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1. Introduction

We treat multigrid methods for solving one-sided obstacle problems based on restating the
Quasi-Variational Inequality (QVI) as a Hamilton-Jacobi-Bellman (HJB)-equation. A great deal
of work for the analysis of elliptic quasi-variational inequalities related to the HJB-equation is
given in [5,6,(12]], to get more details about the regularity of the continuous problem and the
discretization error bound we refer to [1,[3-7,(18,/19]. In multigrid methods, we try to reduce
the amount of geometric information (i.e., make these methods more algebraic), for a thorough
treatment of these methods we refer to the monograph [[13].
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For the discretization, we use the finite element method to get a large sparse linear system
of equations and then use an iterative procedure established by Hoppe in [20] to solve this
system. However, In contrast to Hoppe [20] we apply a multigrid method directly to solve the
algebraic systems obtained by the HJB reformulation (4.1). The convergence results proposed
by Arnold for elliptic PDEs [24] yield the multigrid Lm-convergence result described in this
work. The proof of these results is based on the approximation and smoothing properties
introduced by Hackbusch [13]]. The analysis of the smoothing property presented here is
the same as for the elliptic PDEs in [24], and as is shown in [15], the main points in the proof of
the approximation property are the finite element L°-error estimate given in Theorem 4 and
the results of Lemma 2, which do not depend on the bilinear form, but only on the triangulation.

We briefly outline the remainder of this paper. In Section |2, we introduce a continuous
problem and we present some regularity results. In Section [3| we apply linear finite element
discretizations to derive a system of equations, and in Section [4] we describe a multigrid method
for the solution of the algebraic systems obtained by the HJB reformulation. In Section [5| we
present uniformed convergence results of these multigrid methods. The results of numerical
experiments are given in Section [6|for a QVI leading to a stochastic inventory problem with
impulse control.

2. Continuous Problem

2.1 Notations and Assumptions
Let Q be an open in RY, with sufficiently smooth boundary Q for u,veV (V =H é(Q)), consider

a(u,v) = f Ou Ov Z ai(x)g—u+a0(x)u~v dx, 2.1)

aij () —
1<i J<N a 6 1<i<N Xi
a bilinear form related to the linear operator A defined by
62

A= Y aya—

where a;;(x), a;(x), ap(x), x € Q,1<i, J < n are sufficiently regular and satisfy the following

conditions:

Y ajéigizlEl?, EeRN,0>0,

1<i,j<n
ao(x)=pf>0, pisa constant.
We defined the operator M : V N L*(Q) — V N L*(Q) by:

Mu=k+ inf u(x+e¢), Fk isa positive constant, (2.2)
£20,x+e€Q)

MeW?P(Q), Mu=0,0ndQ:0<g<Mu,

where g is a regular function defined on 0€). Let K,(u) an implicit convex and non empty set
given by

K;(u)={veV,v=gonoQ, v<Mu, in Q}.
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Consider the following problem: Find u € K () solution of

a(u,v—u)={f,v-u), veKy(u),
u<Mu, Mu =0, (2.3)
u=g, on 0Q).

We present a theorem which ensure the existence and the uniqueness of the solution of the

problem (2.3).

Theorem 2.1 ([17]). Under the previous conditions the problem (2.3) has a unique solution
u € Kg(u). Moreover, we have

ueW?P(Q), 2<p=<oo.

3. Discrete Problem
To apply a multigrid cycle, we propose a decreasing sequence (mesh size parameter)
that_yy hrs1<hp,0<sk=m-1.

We introduce a quasi-uniform family of nested triangulations {7,k € N} of Q, = U T. For
TeTy,

all T, we have
QpcQpy1<Q,
dist(0Qy,,0Q) < coh?,
hrhpi1 <ci.
On each level &, we choose a piecewise linear finite element space
Vi, = {vr € C(Q) N HYQ)| vy, € P1}, (3.1)

and we associate to each hj; an analogous discretization of the problem (2.3) by a finite element
method (FEM). To simplify the notation, we put

Qr=Qp,, Vi =Vp,, Ar=A4Ay,.
The standard basis functions ‘/’2’ i1€(1,...,m(h)) is defined by

<PZ (xé) =0ij,
where x;e is a vertex of the triangulation T'. Let U, = R™*, the usual finite element restriction
operator from U}, into V}, is bijection defined by

m(hp) o
rev(e) = ) vlx))e)(x). (3.2)
i=1
On U}, we use a scaled Euclidean scalar product

mp,
(u,v)p = hi Z u;v;, and a corresponding norm |[u|; = (u,u),le&.
i=1

Moreover, the adjoint operator r}: 1V, — Uy, satisfies
(rpu,v)pe =(u,rv), VueUp veV.

The maximum norm |- | (on Uz) and the norm | - ||z~ (on V) are equivalent, which are
denoted by || - |loo-
Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp. , 2023
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Lemma 3.1 ([24]). For the restriction operator rj, defined by (3.2), there exist constants C1 and
Cy independent of k such that

I7e(@llLe = lltlloo, ¥ u € U,

Cillvlize = I, )leo = CallvliLe, Y veVE.

We naturally introduce the discretization matrices A by the generic coefficient matrices
a((pi(x),(psk(x)), se(l,...,m(hy)).

The numerical approximation of the QVI (2.3) by finite elements leads to the solution of the
following discrete QVI in finite dimension. Find uj, € Kz 5 such that

(Apup,vp—up) =<{f,vp—ug), VvreKgp, (3.3)
ur <Mpuy, v < Mpuy, .
where
f e L®(Q),

Mpup=K+ inf up(x+e), k is a positive constant,
€=0,(x+€)eQ)

Kg,k ={veVy:v=mpg on 0Q2, v < Mpuy in Q}.

Denoted by 7, the interpolation operator on 0Q2.

Theorem 3.1 ([10]). Assume that the discrete maximum principle holds (i.e., the matrices
resulting from the discretization of the problems (2.3) are M-matrices [9]). Then, under the
previous conditions the problem (3.3) has a unique solution.

Theorem 3.2 ([11]]). Let u and uj, be the solutions of problems (2.3) and (3.3) respectively, then
there exists a constant C independent of hj, such that:

lu — ull oo < CA2[loghy |2, (3.4)

4. Description of Multigrid Methods for QVls

4.1 The Well Defined HJB-formulation of the Discrete Problem
Formally, we can write the QVI (3.3) as the following HJB equation. Let u; be the unique
solution of the discrete HJB equation

v v v—1y _
f;‘ii’]i,(Ak’i”k,i_fk,i’ ukJ-—Mkuk,i )=0. (4.1)

Choose an initial vector ug € Uy Starting from the iterate u, € Uy, v = 0, we may split the set

3
Jp=1{1,2,...,mz} by Jp =] J}(u})
p=1
as

o)) =i € Jp | (Apuy = f)i > u) , — Mpu} Y,
Ty =i € Ty | (Aguy = fidi <uy ;= Myuy ', (42)
Jouy) =i € Jy | (Apuy — fr)i = uy ; — Mpuy ;')
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and compute uV+1 € U}, as the solution of the equation

1
"+ =fp, (4.3)
Where
Ap;, ifiedlwY),
Ay = kfl I D A 44
I i, ified;(u)ud; (uk)
v | Fris if i € J(u) e
fk v— 1 L) 2(,,V 3 (4.5)
Myu, 1fL€Jk(uk)UJ (uy),

with Ay ; (resp., fk’i) is the ith row of the discretization matrix Ay (resp., the ith component of
the right-hand side f},) of our discrete problem, and I ; is the ith row of the identity matrix Iy.

We can prove the monotone convergence of the iterates if we assume A, to be continuously
differentiable.

Theorem 4.1 ([20]). Let (u}) be the iterate obtained by the previous iterative scheme so it satisfies
the H.J B equation above, moreover we suppose that Ay, to be continuously differentiable, then
the sequence (u},),=0 converges monotone decreasingly towards the unique solution u, of (3.3).

4.2 Multigrid Algorithm
In the multigrid method, choose an iterate u, v >0, we get @) by a applications of an iterative
method for the solution of the system (4.3), denoted by

i, =Sy (uy). (4.6)
S}, is the iteration matrix of smoothing method, and « is the number of iterations performed.

We denote by uz the solution of (4.3). Setting the error ez = L_t;; - uz, and the residual

dg) = f, —A,u;, we can write the equation (4.3) as
Ay, +ep)=f,.
Which results in the residual equation
Aje =1y —Apa Z—dw)

On the fine grid, after the relaxation on Ay u,; = f,’ the error will be smooth, while on the
coarse grid this error seems to be more oscillatory, and the relaxation will be so efficient. So to
determine e, completely, we need to calculate e, , at level (£ —1) as the solution of the coarse
grid system

Aj 1€ —dm 4.7)

We can interpret e, , (resp., A} d;@v_)l) as an approximation at the level £ —1 of e} (resp., A,

)
d).

k-1’

ej_i=Rpe}, A} _,=RpA}Pp, d)’ =Rpd}.
Consequently, we determine an improved iterate at the level & by

u;;+1 L_L (ek 1) (48)
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Due to the nestedness we use the well-defined identity operator

M:Vy_1—-Vp

[Mv=v
to define the prolongation and the restriction operators, i.e.,

Pr=r;'ry1, Rp=PL. (4.9)
Remark 4.1. The previous algorithm describes one cycle of a two-grid iteration to solve
for two hierarchy of grids Q; and Qp_;. It is clear that the coarse grid system has the

same form as the system (4.3) Thus we can solve a system (4.7) approximately by applying the
two-grid iteration recursively to all hierarchy of grids {Qz, .2 =0,...,m}.

The multigrid iteration may be described as the Algorithm

Algorithm 1 Muligrid methods
u—MGM(A,,f, ,uo)
ug:= smoother(A};, b,ug,a1); %a; is a number of iterations performed (presmoothing)
dp:=f, —Ayuo; %residual computation
R} ;Py; %define the prolongation and the restriction matrices
A} _:=RpA;Pp; %restriction of Ap,
dp_1:=Rpdp; %restriction of dj,
ep—1:=dp_1-0; %start value for coarse grid iteration
if size(A}))<u % coarsest grid (0, then
ep_1:= (AZ)_ldk_l; %direct solve on the coarse grid

else
er_1 ::MGM(AZ_l,dk_l,ek_l); %solve coarse problem
end if

er:=Pep_1; %prolongation of e;_1

up:=ug+ep; %add correction to the solution

up, :=smoother(A}, f, ,ur,as); %ag is a number of iterations performed (postsmoothing)
return uy,

5. The Multigrid Convergence on the Maximum Norm

In this section, we present the uniform convergence analysis for the multigrid algorithm

described in the previous section.

5.1 The Matrix of Multigrid HJB Algorithm
The iteration matrix of the two-grid method with a; presmoothing and as postsmoothing

iterations on level & is given by
TGy (a1, a2) = S;2 (A7) - Pr (A} _,) ' R (4}) S5 (5.1)

It is easy to verify that the multigrid method is a linear iterative method.
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Theorem 5.1 ([23]). The multigrid method is a linear iterative method with the iteration matrix
MGy, given by

MG =0, (5.22)
MGy, = S (I - Pr Ly - MGy1) (A7) " R (A7) ST, (5.2b)
= TGy +SPPyMGy_1(A}_,) 'R (A})SH, k=12,.... (5.2¢)

5.2 Approximation Property

The proof of the approximation property introduced by Arnold in [24] yields the approximation
property presented here, the following approximation property is based on Theorem and
Lemma[3.1]

Theorem 5.2 ([15]). Under the previous assumptions, the matrix
-1 -1
r=[(A) " -Pe(4)y) R,
satisfies the following approximation property:

Ixlloo < Ch|loghy|?. (5.3)

Proof. According to Theorem we have
lu—uplizeo < ChZ1loght Il felleo, ue WP,
Then
lu—uj Lo < Chyloghel?l frll oo
Thus, we get
lup—uy 1l S llup—ullpe+lluy_; —ulre
< C1h; loghtl?l frllze + Cohj|loghy Pl fr e
< Ch|logh || fi L. (5.4)
Then there exists a right-hand side g € U, such that
ari(A)) g, o1) =) g, vn)2, VY veKgy,
a(ryt (A)_ ) Rig,vp-) = (r}) g vp-1)pe, Y VEKgp1.
Using and Lemma [3.1] we get
Iry (A tg =AY ) R glloo < CREIloghe 2l oo
Then
AN ™ = re-1(A)_ D Rilloo < Ch2|loghy |2
This completes the proof
1A} ™ = Pr(A}_)) " 'Relleo < Chj loghy . O
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5.3 Smoothing Property
In order to prove a smoothing property we decompose A, = E — N}, and use the following

assumptions:
E} is regular and |E; "Nyl <1, for all , (5.5)
1Ez oo < Chgz, for all £, with C independent of %. (5.6)

As a smoother we use a relaxation method with iteration matrix
Sk =1I,-wE;*N;, we(0,1).

Theorem 5.3 ([24]]). Assume that the previous assumptions and notations are satisfied, then
there is a constant C independent of k and « such that the following smoothing property holds:

v 1 —
IADS T oo < Cﬁhkz. (5.7)

5.4 Convergence Result of Multigrid Methods
In this section, we prove the uniform convergence of a multigrid algorithm. Besides the
approximation and smoothing property, we have to prove the following stability bound:

3Cs: 1S}l < Cs, forall k and a. (5.8)

The convergence analysis is based on the following splitting of the two-grid iteration matrix,
with a9 =0:

ITGr(a1,0lo0 = 1((A}) " = Pr(A}_) "RENANS} oo,
< AN = PrA}_) "Rilloo(ADS 2 oo

The following theorem represents the main result of our work.

Theorem 5.4. Under the previous assumptions, there is a constant C independent of k and «,
such that the iterate u,, v =0 for two grids k and k — 1 satisfies:

* C *
™ ~uplloo = (ﬁuoghmz) g, = g loo- (5.9)

Proof. We have:
luptt = uglloo = Ik = Pl = MGro1)(A} ) RRADS ) — up)lloo
< 1 =PIy — MGr-1)(A}_ ) 'R llool(ADS Mool () = ujloo
1 - *
< (Cz—ahkz) (C1h2 1 loghs Pl — ] oo

\/_
C1Cq

a

=<

lloghs ®lu} — ] llco- O

Usually, we will choose a hierarchy of more than two grids. In this case the iteration matrix
can be defined by recurrence using the iteration matrix for all levels k. Therefore, if
we suppose that holds, then the L°°-convergence result can be easily deduced from the
preceding result.
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Theorem 5.5 ([23]]). Consider the multigrid method with iteration matrix given in (5.2). Then
under the previous assumptions and for parameter values a9 =0, a1 =a >0, 1 =2.
For any ( €(0,1) there exists a a* such that for all a = a*

IMGrlloo<(¢, k=0,1,... (5.10)
holds.

Proof. Combining by the approximation and smoothing property with (5.8), then we can apply
the same arguments as in [23, Theorem 7.20]. O

6. Numerical Experiments

In this section, we introduce a numerical example of a quasi-variational inequality arising from
a stochastic inventory problem with impulse control [20].

In order to apply this model to our example, we suppose that the data of our problem to be
sufficiently smooth and apply the Bellman’s principle of dynamic programming, we find that
the minimal cost function u which is the solution of impulse control problem related to the QVI
(2.3). Then, we solve as we discussed before with the following data:

Au<f, inQ:{(xl,xg)lx%+x§sl},
(Au—f,uv_—k—u"_l) =0, 6.1)
wW<k+u' 1 k=0,
u=0, in 0Q),
where
Au=-Au,

f(x) =x1+x2,

k=0.01.

We are confine ourselves to the FEM discretization with a uniform triangulation and P1 nested
finite element function spaces. For the discretization of the Domain, we have used the PDE
toolbox in MATLAB (R2018a) to generate the mesh and then the multigrid FEM can be used to
efficiently solve as mentioned above.

This numerical example is reported to verify the high efficiency of the multigrid method. As
a pre/post-smoothing we have chosen Gauss-Seidel method in the multigrid code. Regarding the
recursion in multigrid method, we stop the recursion of the multigrid algorithm when the DOF's
(the number of interior grid points) smaller than 5.

Figure (1|illustrates the convergence behavior of the multigrid solver (red and black curves
for the maximum norm of the residual of multigrid (V and W_cycle)) with respect to the number
of iterations performed. For comparison, the convergence behavior of Gauss-Seidel and damped
Gauss-Seidel solvers (w = 1.5) (green and blue curves) are included. The multigrid V -cycle is
carried out on the finest grid with 1045 nodes and 4 nodes on the coarsest one, and then we
have applied Matlab-Operator solver, Gauss-Seidel, and damped Gauss-Seidel on this finest
grid to get the solutions in Figures and
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642 Uniform Convergence of Multigrid Methods for Elliptic Quasi-Variational ...: M. E. Belouafi et al.
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Figure 1. Comparison between the convergence behavior of Multigrid method, Gauss-Seidel and
weighted Gauss-Seidel methods

EZER
LA S

A A AN
AT

WA

Figure 2. Solution of the problem (6.1I) on a Figure 3. Solution of the problem (6.1I) on a
fine grid with 1045 DOF's after 30 fine grid with 1045 DOFs using
iterations of multigrid method Matlab-Operator solver

6.1 Discussion

In this section, we have discussed the multigrid methods for solving the problem (6.1) in the
0

finest grid with 225 interior grid points. We have chosen a start iterate u, = | : | € R225 given
0
uj € R225 (we have chosen u), locally for which the maximum of the equation (4.1) is attained),
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A4 4

Figure 4. Solution of the problem on a Figure 5. Solution of the problem on a

fine grid with 1045 DOFs after 30 fine grid with 1045 DOFs after 30
iterations of a Gauss-Seidel method iterations of a damped Gauss-Seidel
method

Figure 6. Solution of the equation by 25 Figure 7. Solution of the equation by 25
iterations of multigrid method with iterations of multigrid method with

k=1 k =0.001

A4 4

Figure 8. Solution of the VI (6.4) by 25 iterations of MGM with % =0.001
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1 € R?25 a5 the solution of the equation

compute u}"

AZ“ZH = f2, (6.2)
by multigrid method. Where A) and f; are defined in and with the data of the
problem (6.1). The solution of satisfies:

Apiu't—fri, k=0.02,
max (Aguy s ~frity s —k—uy )= b ki ]:: v+l v (6.3)
1<i=N ’ ’ ’ max(Ag,uy —fpi Uy, —k—uy Josk=o.02-
0
On the other hand, if we choose uZ‘l =|:]€eR?5, and 0 <k < 0.02, the solution of the
0
problem (6.1) is the solution of the following variational Inequalities:
Au<f, in Q= {(x1,x2) |47 +23 <1},
Au—f,uV—k)=0,
Au=fur =k (6.4)
u' <k, k =0.001,
u=0, in 0Q2.

All codes were implemented in MATLAB and executed on a computer with Intel(R) Core(TM)
15-8265U CPU @ 1.60 GHz and 8 GB memory.

7. Conclusion

We have applied the algebraic multigrid methods for an efficient iterative solution of
discretized elliptic quasi-variational inequalities. For the discretization, adaptive finite element
approximation is used on a non-polygonal domain. After the discretization, we have explained
a multigrid method for the solution of the discrete problem. We have established a uniform
convergence of our problem and proved that the multigrid methods have a contraction number
with respect to the maximum norm. In the numerical experiments, we have presented an
example of a quasi-variational inequality arising from a stochastic inventory problem with
impulse control. From these numerical results, we show that Gauss-Seidel and relaxed Gauss-
Seidel are still not good even after a large number of iterations. Unlike the Multigrid method,
which has a debugging feature (the high-frequency error is reduced by relaxation, while low-
frequency error is mapped to coarse grids and reduced there), it converges in a few iterations.

Many extensions of the techniques given above are possible. An interesting future case is to
apply parallel full multigrid methods for solving parabolic quasi-variational inequalities related
to stochastic control problems and apply them to three-dimensional problems.
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