILlubix,y};

(i) x Ay =glbix,y};
(i) xey=(x—y)Vv(y—x);
iv) xoy=(x—-y)A(y—x).
The operations v, A, @ and © are called OR, AND, XOR and XNOR operations, respectively.

Lemma 2.4 ([2]). If x o< y, then lub{x,y} and glb{x,y} exist such that (x —y) x (y —x) and
O<s(x—y)v(y—x).

Lemma 2.5 ([13]]). For any natural number n, x x y, and y, — y* as n — oo, then x < y*.

Proposition 2.6 ([13]]). Let @ and © be an XOR and XNOR operations, respectively. Then,
the following relations hold for all x,y,u,v,w € H, and a,p, 1 €R:
(1) x0x=0,x0y=yox=—(xdy)=—(yox);

(i) xx 0, then —x0<x<x®0;
(iii) (Ax)®(Ay) =[Al(x @ y);
(iv) O0<x@y, if xx y;
V) ifxx y, then x®y=0ifand only if x=y;
i) (x+y)o(u+v)=(xou)+(yov);
(vil) (x+y)o(u+v)=(xov)+(you),
(viii) if x,y and w are comparative to each other, then (x®y)<(x®w)+(w & y);

(ix) ax® Px=|a—Plx=(aa P)x, if x x 0.
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Proposition 2.7 ([2]). Let C be a normal cone in H, with constant Ay, then for each x,y € H,,
the following relations hold.:
(i) 100l =10l =0;
(1) vyl lxl vyl <llxl+1yl;
(iii) lxeyll <lx—yl<Anlx®yl;
(iv) if x o< y, then |x &yl =[x - yl.
Definition 2.8 ([2]). Let F': }{, — }, be a single-valued mapping, then

(i) F is said to be comparison mapping, if for each x,y € H,, x oc y then F(x) ox F(y), x o< F(x)
and y «x F(y);
(i1) F is said to be strongly comparison mapping, if F' is a comparison mapping and F'(x) x F(y)

if and only if x o< y, for all x,y € }(,,.

Definition 2.9 ([2]). A single-valued mapping F : H, — }, is said to be -ordered compression
mapping if F' is a comparison mapping and

Fx)oF(y)<pBxoy), for 0<p<1.
Definition 2.10 ([2]). Let M : H, — 2% be a set-valued mapping. Then:

(i) M is said to be a comparison mapping if for any v, € M(x), x < vy, and if x ox y, then for
vy € M(x) and vy € M(y), vy o< vy, for all x,y € F,;

(i1) A comparison mapping M is said to be a-non-ordinary difference mapping if there exists
a constant 6 > 0 such that:

(vx®vy)®alx®y) =0 holds, for all x,y € H,,v, € M(x) and v, € M(y);
(iii) A comparison mapping M is said to be 8-ordered rectangular if there exists a constant
0 > 0 such that:
(VxOUy,—(x®y)) =0|x eByII2 holds, for all x,y € H,, v, € M(x) and v, € M(y).
Definition 2.11 ([1]). Let A,B:H, — H, and H : H, x H,, — H,, be single-valued mappings.

Then V x,y € H,, then H is said to be:
(1) ti-ordered compression mapping in the first argument, if

H(x,)oH(y,)<ti(x®y), 0<ti<]1;

(ii) to-ordered compression mapping in the second argument, if

H(,x)oH(,y)<ta(x®y), 0<ta<]I;

(iii) ki-ordered compression mapping with respect to A, if

HA®x), Yo HA(y),)<ki(x®y), 0<ki<l;

(iv) kg-ordered compression mapping with respect to B, if

H(,B(x))e H(,B(y)) <ks(x®y), 0<kg<l.
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Definition 2.12 ([1]). Let A,B:H, — H, and H : H, x H, — H,, be single-valued mappings.
Then
(i) H is said to be mixed comparison mapping with respect to A and B, if for each x,y € H,,
x o y, then H(A(x),B(x)) o< H(A(y),B(y)), x x H(A(x),B(x)) and y o< H(A(y),B(y));

(ii) H is said to be mixed comparison mapping with respect to A and B, if for each x,y € H,,
xox y, then H(A(x),B(x)) x H(A(y),B(y)), if and only if x < y.

Definition 2.13 ([1]). A set-valued mapping M : H, — 2% is said to be p-XOR-ordered strongly
monotone compression mapping if x x y, then there exists a constant p > 0 such that:

plog®vy)zx@y, Vux,yeH, vyeMx),v,eM(y).

Definition 2.14 ([1]). A set-valued mapping T : H, — C*(H,) is said to be D-Lipschitz
continuous if for all x,y € H,, x < y, there exists a constant A7 > 0 such that:

D(T@), Ty =Arlx e yl.

Definition 2.15 ([1]). A single-valued mapping F : H, — }H, is said to be Lipschitz-type
continuous if there exists a constant Ax > 0 such that:

IFx)e F(I < Arlxoyl, Vx,y€3H,.

Definition 2.16. Let A,B : H, — },, and H : }{, x H, — }, be single-valued mappings such
that H(-,-) is k1-ordered compression mapping with respect to A and k9-ordered compression
mapping with respect to B. Then, a set-valued comparison mapping M : H, x H, — 2% is said
to be (a, p)-XOR-NODSM if M is an a-non-ordinay difference mapping and p-XOR-ordered
strongly monotone compression mapping and [H(A,B) & pM(-,{)I(H,) = H,, for some fixed
(eH, and p>0.

Definition 2.17. Let A,B: H, — H,, and H : }{, x H,, — }, be single-valued mappings such
that H(-,-) is k1-ordered compression mapping with respect to A and k9-ordered compression
mapping with respect to B and M : F{, x H, — 2% be (a, p)-XOR-NODSM mapping. Then the

generalized resolvent operator Rf;?(l?) Hp — Hp is defined for fixed { € H, as:

R i@ =[HA,B)@ pMCOI @), ¥ wed, (2.1)
Now, we discuss some properties of the generalized resolvent operator.

Proposition 2.18. Let A,B : H, — Hp,H : H, x H, — H, be single-valued mappings such

that H(-,-) is k1-ordered compression mapping with respect to A and ko-ordered compression

mapping with respect to B. Let M : Hp, x H, — 2% is the set-valued 0-ordered rectangular

mapping with pO > |k1—ka|. Then, the generalized resolvent operator RH;?(E?) Hp — H, is

single-valued.

Proof. For any given u € 3, and p >0, let x,y € [H(A,B)® pM(-,()] (u). Then,

1 1
Uy = ;[u ®H(A(x),B(x))l€e M(x,{) and v,= E[u ® H(A(y), BlyN]€ M(y, ).
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In view of (i) and (ii) of Proposition we have
1 1
Uy QUy = ;[u ® H(A(x),B(x))] o ;[u & H(A(y),B(y))]

= %{[u & H(A(x),B(x))] o [u & H(A(y), B(y)}
= —%{[u o H(A(x),B(x))]® [u®H(A(y),B(y)I}
= —%{(u ou)® [H(A(x),B(x)) ® H(A(y),B(y)]}
_ _%{0 o [H(A(x), B(x)) ® H(A(y), By))])

< —%[H(A(x),B(x)) & H(A(y), B(y))]

1
< —;{[H(A(x),B(x)) ® H(A(x),B(y)]e [H(A(x),B(y)) ® H(A(y), B(y)]}. (2.2)

Using the fact that M is 0-ordered rectangular mapping, H(-,-) is ki-ordered compression
mapping with respect to A and k9-ordered compression mapping with respect to B and using

(2.2), we have
Ollxe ylI* < (vy 0 vy, ~(x®y))

1
< <—;{[H(A(x),B(x)) ® H(A(x), B(y) & [H(A(x), B(y)) ® H(A(y),BG)], ~(x y>>

1
< E{<H(A(x),B(x)) o H(A(x),B(y)),x @ y) ® (H(A(x),B(y)) ® H(A(y), B(¥)),x & y)}

1
< E<k1(x®y),x®y> e (ka(x®y),x®y)

k1 — ka2l

< lxe )2

ie.,
ki—-Fk ki1—Fk
(0—' 1 2|)IIxGByIIZSO, fort9>| 1 2|,

Y p

which shows that || x @ y|| = 0, which implies x® y = 0.
H(A,B)

Therefore, x = y, that is the resolvent operator R is single-valued for p0 > |k1 —ko|. O

p7M(7()

Proposition 2.19. Let M : H, x H, — 2% be an (a, p)-XOR-NODSM set-valued mapping with
RHAB)
o,M(,0)

and B. Then, the generalized resolvent operator R

such that H(-,-) is mixed strongly comparison mapping with respect to A

H(AB)
p7M(7{)

respect to

is a comparison mapping.

Proof. Since M is (a, p)-XOR-NODSM set-valued mapping with respect to Rfﬁ(’%, thus M is

a-non-ordinary difference as well as p-XOR-ordered strongly monotone compression mapping

. H(A,B)
with respect to :Rp,M(u()'
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For any x,ye H,, let x x vy,

vi= [ror (A [R5w).B (R 0))| e m (5020 23
and
vl = % [yo H (A (RTGE ). B(RIGE )] € M (REGE 0,¢). (2.4)

H(A,B)

Since M is p-XOR-ordered strongly monotone compression mapping with respect to pr M0y

therefore using and (2.4), we have
(x®y)<pv, ®v))
< {lxem (A {R5500) B (Rw)) | o [yo [ (R Hw) B (R W) |

0,M(,{) 0,M(-,{) 0,M(,0) 0,M(,0)
<(x®y)® [H (A (R’Zg@(’?}(x)) B (Rﬁﬁfg)(x))) oH (A (jzﬁj‘;‘fg)(y)) B (ﬂzﬂ;‘fg)(y)))] .

Thus,

0= H(A (RSl w) B[R0 ) o H (A (%5550 0) B[R0 W)

o= 1 (A (R4 w) B (%142 w)) -1 (4 (1520 0) B (500 |

v [E A [R5 0) B (R W) - H (A (R ) B (R0 @) |
It follows that either
0= [ (AR50 ow) B (R o)) - H (A (R 20) B (R o W) |
or
o 1 (). 3] - 0], (2]
Thus, in both cases, we have

H(A,B) H(A,B)
H(A,B)(RI 5 ) oc HA,B) (R %) ().

Since H(-,-) is mixed strongly comparison mapping with respect to A,B and REAB) thus we

0,M(,0)’
:RH(A,B) H(A,B)

p,M(-,()(x) x REA.B) (), i.e., the resolvent operator pr,M(.,() is a comparison mapping. [

have, p.M(-0)

Proposition 2.20. Let the mappings A,B,H,M be same as defined in Proposition then the
generalized resolvent operator Rfﬁ(’% is m-Lipschitz-type continuous for p0 > (k1 + ko),

ie.,

| R @ e REGE ()| < S le®yll, ¥ x,y € Hp.

p M0 pM0) m
Proof. Let x,y € H,, xx y, and
bt = 1 [er(A (:RH(A,B)(x)) B (:RH(A,B)(x)))] c M(SQH(A’B)(x),()

o o0,M(-,{) o,M(0) 0,M(0)
and
o= L]yon{a (100 B ) <M (14000
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Now,
opovy = {[xe b (A(RIGD ). B (KI5 W) e [ye (4[R2 ). B (RG50)) |}
= % {(x oy)e [H (A (Rﬂ?(’?z))(x)) B (Riﬁfﬁ))(x))) oH (A (Rﬂ?(’?c))(y )) B (RZES(’?)@ >))] } '
(2.5)
Sil?(ffB]gl (-,0) is 9-;)[1(2%1")ed rectangulell{r( lﬁ;a;pping and I;tiigi)g 2.5), for any
R wi o) € M(R 73 70(2),0) and R e (v) € M(R 7 (9),€), we have
p 6Hﬂ%ﬁiﬁé{i’)&)@Rﬁ%‘}&w)!{z p |
< (v 005~ (Rl @ e Ry 5 ()
< (v; @03, RP ) @ RITE ()
_ % (woye [H(A(RIGD x),B(RIUE @)
® H(A (R 0). BRI W)) | R e R 0))
< {lwovea(a (@) 5®5E20)
® H (A (Rﬂv?(’?)(y )) B (Rﬂé{?)(y )))] H szﬂ/}f?)(x) ® Rﬁﬁ(’?)(y )H}
R e R
0 o,M(-,{) ’ o,M(-,0)
o (a2 0) 5 )| [P 0
et (4730). 2 (221200)
® H (AR5 0) B[R )))H] ”Rﬂ‘}(’f?)(x)@ﬂzﬁ‘}(’%(y )”}
= {ire st [R5 w e &SR 0 + | (A (R]E ). B (%45 w)
o m(a (242 0) BRSO Do B o

Since H(:,-) is k1-ordered compression mapping with respect to A and ko-ordered compression
mapping with respect to B, we have

|72 (A (%5550 @) B (R @) = 1 (A (%5550 0) B (RS o))

= |24 (%53 ) B (%550 w)) o H (4 [R5 000) B (R o))
o [H (AR50 0) B (R o)) o 1 (A4 (R0 0) B (%557500)) ||
= |22 (A (REAE @) B (RIA) ) 0 1 (4 (RTE) 0)) B (RELE) )|
- [ (a {25500 0) B (Ra0)) o H (4 (%755 0) B (R0 50)) ]|
< |[ar (4 (%5050 0) B (1550 w) @ H (4 (%5500 B[R )|
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| (A (RS0 ) B (R o) ) o 1 (A (R0 00) B (%5 00) )|
< (k1 + ko) | RSB (0 @ RESE ()]
Thus from (2.6), we obtain

0 HRH(A,B) (x)® :RH(A,B) (y)Hz

p,M(,0) o,M(-,{)
1 H(A,B) H(A,B) k1+ks || HA,B) H(A,B) 2
=pleed |[Roarico@e Xaio) + | Rosrico @@ Ry ]
This implies,
H(A,B) H(A,B) 1
| R e REE )| < iRy e Yy et
for p0 > (k1 +k2).
This completes the proof. O

Example 2.1. Let }, = [0,00) x [0,00) with the usual inner product and norm, and let
C=[0,1]1x[0,1] be a normal cone. Let A,B : H,— 3}, and H : }, x H, —F, be defined by

A(x)_(9+3 +6) B(x)—(§+1 +2)

9 3

and
H(A(x),B(x)) = %)GBB(QC) Vox = (x1,x2) € Hp.
For x = (x1,%2), ¥ = (y1,y2) € Hp, x oc y, we have

HA@),u)e HA(y),u) = (% ) u) ® (% ® u)

- S (AWe ALY

:%[(A(x)—A(y))v<A<y)—A(x))]

:%H(%+3 9 +6) (§+3 9 +6)}
V{(g +3,= 9 +6) (§+3 9 +6)H

:%[(x1;y1,x2;y2)V(y1;x1’y2;x2)]

1
—ﬁ[(x—y)V(y—x)]
1
:2—7(x®y)

1
=—(xdy).
5 4( y)
Hence, H is i-ordered compression mapping with respect to A. Similarly, we can show that H
is %-ordered compression mapping with respect to B.

Suppose that the set-valued mapping M : }, — 2% be defined by
M(x) ={(3x1,3x2)}, V x=(x1,x2)€ ).
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It can be easily verified that M is a comparison mapping, 1-XOR-ordered strongly monotone
compression mapping and 3-non-ordinary difference mapping. Further, it is clear that for p =1,
[H(A,B)+pMI(H,)=H,. Hence, M is an (3,1)-XOR-NODSM strongly monotone compression

mapping.
Let v, = (3x1,3x2) € M(x) and vy = (3y1,3y2) € M(y), then

(Ux O Uy, —(x®Y)) = Uy ® Uy, X D y)
=3Bx®3y,x®y)
=3x®y,x®Y)
=3llx ey
=2|x e yll%,

ie.,
(Ux OUVy,—(x®Y)) = 2||x€By||2, Vox,y€XH,.

Thus, M is 2-ordered rectangular comparison mapping.
The resolvent operator defined by (2.1) is given by

RH(A’B)( ) (273(?1 27.?C2

oM 737 13

It is easy to verify that the resolvent operator defined above is comparison and single-valued

) V x=(x1,%2) € H,.

mapping.
Further,
27x 27
HfRH(A B)(y )EB:RH(A B)( )H H 27y H

_27” ey
731y

24|| ®yl.
350

le.

HRH‘A D)o R B)(y)H ||xeay|| Y x,y € Hp.

This shows that the resolvent operator is Rﬂ‘?’B) is %-Lipschitz-type-continuous.

3. Generalized System of Set-Valued Variational Inclusion Problems
and Associated Fixed Point Formulation

Let A,B,g;,pi,G; : H, — Hp,Ni,H : Hp x Hy — Hp, Fy : Hy x Hp x Hp — H,y, for i = 1,2 be
single-valued mappings and S,T : H, — C*(H,), M; : H, x Hp, — 2% be set-valued mappings.
Then, for any fixed { € H,, we consider the following generalized system of set-valued variational
inclusion problems (in short, GSSVIP):
Find u,v € Hp,x € S(u),y € T(u) such that

0€ N1((g1 —p1)(x),G1(y))eaF1(u,x,y)@Ml(u,é),}

0eNa((g2—p2)(y),Ga(x))® Fa(v,x,y) ® Ma(v,{).

(3.1)
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Here, we remark that the problem considered in [1]] can be deduced from GSSVIP by
taking N =No=N,(g1-p1)=(g2—-p2)=1,G1=Ge=1,F1=Fy=0 and M1(u,{) =Ms(v,{) =
M(u) and the problem considered in [3]] can be obtained by taking N1 =N9=0, F1 =F9=F and
Mi(u,() = Ms(v,{) = M(u). Furthermore, under appropriate selections of different mappings
and the underlying space H(, in GSSVIP (3.1), one can get many new and known classes of
variational inequalities and variational inclusions (see, e.g., Ahmad et al. [[1-3], Li [13] and the
related references cited therein).

Lemma 3.1. Let u,v € H,,x € S(u) and y € T(u), then (u,v,x,y) is a solution of GSSVIP (3.1)
involving @ operation if and only if it satisfies:

u=REGE {01IN1(g1 - p1)®),G1(y) @ Fi(u,x, )] ® H(A, B)w)) (3.2)
and

v=REGE (0alNa((g2 — p2)(y), Go(x) ® Fa(v,x, y)] ® H(A, B)v)), (3.3)
where Rf(;‘ﬁ)o =[H(A,B)® p;M;(-,01"L, for i = 1,2 and p; > 0.

Proof. Using the definition of the generalized resolvent operator, we have by
u=REGE (01IN1((81 - p1)(),G1(y) @ F1(u,x, )] @ H(A, B)(w))

<= u=[H(A,B)e p1M1(,0] Hp1IN1((g1 - p1)(x),G1()) & F1(u,x,y)] ® H(A,B)(w)}

< H(A,B)uw) e p1M1(u,)3 p1lN1((g1 - p1)x),G1(y)) & F1(u,x,y)l ® H(A,B)(u)

<~ 0eNi1((g1-p1)x),G1(y) & F1(u,x,y)® M1(u,0).

Similarly, using (3.3), we can prove that

0€{Na((g2—p2)(y),Ga(x)) ® Fa(v,x,y)} ® Ma(v,{). O

4. lterative Algorithm, Existence Result and Convergence Analysis

Lemma 3.1|along with Nadler’s Theorem allows us to suggest the following iterative algorithm
for finding the approximate solution of GSSVIP (3.1).

Iterative Algorithm 4.1. For any arbitrary ug,vo € H,, choose xo € S(ug), yo € T(uy), let
w1 =(1-aug+aR 48 1p1N1((g1 - p1)(xo), G1(y0) @ F1(uo, %0, y0)] @ H(A, B)w0)}
and

v1=(1-awo+aR " (0sIN1((g2 — p2)(y0), G2(x0)) @ Fa(vo, o, o) & H(A, B)(vo)).

Since xg € S(ug), yo € T(ug), by Nadler’s Theorem, there exists x1 € S(u1), y1 € T(u1) and
using Proposition we have

lxo @ x1ll < llxo —x1ll < (1 4+ 1)D(S(uo), S(w1))
and

lyo® y1ll < llyo — y1ll < (1 + DD(T'(wo), T(u1)),
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where D(-,-) is the Hausdorff metric on C*(Hp). Let
ug=(1-aur+ “Ri(jiﬁ)-,(){Pl[Nl((gl - p1)(x1),G1(y1) ® F1(u1,x1,y1)1® H(A,B)(u1)}
and

vg = (1-av1+aR 4P (05[No((g2 — p2)(y1), Ga(x1)) @ Fa(vr,21,y1)] @ H(A, B)v1)).

Again by Nadler’s Theorem, there exists xo € S(ug), yo € T(ug) such that
1 ®x2]l < llx1 —x2]l < (1+27H)D(S(u1),S(u2))
and
ly1 @ y2ll < ly1 = yall < (1 +27HD(T(w1), T(u2)).
Continuing the process inductively, we have the following scheme:

i1 = (1= @y +aRo4E (01 IN1(81~ P1)(xn),G1(32)) & F1(tin, %0, y)] @ H(A, B)un)}

and

Oni1= (1= @)v, +aR 4" (0ol N1 (g2~ P2)(yn), Go(x0)) @ Fo(vn, %n, yn)] @ H(A, B),)).

Since xp+1 € S(Wn+1), Yn+1 € T(uy+1) such that

I ® 211l < 120 = %n41ll < (1+ 1+ ) HDS Wn), S(wn+1))
and

1yn ® Yns1ll < 1¥n = Yrs1ll < @+ QA +0) " HDT(Wr), T(Wwns1)),
where ¢ €[0,1], n=0,1,2,....

Next, we prove the following theorem which ensures the existence of solution of GSSVIP (3.1
and convergence of sequences generated by the Iterative Algorithm

Theorem 4.2. Let C < H}, be a normal cone with constant Ay. For i = 1,2, let A,B,g;,p; :
Hp—Hp and H,N; : Hp x Hp — H,, be single-valued mappings such that H(.,-) is ki-ordered
compression mapping with respect to A and ko-ordered compression mapping with respect to B;
N, be 1;-Lipschitz-type continuous with respect to (g; — p;) in first argument and o;-Lipschitz-
type continuous with respect to G; in second argument, respectively. Let M; : 7, x H, — 2%
and S,T : H, — C*(H,) be set-valued mappings such that M; is (a;,p;)-XOR-NODSM and
0;-ordered rectangular mapping, respectively; S is y1-D-Lipschitz continuous and T is ys-D-
Lipschitz continuous. Further, let F'; : H, xH, xH, — F,, be (1;,m;,n;)-Lipschitz-type continuous
in first, second and third arguments, respectively. If u,+1 X Uy, Up+1 X Uy, for n=0,1,2,... and
following conditions are satisfied: ¢ <1 and 9 <1, where

Q= {/1N(1 - a:)+ a/lNG)(kl +k2)+ a/lN|p1|®[)/1(T1 + m1)+)/2(01 +n1)+l1]},

I={AnA—-a)+aAln® +alnO'(k1+Ek2)}, 4.1)
_ 1 _ 1
= 0101—(k1+k2)’ 0= p202—(k1+k2)"

Then GSSVIP (3.1) has a solution (u,v,x,y), where u,v € H,, x € S(u), y € T(u). Also, the
Iterative sequences {u,}, {v,}, {x,}, {y,} generated by the Iterative Algorithm[4.1]converge strongly
to u,v,x,y, respectively.
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Proof. By Algorithm [4.1] and Proposition we have
O<u,i19u,
= |- @un+ aRIGE 101 IN1(g1 - P1)R), G1(9n) @ F1(, 20, 32)1 @ HA, B)u))

® [(1 —®)Up-1+ aﬂzi(f&i).,(){m[Nl((& -p1)xp-1),G1(yn-1)) @ F1(upn—1,%n-1,Yn-1)]

® H(A,B)(un-1)]

= (1= @)y ®up1)+a|REGE {(01IN1(81 - P1)(wn), G1(90) ® F1(tin, 0, yn)]

e HA,BXu)t e R)4E 101 IN1((g1-p1)wn-1),G1(yn-1)) @ F1(ttn-1,8n-1,n-1)]

eaH(A,B)(un_l)}].

Now, using Proposition and Lipschitz-type continuity of the generalized resolvent operator,
we have

luns1®unl

< |- Dwn @ un)+a[REGE (01IN1(g1 - P1@A),G1(3) & Filttn, 2, )]

® HA,B)Yun) o R4 - (01IN1(g1 = p1)&n-1),G1(yn-1) @ Fi(ttn-1,%n-1,¥n-1)]

® H(A,B)u,-1)|

< (L= @y @ up 11+ Ay [ REGE 01 IN1 (g1 = P1(@A), G1(92)) @ F1(tin, 0, 30)]

o H(A,B)un)} @ R 45 (01IN1((g1 - P1)@n-1),G1(n-1)) @ F1(tn-1,%-1,Yn-1)]

® H(A, B)u, 1}

<ANA-)lup ®up-1ll+ adAnOlp1lIN1((g1 — p1)(xn),G1(yn)
& N1((g1—p1)(xn-1),G1(yn-Il + aANO| 1|1 F1(wn, %n, ¥n) & F1(Un-1,%n-1,Yn-1)ll
+aAnNOIH(A,B)uy,) ® H(A,B)(u,-1)|. (4.2)

Since, XOR operator is associative, N1 : H, x H, — H, is 71-Lipschitz-type continuous with
respect to (g1 — p1) in first argument and o1-Lipschitz-type continuous with respect to G1 in
second argument, respectively, and S,T are y1,y2-D-Lipschitz-type continuous,respectively,
therefore in view of Algorithm we have

IN1((g1—p1)(xn),G1(yn) ® N1((g1 — p1)(xn-1), G1(yn-1)ll
< [IN1((g1 - pD(xr),G1(yn) ® N1((g1 — p1)(xn-1),G1(yn)l
+IN1((g1 - p1)(xn-1),G1(yn) @ N1((g1 — p1(xr-1), G1(yn-1)ll
< T1llxn @ xp-1ll+ T1llYn & Yn-1ll
< 71(1+n DS W), Swp-1) +01(1+ 2" HD(T(wn), T(wn-1))
<T1y1(1+n Dl —tp-1ll+ 01721+ 0 Dy —up-1l

=[(t1y1+01y2)A+n Dlluy —un_1l. (4.3)
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Since F'1: Hp x Hp x Hp — Hp, is (I1,m1,n1)-Lipschitz-type continuous in first, second and third
arguments, respectively, and using Algorithm we have

1F1(n, Xn, Yn) ® F1(Un-1,%n—1,Yn-1l
< F1(Un,%n, Yn) @ F1(un—1,%n, Yl + 1F1(@n-1,%1,Y2) ® F1(tn-1,%n-1, Y|
+ 1 F1(un-1,%n-1,Yn) ®F1(Wpn-1,%n-1, Yn-1)l
<hllup®up_1ll+millx, ®xp_1ll+n1llyn ® yp-1ll
<lillun —un-1ll+miy1i@Q+n Dlup —wn-1ll+n1y2(l+n " Dlup — un-1l
=[1+(m1y1 +n1y2)L+n Dllu, — w1l (4.4)

Since H(:,-) is k1-ordered compression mapping with respect to A and k9-ordered compression
mapping with respect to B, we have

IH(A,B)(u,)® H(A,B)un-Dl = |H(A(u,),B(u,)) ® HA(u,-1), Buy-1))
< |H(A(u,),B(uy,)) ® H(A(up-1),B(un)l
+ | H(A(up-1), B(uy)) ® H(A(uy-1), Buy-1))l
<killup®up-1ll+kallup®up-1l
<(k1+k)lun—up-1l. (4.5)
Using (4.3)-(4.5) in (4.2), we have
luns1@unll <{AN(1—-a)+aln®Olp1ll(T1y1+01y2)(1+ n_l)]
+aAnOlp1lll1 +(may1 +niye)(1+n )]+ aAnOk: + ko) luy — up-1l
={AN(1-a)+aAnO(k1 +k2)
+aAnlp1lOLy1(r1+m1) +ya(o1 +n))L+n" 1)+ Lilllu, = up-1ll.
Since u,11x u,, n=0,1,2,..., we have
luni1—unll <@ullun —up-1l,
where
¢On = AN — )+ aAnO(ky + ko) + aAn|p1|Ol(y1(t1 + m1) + y2(o1 + 1)) A +n 1) + 111
Let
p={AN(1-a)+aAnO(k1+k2)+alnlp1l®lyi(r1 + m1)+ya(o1+n1)+ 111}

We know that ¢,, — ¢ as n — oco. It follows from condition (4.1) that 0 < ¢ < 1, and consequently
{un}is a Cauchy sequence in }, and since }{, is complete, there exists u € }H, such that u, —u
as n — oo. Proceeding the same way, we arrive at

10n+1 ®Vnll < adnlp2l®'{[y1(os + ma) + y2(t2 + na)l(L+n” HHlup — wp-1ll
+{AN1— )+ aANO +aAnO (k1 +Eko)Hv, — vy 1ll.
Asv,i1x vy, n=0,1,2,..., we have

lvns1—vnll < @Anlp2l® {ly1(o2 + m2) + y2(t2 + n)IA +n " WHluy —un 1l + vp —vn-1ll,
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where
9={An(1-a)+alnO +alnO' (k1 +Eko)}.
Using the fact that {u,} is a Cauchy sequence and 0 < 9 < 1, by condition (4.1), it follows that
{v,} is a Cauchy sequence in }{, and since }(, is complete, there exists v € }(, such that v, — v,
as n — oo.
By Algorithm [4.1] and the D-Lipschitz-type continuity of S and T', we have

”xn+1 DXy ” = ”xn+1 _xn” = (1 +(1 + n)_l)Y1|lun+1 - un”>} (4 6)
15n+1® Ynll < 1¥nse1—ynll < @+ A +n) Dy2llvpct —vall. '

Sequences {u,} and {v,} being Cauchy in },, (4.6) implies that {x,} and {y,} are also Cauchy
sequence in }{,. Thus, there exist x, y in }H, such that x, — x, y, — y as n — oo.
Now, we show that x € S(u) and y € T'(u). Since x, € S(u,), we have
d(x,S(w)) < |lx — x|l + d(x,,S ()
< llx— 2l +D(S (), S(w))
<llx—xl+yilup—ull —0 as n— oo.
Since S(u) is closed, it follows that x € S(u). Similarly, we can show that y € T'(x). Thus, in view

of Lemma we conclude that (u,v,x,y) is a solution of GSSVIP (3.1). This completes the
proof. O

5. Conclusion

The problems considered in this paper are more general than previously studied problems
in ordered spaces. The problem considered in [1] can be deduced from our problem by taking
N1 EN2 EN, (gl—pl)E(gg—pg)EI, G1 EG2 EI, Fl EF2 =0 and Ml(u,{):Mz(v,():M(u)
and that considered in [3] can be obtained by taking N1 =No=0, F1=F9=F and M:(u,{) =
Mo(v,0) = M(u). It is pertinent to mention that the solution of variational inclusions involving
@ operator is of recent origin and can be exploited to solve various classes of known and new
variational inclusions.
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