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1. Introduction

After long fifty years of introduction of the notion of statistical convergence [5,12,14] the idea
of J-convergence was given by Kostyrko et al. [10]] in 2000 where J is an ideal of subsets of the
set of natural numbers. Then this idea of ideal convergence was studied by several authors in
many directions [[1-4].

The notion of localized sequences was introduced by Krivonosov [9] in metric spaces in 1974
as a generalization of a Cauchy sequence. A sequence {x,},cn of points in a metric space (X,d)
is said to be localized in some subset M c X if the number sequence «,, = d(x,,x) converges for
x € M. The maximal subset of X on which the sequence {x,},cn is localized is called the locator
of {x,}ren and it is denoted by loc(x,). If {x,},en is localized on X then it is called localized
everywhere in X. If the locator of a sequence {x,},cn contains all elements of this sequence,
except for a finite number of elements of it then the sequence {x,},en is called localized in itself.
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After long years, in 2020, Nabiev et al. [11] introduced the idea of J-localized and J*-localized
sequences in metric spaces and investigated some basic properties of the J-localized sequences
related with J-Cauchy sequences. At the same time, Giirdal et al. [8] studied A-statistically
localized sequences in n-normed spaces, Yamanci et al. [15] have extended this idea of localized
sequences to statistically localized sequences in 2-normed spaces and interestingly this notion
has been generalized in ideal context in 2-normed spaces by Yamanci et al. [[16]. In 2021,
Granados and Bermudez [7]] studied on J2-localized double sequences and Granados [6]] nurtured
this notion with the help of triple sequences using ideals in metric spaces.

In 2012, Sedghi et al. [[13] introduced the interesting notion of S-metric spaces and proved
some basic properties in this space. For an admissible ideal J, J*-convergence and J*-Cauchy
criteria in X imply J-convergence and J-Cauchy criteria in X respectively. Moreover, for
admissible ideal with the property (AP), J and J*-convergence (J and J*-Cauchy criteria)
in X are equivalent [[1]. In this paper we have studied the notion of J and J*-localized sequences
and have investigated some results related to J-Cauchy sequences in S-metric spaces.

2. Preliminaries

Now we recall some basic definitions and notations from [10]. If X is a non-empty set then a
collection J of subsets of X is said to be an ideal of X if i) A,BeJ=>AuBe€J and (ii) A€,
Bc A= BeJ. Clearly, {¢} and 2%, the power set of X, are the trivial ideals of X. A non-trivial
ideal J is said to be an admissible ideal if {x} € J for each x € X. If J is a non-trivial ideal of X
then the family of sets F(J) ={A c X : X \ A €J} is clearly a filter on X. This filter is called the
filter associated with the ideal J. An admissible ideal J of N, the set of natural numbers, is said
to satisfy the condition (AP) if for every countable family {A1,Aq,As,...} of sets belonging to J
there exists a countable family of sets {B1,B9,Bs3,...} such that A;AB; is a finite set for each
ieNand B =J;enyB; €7. Note that B; € J for all i e N.

Now, we recall some basic definitions and some properties from [13]].

Definition 2.1. Let X be a non-empty set. The S-metric on X is a function S : X xX xX — [0,00),
such that for each x,y,z,a € X,
i) S(x,y,2)=0;

@1i) S(x,y,z)=01ifand only if x =y = z;
@i1) S(x,y,2) <S(x,x,a)+S(y,y,a)+S(z,z,a).

The pair (X,S) is called a S-metric space. Several examples may be seen from [13]. In a
S-metric space, we have S(x,x,y) =S(y,y,x). A sequence {x,},en in (X, S) is said to converge
to x if and only if S(x,,x,,x) — 0 as n — co. That is, for € > 0, there exists ny € N such that
S(xp,x,,x) < € for all n = ny. The sequence {x,},cn in (X,S) is called a Cauchy sequence if for
each £ > 0, there exists ng € N such that S(x,,,x,,x,) < € for each n,m = ny.

We recall the following definitions in an S-metric space from [1]] which will be useful in the
sequel.
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A sequence {x,},en of elements of X is said to be J-convergent to x € X if for each € > 0,
the set A(e) ={n e N:S(x,,x,,x) = €} € J. The sequence {x,},cn of elements of X is said to be
J*-convergent to x € X if and only if there exists aset M €e F(J), M ={m1<mo<---<mp<---}C
N such that ]gi_gloS(xmk,xmk,x) =0.

A sequence {x,},en of elements of X is called an J-Cauchy sequence if for every € > 0,
there exists a positive integer ng = no(e) such that the set A(e) ={n e N: S(x,,x,,x,,) =€} €J.
The sequence {x,},cn of elements of X is called an J*-Cauchy sequence if there exists a
set M ={mi <mg <..<mg..} N, M € F(), such that the subsequence {x,,} is an
ordinary Cauchy sequence in X i.e., for each preassigned &€ > 0, there exists kg € N such
that S(xp,,,%m,,%m,) <€ for all k,r = k.

3. Main Results

Throughout the discussion, N stands for the set of natural numbers, J for an admissible ideal of
N and X stands for a S-metric space unless otherwise stated. Now we introduce some definitions
and properties regarding localized sequences with respect to the ideal J in S-metric spaces.

Definition 3.1. A sequence {x,},en in X is said to be localized in the subset M < X if for each
x € M, the non-negative real sequence {S(x,,x,,x)},en converges in R.

Definition 3.2. A sequence {x,},cn of elements of X is said to be J-localized in the subset M < X
if for each x e M, J- ,}im S(xn,x,,x) exists i.e., if the non-negative real sequence {S(x,,x,,%)}ren
—00

is J-convergent.

The maximal subset of X on which a sequence {x,},ecn in X is J-localized is called the
J-locator of {x,},cn and it is denoted by locy(x,). A sequence {x,},en in X is said to be J-localized
everywhere if the J-locator of {x,},cn is the whole set X. The sequence {x,},en 1s said to be
J-localized in itself if the set {n € N: x,, € locg(x,,)} € F(J).

Now we introduce an important result in S-metric spaces which will be useful in the sequel.
Lemma 3.1. The inequality |S(x,x,&) —S(&,¢E,y)| <2S(x,x,y) holds good for any x,y,E € X.

Proof. Now for x,y,{ € X, we have
S(x,x,8) < S(x,x,y) +S(x,x,y)+S5(,¢,y)
=28(x,x,y)+S(, ¢, y).

Therefore

S(x,x,8)—S(,Ey)<2S(x,x,y). (3.1)
Again, we have
S(,¢,y)-Sx,x,8) =S(y,y,8) —S(x,x,¢)
<S(y,y,%2)+S(y,y,%) +S(,¢,x) - S(x,x,¢)
=8, x,y)+S(x,x,y)+S(x,x,)— S(x,x,&)
=2S(x,x,y).
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Therefore
S(,&,y)—S(x,x,8) <2S(x,x,). (3.2)
From eqs. and we have |S(x,x,&)—S(&,¢&,y)| <2S(x,x,y). This completes the proof. [J

Lemma 3.2. If {x,},en is an J-Cauchy sequence in X then it is J-localized everywhere.

Proof. By the condition, for every € > 0, there exists a positive integer ny = no(¢) such
that the set A(e) = {n € N : S(xp,%5,%,,) = %} € J. Let { € X. Using Lemma we have
IS (xn,%n,8) =S, & %, < 28(xp,%n,%n,). Therefore {n € N: [S(xp,x,,8) =S, ¢, xn) =€l c{ne
N:S(x,,%n,%n,) = %} € J. This shows that the number sequence {S(x,,x;,&)}hen 1S J-convergent
for each ¢ € X. Hence the sequence {x,},en 18 J-localized everywhere. O

Corollary 3.1. By Lemma it follows that every J-convergent sequence in X is J-localized
everywhere.

Also, if J is an admissible ideal then every localized sequence in X is J-localized sequence
in X.

Definition 3.3. A sequence {x,},en is said to be J*-localized in X if the real sequence
{S(xn,xn, %)} nen is I*-convergent for each x € X.

Theorem 3.1. Let J be an admissible ideal. If a sequence {x,}nen in X is J*-localized on the
subset M c X then {x,}nen is J-localized on the set M and locq«(x,) <locqg(xy,).

Proof. Let {x,}nen be J*-localized on the subset M < X. Then, by Definition the real
sequence {S(x,,x,,%)}ren 18 J*-convergent for each x € M. Now since J is an admissible ideal,
the number sequence {S(x,,x,,x)},en 18 J-convergent for each x € M which implies that {x,},en
is J-localized on the set M. O

But the converse of Theorem [3.1| does not hold in general. It can be shown by the following
example.

Example 3.1. First, we define the S-metric on R by S(x,y,z) = d(x,z) +d(y,z), V x,y,z € R
where d is the usual metric on R. Let N = U;?';l A; be a decomposition of N such that each A;
is infinite and A; NAj = ¢ for i # j. Let J be the class of all those subsets of N which intersects
only a finite number of A;’s. Then J is an admissible ideal on N. Let {x,},en be a sequence in
(R, S) defined by x, = %, for n€ A;. Let £ >0 be given. Now since the sequence {%}JEN in (R,d)

converges to zero, so there exists p € N such that d (%,0) < § forall j=p. Now

, forall j=p. (3.3)

1 1
S(xy.%0,0) = d(x,,0) +d(x,,0) = d (—,,o) +d (—,,o) < 2+
J J

Let x € R. Now using Lemma [3.1] and eq. (3.3), we have
IS (s, %5,%) —S(x,x,0)| <2S(x,,x,,0)<e, forall j=p.

LY
DNO| ™
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Hence {n € N:|S(xy,%n,x)—S(x,x,0)| = e} S A1UAU---UA, €J. Therefore, {n € N: [S(x,,x,,x) -
S(x,x,0)| = €} € J. Hence for each x € R, the number sequence {S(x,,x,,x)},en is J-convergent.
Therefore, the sequence {x,},en is J-localized in (R,S)

Now we show that the sequence {x,},en is not J*-localized in (R,S). If possible, let
the sequence {x,},en be J*-localized in (R,S). So the number sequence {S(x,,x,,x)}hen 1S
J*-convergent for each x € R. So there exists A € J such that, for M =N\ A = {m; <mg <
-e<my <---} € F(J), the subsequence {S(x,,x,,x)},em is convergent. Now, by the definition of
J, there is a positive integer ¢ such that A S AjUAgU...UA;. But then A; cN\ A =M for all
i =t+1. In particular A1, Arvo € M. Since A;.s are infinite, there are infinitely many %’s for
which x,,, = ﬁ when mp € Ayy1 and x,,, = % when mp € Asio. So

1 1 2
— = h A
d(t+1’0)+d(t+1’0) 1 when myp € Asi1,

1 1 2
d|——,0|+d 0]= h AV
S 1 R
2

So for 0 € R there are infinitely many terms of the form ;% and % So {S(xm,,%m;,,0}lren

S(xmk,xmkyo) =

can not be convergent which leads to a contradiction. Hence the sequence {x,},en can not be
J*-localized.

Remark 3.1. If X has no limit point then J-convergence and J*-convergence coincide. Therefore,
by Definitions and and by Theorem we have locq(x,) = locg+(x,). Also, if X has a
limit point ¢ then there is an admissible ideal J for which there exists an J-localized sequence
{yntnen in X but {y,}nen 18 not J*-localized.

Now we shall formulate the necessary and sufficient condition for the ideal J under which J
and J*-localized sequences are equivalent.

Theorem 3.2. (i) If J satisfies the condition (AP) and {x,},en 1S an J-localized on the set
M c X then it is J*-localized on M.

(i1) If X has a limit point and every J-localized sequence implies J*-localized then J will have
the property (AP).

Proof. (i): Suppose that J satisfies the condition (AP) and {x,},en 1s an J-localized on the
set L ¢ X. Then, by the definition, the number sequence {S(x,,x,,%)},en 1S J-convergent
for x € L. Let {S(x,,xn,%)}en be J-convergent to f = B(x) € R. Then for each € > 0 the set
A(e) = {n € N : |S(xp,xn,x) — Bl = €} € J. Now suppose A1 = {n € N:|S(xp,x,,x) — | = 1} and
Ap ={neN:$ =Sy, xn,%)— pl < 715} for k = 2,k € N. Obviously, A1,Ap €J for k=2, k€N
and A;NA; = ¢, for i # j. Since J satisfies the condition (AP), there exists a countable
family of sets {B1,Bg2,---} such that A;AB; is finite for j € N and B = U(;‘Z1Bj € J. Now we
shall show that the sequence {x,},en is J*-localized. By the definition, it is enough to prove
that the number sequence {S(x,,x,,x)},en 1s I -convergent for every x € L. We show, for
N\B=M={mi<mg<--<mp<---}eFJ), lim MS(xn,xn,x) =pfB. Let 6 >0 and 2 €N

n—oo,n€
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be such that g <6. Then {n €N:|S(xn,x,x) ~ f| 26} c Ui T A;. Since A;ABj, j=1,2,-k+1,
is finite, we have an ng € N such that (U?:llBJ-) N{neN:n>ng}= (U?;’llAj) N{neN:n>ng}. If
n>ngand n¢ B,thenn ¢ Uf-illBj andson¢ U?:llAj. But then [S(x,,x,,x)— Bl < k—il < 0. Thus
the number sequence {S(x,,%x,,X)}hen, X € L, is J*-convergent. Therefore the sequence {x,},en
is J*-localized.

(i1): The proof is parallel to [10, Theorem 3.2]. Therefore, it is omitted. O

Definition 3.4. Let {x,},cn be a sequence in X. Then {x,},en is said to be J-bounded if there
exists x € X and G > 0 such that the set {n e N: S(x,,x,,x) > G} €.

Proposition 3.1. Every J-localized sequence is J-bounded.

Proof. Let {x,},en be J-localized on a subset M < X. Then the number sequence {S(x,,%xn, )} nen
is J-convergent for every ¢ € M. Let {S(x,,x,,&)}hen converge to a = a(é) € R. Let G > 0 be
given. Then {n e N:|S(x,,x,,¢)— a| > G} € J. This implies that {n e N: S(x,,x,,{)—a>G}u{ne
N : S(x,,x,,6) —a < —G} € J. Therefore, {n € N: S(x,,x,,¢) > a+ G} €J, which shows that the
sequence {x,},en 1s J-bounded. O

Theorem 3.3. Let J be an admissible ideal with the condition (AP) and L =loci(x,) and let
z € X be a point such that for any € > 0 there exists x € L satisfying

{neN:|Sx,,x,,x)—Sx,,x,,2)| =ctel. (3.4)
Then z€ L.

Proof. Let € > 0 be given and x € L = locy(x,) be a point satisfying the condition (3.4). Let
A={neN:|Sk,,x,,x)—Sx,,x,,2)| =€} €J. Then M =N\ A € F(J). Therefore, for n € M,
we have |S(x,,x,,x) —S(x,,x,,2)] < €. Now since x € L = locy(x,), the number sequence
{S(xn,xn,%)nen 1s J-convergent. So the number sequence {S(x,,x,,%)},en 18 J-Cauchy. Again
since J satisfies the condition (AP), the number sequence {S(x,,x,,%)},en is J*-Cauchy. Then
there exists B <N, B € F(J) such that the subsequence {S(x,,x,,%)},cB is an ordinary Cauchy
sequence i.e., there exists ng € N such that [S(x,,x,,x) —S(xy,xm,x)| <€ for all n,m >ng and
n,meB. Let K=MnB. Then K € F(J). Now, for p,q € K and p,q > ng, we have

IS(xp,xp,2) = S(xg,xq,2)| < [S(xp,%p,2) —S(xp,%p, %) +1S(xp,%p,x) = S(xg,%q,%)|
+1S(xg,xq,%) = S(xq,%q,2)|
<et+e+e
= 3e.

Therefore, we have the subsequence {S(x,,x,,2)}l,cx is a Cauchy Sequence. So the number
sequence {S(x,,x,,2)}nek 1s convergent. Therefore, the number sequence {S(x,,x,,2)}nen 18 T*-
convergent. Since J is an admissible ideal, the number sequence {S(x,,x,,2)} en is J-convergent.
Therefore, the sequence {x,},en is J-localized and z € L. This proves the theorem. O
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Definition 3.5 (cf. [11]]). Let (X,S) be a S-metric space and ¢ € X. Then ¢ is said to be an J-limit
point of the sequence {x,},en € X if there is a set M = {m1 <mgo <---} such that M ¢ J and
lim S(xy,,,%m,,¢) =0, and the point ¢ is said to be an J-cluster point of the sequence {x,},en € X

k—o0
if and only if for each € >0 we have {n e N:S(x,,x,,{) <e} ¢ 7.

Definition 3.6 (cf. [11]]). Let {x,},en be a sequencein X and M ={mi<mo<---}cN.If M e,
then the subsequence {x,},cpm of {x,}ren 1s called J-thin subsequence of {x,},en. On the other
hand, if M ¢ J, then the subsequence {x,},cp of {x,},en 1S called J-nonthin subsequence of

{xntnen.

Proposition 3.2.If z € X is an J-limit point (respectively J-cluster point) of a sequence
{xn}nen € X, then for each y € X the number S(z,z,y) is an J-limit point (respectively J-cluster
point) of the number sequence {S(xn,,%n, ¥} neN -

Proof. Let z € X be an J-limit point of {x,},en € X. Then thereis aset M ={mi<mg<---<
mp < ---} ¢ J such that ]}ijﬁlOS(xmk,xmk,z) = 0. Then for each ¢ > 0 there exists ng € N such
that S(x;,,,%m,,2) < % for all £ > ngy. Let y € X. Now, by Lemma , we have [S(x,,,,Xm,,¥) —
S(y,y,2)| < 2S8(xm,,%Xm,,2) <€, YV k> ng. Therefore, ]‘alig)loS(xmk,xmk,y) =8S(y,y,z) = S(z,2,y).
Hence, according to the definition of J-limit point of a real sequence, S(z,z, y) is an J-limit point
of the number sequence {S(x,,x,,y)}ren-

Next, let z € X be an IJ-cluster point of {x,},eny € X. Then for each € > 0 we have
{neN:S(x,,x,,2) < %} ¢ J. Let y € X. Now using Lemma we get |S(x,,x,,y)—S(y,y,2)| <
28(xy,%n,2). Therefore, {n e N:S(x,,x,,2) <5}  {n € N:|S(xy,%n,y) —S(y,¥,2)| < €}. Hence
{neN:|Sn,x,,y)—S(y,y,2)| < €} ¢ J. Therefore, the number S(y,y,z) = S(z,z,y) is an J-cluster
point of the number sequence {S(x,,,%,, ¥)}reN- O

Now we prove the following theorem in S-metric spaces which will be needed to prove some
results.

Theorem 3.4. Let x = {x,},en be a sequence in a S-metric space (X,S) such that J-limx, =¢.
If Ax(J)s and T',(J)s are the sets of all J-limit points and J-cluster points of x respectively, then
we have Ay (DNg =T,(Jg =1{&}.

Proof. If possible, let a € A,(J)s where ¢ # a. Then there exist two sets K1 ={s1<sg<:--<8; <
~--}cNand Kg ={t; <tg<---<t;<---}cNsuch that K; ¢ J and lim S(xs,,xs,,{) =0, K2 ¢ J and
1113)108(xtj,xtj, a)=0. Let € > 0 be given. Then, there exists joeN sll:coﬁ that S(xtj,xtj, a) < € for all
§'>j0. Therefore, the set A ={t; € Ky :S(xtj,xtj, @)= e} {t1,t9,...,tj,}. Since J is an admissible
ideal, A €J. Choose B={t; € Ky :S(xtj,xtj,a) < ¢e}. Clearly, B¢ J. For,if BeJ then Ko =AuBel]
which is a contradiction. Now since J-limx, = ¢, we have M ={n € N: S(x,,x,,¢) = ¢} € J.
Consequently, M€ ={n e N: S(x,,x,,¢) < e} € F(J). Since ¢ # a, we have BN M =¢. So Bc M.
Since M € J therefore B € J. But this contradicts the fact B ¢ J. Therefore A, (J)g = {¢}.
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Next, we assume that n € I',(J)s where ¢ # 7. Let € > 0 be given. Then E; ={n e N :
S(xp,xn,§)< 7} ¢J and Eg ={n e N:S(xp,x,,1m) < 5} ¢ J. Since ¢ # 1, we have E1NE3 = ¢. If not,
let me E1nEq. Then S(,¢,n) <SE,E,x,)+SE,E,xm)+S(M,1,%m) = 28 (X, m, E)+S (X, Xm, 1) <
5 Et+E 5 = €. Since € > 0 be arbitrary therefore S(¢,¢,n) = 0. This gives ¢ =7. But it is a contradiction.
So we have Eg c E{. Since J-limx, = ¢, the set E] = {n eN:S(x,,x,,E) = i} €J. Hence Eo €,
which contradicts the fact that E9 ¢ J. Therefore, I'.(J)s = {{}. This completes the proof of the
theorem. O

Lemma 3.3. If a, f € X are J-limit points (respectively J-cluster points) of an J-localized sequence
{xn}nen then S(a,a,x)=S(B,B,x) for each x € locy(x,).

Proof. Let x € locy(x,) and y = {y,} = {S(xn,xn,%)nen. Let a,B be any two J-limit points
(respectively J-cluster points) of {x,},en. Then by Proposition S(a,a,x), S(B,B,x) are
the J-limit points (respectively J-cluster points) of the number sequence {S(x,,x,,%)}ren
ie., S(a,a,x), S(B,B,x) € A,(J) (respectively I',(J)). Since {x,},en is an J-localized sequence
and x € locy(x,), the number sequence {S(x;,x,,%)},en 1s J-convergent. Let y, iR ¢. Then by
Theorem A,(J) =T')(J) = {&}. Therefore, S(a,a,x) = S(B, B,x) for each x € locy(x,). This
completes the proof. O

Lemma 3.4. locj(x,) does not contain more than one J-limit point (respectively J-cluster point)
of the sequence {x,},en in X.

Proof. If possible, let z1,z92 € locy(x,) be two distinct J-limit points (respectively J-cluster
points) of the sequence {x,},en. Then, by Lemma (3.3, we have S(z1,21,21) = S(29,22,21). But
S(z1,21,21) = 0. Consequently, S(z9,292,2z1) = 0. This gives z; = z9 which leads to a contradiction.
This proves the lemma. O

Remark 3.2. We know from Theorem |3.4|that if {x,},en is J-convergent to x then J-limit point
is unique. But converse result holds if the J-limit point belongs to J-locator of {x,},en Which is
shown in the following proposition.

Proposition 3.3. If the sequence {x,},en has an J-limit point y € locy(x,), then J- lim x, = y.
n—oo

Proof. Since y € locy(x,) is an J-limit point of {x,},en, then by Proposition S(y,y,y) is
an J-limit point of the number sequence {S(x,,x,,¥)}ren. By the condition y € locg(x,), so
the number sequence t = {t,}en = 1S(Xp, %0, ¥)Inen is J-convergent. Let J- hm S(xn,xn,y) ¢.
Now since S(y,y,y) € A«(J) and, by Theorem [3.4] we have A(J) = {¢}, therefore S(y,y,y) =¢.
So J- hm S(xn,xn,y) E=8SWy,y,y) =0 ie., J- hm S(xn,xn,y) 0. So for each € > 0 the set
{ne I\I S(xn,xn,y) > e} € J which gives J- hm n xp =Y. ThlS completes the proof. O

Definition 3.7 (cf. [11]). Let {x,},en be an J-localized sequence with the J-locator L =1locq(x,).

Then the number o = 1n]_f (J lim S(xn,xn,x)) is called the J-barrier of {x,},en.
XE n—oo
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Theorem 3.5. Let J satisfies the condition (AP). Then, an J-localized sequence is an J-Cauchy
sequence if and only if o = 0.

Proof. Let {x,}nen be an J-Cauchy sequence in X. So it is J*-Cauchy sequence, since J
satisfies the condition (AP). Therefore, there exists a set K = (k,) such that K € F(J) and
. limooS(xkn,xkn,ka) =0. So for each € > 0, there exists ng € N such that S(xkn,xkn,xkno) < ¢ for
ail n = ng. Since {x,},en 1s J-localized sequence, ng_)rgo S (xn,xn,xkno) exists. Therefore, we have
J-JL%S(xkn,xkn,xkno) <e.Henceo<e.As,e>0,0=0.

Conversely assume that 0 = 0. Then by definition of o, for each € > 0 there is an
x € locy(xp,) such that f(x) =J- r}i_)rgloS(xn,xn,x) <e. So {neN:[S(x,,x,,x)— px)| =e—-Px)} €T, as
e—P(x) > 0. Now, since S(x,,x,,x) = |S(x,,2,,x)— Bx)+ B(x)| < [S(xp,xn,x)— P(x)|+ B(x), therefore
{neN:S(xy,,x,,x) =€} €7 i.e. the sequence {x,},en is J-convergent. Consequently, {x,},en 1s an
J-Cauchy sequence. This proves the theorem. O

Remark 3.3. From the proof of the above theorem we can conclude that converse part holds
without the condition (AP).

Theorem 3.6. If the sequence {x,},en is J-localized in itself and {x,},en contains an J-nonthin
Cauchy subsequence, then {x,},en s an J-Cauchy sequence.

Proof. Let {y,},en be an J-nonthin Cauchy subsequence of {x,},cn. Without any loss of

generality we suppose that all the members of {y,},en are in locs(x,). Since {y,lnen 1s a

Cauchy sequence, then, by Theorem 3.5] we have  inf J- lim S(y,,,ym,¥y») =0. Now since
o0

Yn€locg(x,) m—
{x,}nen 18 J-localized in itself, then the number sequence {S(x,,,%Xm, ¥n)}men, ¥n € locg(xy,), is

J-convergent. Therefore, we have J- 11m S(xm,xm, yn) =J- hm S(ym, Ym>¥n) = 0. This shows
that o = 0. Therefore, by Theorem- we have {Xntnen 1S an 3 Cauchy sequence. This completes
the proof. O

Acknowledgement

We express great sense of gratitude and deep respect to the referees for their valuable comments
which improved the quality of the paper. Also, the second author is grateful to The Council
of Scientific and Industrial Research (CSIR), HRDG, India, for the grant of Junior Research
Fellowship during the preparation of this paper.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

Commaunications in Mathematics and Applications, Vol. 14, No. 1, pp. , 2023



58

A Study on J-localized Sequences in S-metric Spaces: A. K. Banerjee and N. Hossain

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

References

A. K. Banerjee and A. Banerjee, A study on I-Cauchy sequences and I-divergence in S-metric
spaces, Malaya Journal of Matematik 6(2) (2018), 326 — 330, DOI:/10.26637/MJM0602/0004.

A. K. Banerjee and R. Mondal, Rough convergence of sequences in a cone metric space, The Journal
of Analysis 27(4) (2019), 1179 — 1188, DOI:10.1007/s41478-019-00168-2.

P. Das and B. K. Lahiri, J and J*-Convergence of nets, Real Analysis Exchange 33(2) (2007-2008),
431 — 442, URL: https://projecteuclid.org/journals/real-analysis-exchange/volume-33/issue-2/I-and-
I---Convergence-of-Nets/rae/1229619420.full.

P. Das, P. Kostyrko, W. Wilczyniski and P. Malik, I and I*-convergence of double sequences,
Mathematica Slovaca, 58(5) (2008), 605-620, DOI:10.2478/s12175-008-0096-x.

H. Fast, Sur la convergence statistique, Colloquium Mathematicum 2(3-4) (1951), 241 — 244,
URL: https://eudml.org/doc/209960.

C. Granados, New notions of triple sequences on ideal spaces in metric spaces, Advances
in the Theory of Nonlinear Analysis and its Application 5(3) (2021), 363 — 368,
DOI:110.31197/atnaa.846717.

C. Granados and J. Bermudez, Js-localized double sequences in metric spaces, Advances in
Mathematics: Scientific Journal 10(6) (2021), 2877 — 2885, DOI: 10.37418/ams;j.10.6.14.

M. Girdal, N. Sari and E. Savasg, A-statistically localized sequences in n-normed spaces,
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics
69(2) (2020), 1484 — 1497, DOI: 10.31801/cfsuasmas.704446.

L. N. Krivonosov, Localized sequences in metric spaces, Izvestiya Vysshikh Uchebnykh Zavedenii.
Matematika 1974(4) (1974), 45 — 54, URL: https://www.mathnet.ru/php/getF'T.phtml?jrnid=ivimé&
paperid=6562&what=fullt&option_lang=eng.

P. Kostyrko, T. Salat and W. Wilczynski, J-convergence, Real Analysis Exchange 26(2) (2000-2001),
669 — 685, DOI:10.2307/44154069.

A. A. Nabiev, E. Savas and M. Giirdal, I-Localized sequences in metric spaces, Facta Universitatis
Series: Mathematics and Informatics 35(2) (2020), 459 — 469, DOI:|10.22190/FUMI2002459N.

I. J. Schoenberg, The integrability of certain functions and related summability methods, The
American Mathematical Monthly 66(5) (1959), 361 — 375, DOI:|10.1080/00029890.1959.11989303.

S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in S-metric spaces,
Matematicki Vesnik 64(3) (2012), 258 — 266, URL: https:/www.emis.de/journals/MV/123/9.html.

H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotique, Colloquium
Mathematicum 2(1) (1951), 73 — 74.

U. Yamanci, A. A. Nabiev and M. Gurdal, Statistically localized sequences in 2-normed spaces,
Honam Mathematical Journal 42(1) (2020), 161-173, DOI:|10.5831/HMdJ.2020.42.1.161.

U. Yamanci, E. Savas and M. Giirdal, I-Localized sequence in two normed spaces, Malaysian
Journal of Mathematical Sciences 14(3) (2020), 491 — 503, URL: https://mjms.upm.edu.my/fullpaper/
2020-September-14-3/Yamanci, %20U.-491-503.pdf.

Commaunications in Mathematics and Applications, Vol. 14, No. 1, pp. , 2023


http://doi.org/10.26637/MJM0602/0004
http://doi.org/10.1007/s41478-019-00168-2
https://projecteuclid.org/journals/real-analysis-exchange/volume-33/issue-2/I-and-I---Convergence-of-Nets/rae/1229619420.full
https://projecteuclid.org/journals/real-analysis-exchange/volume-33/issue-2/I-and-I---Convergence-of-Nets/rae/1229619420.full
http://doi.org/10.2478/s12175-008-0096-x
https://eudml.org/doc/209960
http://doi.org/10.31197/atnaa.846717
http://doi.org/10.37418/amsj.10.6.14
http://doi.org/10.31801/cfsuasmas.704446
https://www.mathnet.ru/php/getFT.phtml?jrnid=ivm&paperid=6562&what=fullt&option_lang=eng
https://www.mathnet.ru/php/getFT.phtml?jrnid=ivm&paperid=6562&what=fullt&option_lang=eng
http://doi.org/10.2307/44154069
http://doi.org/10.22190/FUMI2002459N
http://doi.org/10.1080/00029890.1959.11989303
https://www.emis.de/journals/MV/123/9.html
http://doi.org/10.5831/HMJ.2020.42.1.161
https://mjms.upm.edu.my/fullpaper/2020-September-14-3/Yamanci,%20U.-491-503.pdf
https://mjms.upm.edu.my/fullpaper/2020-September-14-3/Yamanci,%20U.-491-503.pdf

	Introduction
	Preliminaries
	Main Results
	References

