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Abstract. In this article, the governing equations of a homogeneous, isotropic micropolar micro-
stretch elastic solid for xz-plane are considered and solved for surface wave propagation. Two types
of frequency equations for Rayleigh waves are derived, in which one is along the free surface of
micropolar micro-stretch elastic solid half space and another is at viscous liquid/micropolar micro-
stretch solid interface. These are dispersive in nature. In the study of some particular cases, we
observed that four types of Rayleigh waves are propagate, out of these, two waves are at free surface
of generalized micropolar solid and micro-stretch solid and another two types of waves are at interface
of viscous liquid/non-microstretch solid. In these four waves, three Rayleigh waves are dependent
on solid density and one of them is non-dispersive in nature. Numerical example is considered for a
particular solid and viscous liquid layer and the frequency curves are drawn and discussed with the
help of MATLAB programme.
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1. Introduction

Rayleigh waves are surface type waves which are combination of two types of motions named
as longitudinal and transverse motion and these waves are create an elliptic motion. In the
year 1885, the Rayleigh waves are predicted by L. Rayleigh [[13], so they are named as Rayleigh
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waves. These waves are very sensitive to surface defects, so they are very useful in the fields
like earthquake engineering, geophysics, ocean beds, material sciences and telecommunication
industrial etc.

The dispersive relation of Rayleigh waves and Love waves in an elastic solid half-space
which is covered by single solid layer derived by Love [11]]. Eringen [4] derived the constitutive
relations and field equations for micropolar elastic media within the frame work of linear theory
by introducing micropolar theory of elasticity. Eringen [3]] developed his investigation on the
theory of micropolar elasticity by including the axial stretch during the molecules rotation and
also he extended his research on this theory by including stretch. The equations of motions,
constitutive relations for thermo-micro stretch fluid are given by Eringen [5]], also he derived
the solution for acoustical waves in bubbly liquids. The microstretch continuum is a model for
Bravais lattice with basis on the atomic level and two phase dipolar solids with core on the
microscopic level.

The dispersive reflection problem at the interface of solid and viscous liquid by Miles [12].
The propagation of Rayleigh waves in isotropic solids such as isotropic micro stretch
thermoelastic solids, micro stretch thermoelastic solids under inviscid fluids are studied
by Kumar et al. [10], Sharma et al. [14] and cited therein. Kumar and Tomar [8] studied
the reflection and transmission of elastic waves at viscous liquid. In recent, Srinivas and
Somaiah [16]] studied the fluid effect on radial vibrations.

In the present paper, we derive the dispersion relation of Rayleigh waves at interface of
micropolar micro-stretch elastic solid and viscous liquid layer.

2. Basic Equations

The equations of motion and constitutive relations in a homogeneous, isotropic micropolar
microstretch elastic solid in the absence of body forces, body couples and stretch forces are
followed by Eringen [2], Sherief et al. [15]], and Kumar and Kansal [9] as

A+ 2+ K)WVV.T) = (u+ K)V x Vx U + KV x §+ AgVr* = pU 2.1)

(@+B+YIVV.§)—yV x (Vx )+ KV x U — 2K = pJ b, (2.2)

aoV2y* — Ayt —AoV.U = %")u]*. (2.3)
The constitutive relations are

Tij =AU, 6;j+uU; j+U; )+ KUj; —€ijrpr)+ Aodijw™, (2.4)

mij = adrr0ij+Bpij+yPji+bo€mjiVWom, (2.5)

Al = aou/fi +b0€ijmPjm (2.6)

where A,u are Lame’s elastic constants, «,f,y,K are micropolar constants, Ag,11,a0,bo
are microstretch elastic constants, p is the density of the solid. U = (u,v,w) is the macro
displacement vector, ¢ = (¢1, Po, P3) is the micro rotation vector, y* is the micro stretch scalar,

J is the micro inertia, /y is the micro inertia of the micro elements, T;;, m;; are components of
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stress and couple stress tensor, respectively. /l;k is the micro stress tensor, e;; = %(U i,j+U;;) are
components of infinitesimal strain, ey, is the dilation, §;; is Kroneckor’s delta. Superpose dot
is the partial derivative with respect to time ¢ and suffix comma is the partial derivative with
respect to the coordinate vector.

3. Problem Formulation

Consider a homogeneous, isotropic micropolar micro-stretch elastic solid M7 lying under a
uniform homogeneous viscid liquid layer medium My of thickness 7' with cartesian coordinate
system oxyz at any point on the plane horizontal surface and z-axis pointing vertically
downward in to the half-space.

l z2=T
Homogeneous viscous liquid
T layer medium M,
0 x
Isotropic micropolar micro-stretch
elastic half-space medium M,
vZ

Figure 1. Geometry of the problem

Consider the direction of wave propagation along x-axis and amplitudes decaying in
the direction of z-axis, so, all the particles vibrating on a line parallel to y-axis are equally
displayed. With these assumptions all the field equations are independent of y-coordinates.
For the two dimensional problem, we take macro displacement vector U components and micro-
rotation vector (Z) components are

U=(u,o0,w), $=(0,¢,0) (3.1)

and stretch component y*(x,z,t) with u,w and ¢ are functions of x,z, ¢.
Using equation (3.1) in equations (2.1), (2.2) and (2.3), we obtain

(L+EWV2u + A+ )W g +w22) — K + Aoy, = pi, (3.2)
(L+E)WVw+ A+ W sz +u ) + Ko+ Aoy, = pib, (3.3)
Ku,-wy)-yVip—2Kd=pd, (3.4)
J,
oVt = Ayt = Ao(uy +w ) = %w, (3.5)
2 2
where V2 = 66? + 66?.
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The displacement components v and w can be expressed by Helmholtz potentials y,w as
_ 0y oy _ 0y N oy

w = (3.6)
ox 0z’ 0z Ox
on using equation (3.6) in equations (3.2) to (3.5), we get
02
A+ 2u+ K2y + Agw™ = pa—t;(, 3.7)
62
(L+EK)WVy+Kp= pa—t;”, (3.8)
02
(yV2+2K+pJ )¢+Kv2u/ 0, (3.9)
oo 3 ) R
V2 A1 - ——|y* -1V =0. 3.10
(060 1= 5 32 L4 ov-x (3.10)

Following Fehler [7], the equations of motion and stresses are given in xz-plane for viscous
liquid medium as

4 ;0 0% L
KLV2¢L+_17L_V2(PL:p (/; ’ (3.11)
ot ot
9 L62 L
V 3.12
yh=pt— g (3.12)
and
o 62 I 62 L 62 L
) P LA S (3.13)
ot | 0x0z Ox 0z
2 0 62 I 62 T, 0 62 L 02 T,
YR et | A N L (3.14)
3° ot|| 0x2 922 ot | 0x0z  0z2
The components of displacements are given by
0 I 0 L 0 I 0 L
L0 v L 097 oV (3.15)

’ w = ’
0x 0z 0z 0x
where K is bulk modulus, p’ is fluid density, n” is fluid viscosity and ¢, w’ are potentials of
longitudinal and transverse waves, respectively.

4. Solution of the Problem
Consider the surface wave solution along the direction of x-axis for the equations (3.7) to (3.10)
of the form
LW, v, o), 2,8) = [1(2), 7(2), 7 (2), p(2)] e 0D (4.1)

where the wave number 7, angular frequency w are connected by the wave velocity v as
V= % and j,¥,7¥*,¢ are amplitudes of y,y,y*, ¢, respectively. The Rayleigh surface waves are
damped in time with wave velocity v taken as Re(v) >0 and Im(v) <O0.

Inserting equation (4.1) in equations to we obtain the following system of four
simultaneous second order differential equations

[C1D? + pw® - C1n?| ¥ + Ao * =0, (4.2)
[C2D? + pw® - Con®|F +Kp =0, (4.3)
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K(D? -0 + [yD?+ 2K — pdw® —yn?]$p =0, (4.4)
J,
oD% -7+ |aoD? + pzo w?— A —aon?| 9" =0, (4.5)

where C1 =1+2u+K,Co=p+K and D = dx
From equation (4.1), we have the surface waves, so the quantity 7 must be real and positive.
According to Suhubi and Eringen [6] theory, we consider the solution of simultaneous equations
(4.2) to (4.5) in the form of surface wave solutions for half-space solid as
¥(2)=A1e ¥+ Age ", (4.6)
w(z)=Age "3 + Age 4%, 4.7
P (2) = A11e7 1% + Aglae ™, (4.8)
P(z) = Aséze ™ + Agéqe™ ™, (4.9)
where

r2,rl= —[—Pi(P2—4Q)%],

ri,r?= —[—Pli<P%—4Q1>%],

1 pw?ag +/lg
P=—[pJow?—2A]+ ————— — 22,
Sag P00 MY O k)
[odow? — 2(A1 + aon Hpw? —n2(A + 2u + K)]
2a0(A+2u+K)
2K - pJw? N yow? - K?
Y y(p+K)
[pw? — (u+K)n?12K - pdw? —yn?]1+n’K?
Y(u+K)

Q = _2A0n2’
> . (4.10)

P1= —2172,

Q1=

C1(” = r%) - pw?
.j - A/O b
Co(n® —1%) - pw?

$1= e , 1=3,4.

On substituting amphtudes given in equations (4.6) to (4.9) in equation (4.1)), we obtain

J=12,

X(x,Z, t) = Z Aje_rjzei(nx_Wt) ,
Jj=1

w(xVZa t) = Z Aje_rjzei(nx_wt) ,
J=3

2 .
yr(x,z2,t) = Z Aj(fje_rjzel(nx—wt) ,
Jj=1

(/)(x,z, t) = Z Ajfje_rjzei(nx_wt) ,

Jj=3
where A;, j=1,2,3,4 are arbitrary constants.

> (4.11)
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The solutions of equations (3.11) and (3.12) are
or(x,z,w,t) = Aexpli(nx — wt) —e12], (4.12)
wE(x,z,w,t) = Bexpli(nx — wt) +€9z], (4.13)
where A,B are arbitrary constants, x-axis is the direction of propagation and
3pw? - (4iwn™ + 3K )n?
€1= ,
! 3KL +4iwnk
. I (4.14)
ey = 12 ip~w
2=nN"-
nk
5. Boundary Conditions and Dispersion Equations
With the help of equation (3.1), the constitutive relations (2.4) to (2.6) reduces to
0 0
T,, =22 s A+ 2u+ K) 22 4+ Agu*, (5.1)
0x 0z
ou ow
T,x=(u+K)—+u—-Ko, (5.2)
0z 0x
0P oy*
=y—+b 5.3
My =Y 5, 7% (5.3)
oy* 0
A= -bo— 5.4
2 = 4075, 0% (5.4
with the help of equation (4.11), equation (3.6) reduces to
u=ine "FAi+ine "**Ag+rze " Ag+rie Ay, (5.5)
w=-rie FA1—roe "?*Ag+ine ¥ Ag+ine **A,. (5.6)
The boundary conditions at the interface separating M; and My at z =0 are given as
(i) Continuity of the longitudinal displacement is
u=ul. (5.7)
(i1) Continuity of the transversal displacement is
w=w. (5.8)
(iii) Continuity of the normal stress is
T,,= ng . 5.9
(iv) Continuity of shear stress is
T,.=TE. (5.10)
(v) Vanishing of tangential couple stress is
mzy,=0. (5.11)
(vi) Vanishing of normal microstress is
A;=0. (5.12)
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Inserting equations (3.13)), (3.14) and (5.1) to (5.4) with the help of equations (3.15), (5.5) and
(5.6) in equations (5.7) to (5.12) we obtain, the following system of six equations
inAl + inAz + 7"3A3 + r4A4 - inA +e9B = 0,

—r1A1—r9Aq + iT]Ag + iT]A4 +e1A+e9B = 0,

[— A2 —inr1i(A+2u+K)+A0é1| A1+ = An?—inre(A+2u+K)+Aoée| Ag+(iAnrs—n?)As

Ly2 2iw17L

+(iAnrs—n*As— (€2 — (")) + — + KL +2iwnke? | A—2e00(nF)?B =0,

 (5.13)
—inr12u+K)A1 —inrou+K)Ag + [ri(u+K)— un? - Kés|As
+[r3(u+K) — pn? - K&4) Ay — 20e1(n A + i3 — (" )In"wB =0,

1bo¢1mA1+1boéanAg —yr3¢3A3 —yre$4Ay =0,

[aorg + ibonfg]A3 + [a0r4 + ibo?]f4]A4 =0.

The system (5.13) has a non-trivial solution if and only if
det(a;;)=0, 1<i, j<6. (5.14)

Solving the determinant (5.14) we get the following dispersion relations

2620)2 = -

46
263+ 04 + —=(p2J + 55)
590

+ 263+54+—(p J+55)
090

1
40106 )}2 (5.15)

—4 (5? +05+0304—
and

A1 =-Ag, (5.16)

where a;; (1<1, j<6),6; (1=<1<6), 5, A1 and Ay are given in Appendix.

Equation (5.15) represents dispersion relation for Rayleigh waves along free surface of
Micropolar microstretch elastic solid half-space and equation (5.16) is a dispersion relation
between viscous liquid layer and micropolar microstretch solid half-space.

Particular Cases

1. When a¢ — 0 in equation (5.15), we get the following frequency equation of Rayleigh
waves in free surface of generalized micropolar elastic solid. It is dispersive in nature.

p(l—J)w2:2(Yn2—K). (5.17)
Cs
2. When y — 0 in equation (5.15), we get

pw? =(2CsK?-6K) or pw?=(K-CyK?) (5.18)

which is a frequency equation of Rayleigh waves in free surface of generalized micropolar
elastic solid and it is non-dispersive in nature.

3. By applying the properties of determinants, the equation (5.16) reduces to
rg=rq=1in and e;=-in. (5.19)
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Under using equation (5.19), we get the following frequency Type-I and Type-II equations
at interface of viscous liquid and non-microstretch elastic solid respectively given by

. [An?+ K2
2(8n% + 1w = 3in” ——1] (5.20)
n n P
and
K 3
pw =nn* —inLi{4in(u+§+Cg)—(nL)2} l (5.21)

6. Numerical Application

To study the effect of fluid and stretch on the dispersion curves in a micropolar micro-stretch
elastic solid, we adopt the available physical parameters as:
The micropolar elastic solid parameters given below Chiroiu and Munteanu [1]: A =7.583 Gpa;
i = 6.334Gpa; K = 14.905Mpa; p = 1189kg/m?; J = 6.25 x 107" m?; y = 2.896N; a =
3.688 Gpam?.
With the unavailability, the micro-stretch parameters taken from Kumar et al. [[10]: ag =
0.779x 1072 N; b =0.5x 1072 N; 19 = 0.5 x 101 N/m?; A1 = 0.5 x 101° N/m?.
Viscous liquid parameters given below Fehler [7]: K = 0.119 x 10° dyne/m?; pL =1.01x
1073 kg/m?; 17L =0.0014 poise.
The non-dimensional wave number 7 taken as 10 <7 < 100.

The variation of frequency with wave number for free surface of stretched solid and
micropolar solid are shown in Figure [2|and Figure [3] respectively.

T T T
—-- Free surface of stretch solid

520 s 4

Frequency
n
s
T
|

56 -

1 1
10 20 30 40 50 60 70 80 20 100
Wave number

Figure 2. Frequency vs. wave number

Commaunications in Mathematics and Applications, Vol. 14, No. 1, pp. @ , 2023



Rayleigh Wave Propagation at Viscous Liquid [ Micropolar Micro-stretch. .. : K. Somaiah and A. R. Kumar

97

400

350

300

260 -

Frequency
N
[=]
(=]

150

100

50 -

T T T
—#¥- Free surface of micropolar solid

¥

1 1
30 40 50 60 70 80 90
Wave number

Figure 3. Frequency vs. wave number

100

Type-I dispersion curve for interface of viscous liquid and non micro-stretch (i.e., micropolar)
solid is shown in Figure |4 and this frequency curve decreasing in parabolic path in given range
of wave number 0 to 60 and nearly constant in the range of 60 to 100. Type-II dispersion curve

pertaining to viscous liquid and non micro-stretch (i.e., micropolar) solid shown in Figure [5| and

from this figure we observed that the frequencies are increasing in parabolic path.

800

700

600 -

500 -

Frequency
oy
[=)
Q
T

T T T I T
-&- Interface of viscous liquid and non micro-stretch solid Type-|

Commaunications in Mathematics and Applications, Vol. 14, No. 1, pp. @ , 2023

Wave number

Figure 4. Frequency vs. wave number

300 - \ N
\
\
\
\
\
200 |- Y -
~
~
N
Q\
100 - e —
o9
h.o___‘e__.e
o
0 | | | | ? O Atk ol detain ot ST
10 20 30 49 50 60 70 80 90 100




98 Rayleigh Wave Propagation at Viscous Liquid [ Micropolar Micro-stretch. .. : K. Somaiah and A. R. Kumar

0.01 T

T T T T T T
—x— 'Interface of viscous liquid and non micro-stretch solid Type-I|

0.009

0.008

0.007

0.006

0.005

Frequency

0.004

0.003

0.002

0.001

1 1
10 20 30 40 50 60 70 80 90 100
Wave number

Figure 5. Frequency vs. wave number

The comparative graphs are shown in Figure [6|to Figure From these figures we observed
that the Rayleigh surface waves are vanishes at free surface of micropolar micro-stretch solid
and interface of viscous liquid/non micro-stretch (i.e., micropolar) solid. Also, the Rayleigh waves
are propagate in parabolic path at free surface of non micro-stretch (i.e., micropolar) solid and
interface of viscous liquid/non micro-stretch (i.e., micropolar) solid.
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a ¥
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-50 | | | | | | | |
10 20 30 40 50 60 70 80 90 100
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Figure 6. Frequency vs. wave number
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Figure 7. Frequency vs. wave number
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Figure 8. Frequency vs. wave number
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Figure 9. Frequency vs. wave number
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7. Conclusion

In this present investigation, we have derived secular equations for Rayleigh waves in a
homogeneous, isotropic micropolar micro-stretch elastic solid underlying viscous liquid. Under
theoretical illustration and Numerical example, we conclude that

* Two Rayleigh waves along the free surface of micropolar micro-stretch elastic solid half-
space and at interface of viscous liquid/micropolar micro-stretch solid are propagate. These
are functions of wave number so they are dispersive in nature.

* Four special types of Rayleigh waves are propagate, in which two are at free surface
of micropolar solid and micro-stretch solid and another two are at interface of viscous
liquid/micropolar solid. All these waves are dispersive in nature, while the wave at free

surface of micro elastic solid is non-dispersive.

¢ The waves at free surface of micropolar micro-stretch solid and interface of viscous
liquid/micropolar solid are vanishes.

* The waves are propagate in parabolic path at free surface of micropolar solid and interface
of viscous liquid/micropolar solid.

Appendix
a11=a12=11,a13="r3, @14 =T4, A15 = —1i1), Q16 = €2, Q21 = —T'1, Q22 = —T'2, Q23 = i1), Q24 = I1],
_ _ _ 2 _ 2 _ . 2
ags = €1, age = €32, a31 = Aol1—An“ —inr1C1, ags = Loé2 — An” —inraCy, azz = iAnrs —n~,

E% —(n +KL 4+ 2iwnL€% , A36 = —2620)(77L)2’

. 2iwn”
asq=iAnra—n?, ags=— L)2+Tn

aq1 = —inr1(2,u+K), a42 = —i1’]7‘2(2ﬂ+K), a43 = r%Cz —,111]2 —Ké3,a44= riCz —,UT]2 - K¢y,
Ly, It w, as1 = iboé1n, asy = iboéan, ass = —yraés,

a45 = —2we1(n 46 = i(€§ —(n

a54=—Yr4és, ass =as6 =0, ag1 =ae2 =0, ags = aora+ibonis, ass = agra+1ibonis,

aoK 2
a65=a66=0,6=( 0 ) ,01=7C28, 62 = ply —JC3), b3 = 2Co(K —yn?),
bonC,
84 =2C2y8, 65 =(yn? —2K)p — Con?Jp, 8¢ = Co(yn? —2K)n? —n’K?,
in in rye —in € in in —in rg €2
—riy -rg in €1 €3 -r1 —re € in €3
Ai1=|a31 agz azs aszs asge|,Aa=|a3z1 azz a3s a3z ass|.
Q41 Q42 Q44 Q45 046 41 Q42 Q45 Q43 Q46
as1 as2 ass O 0 as1 as2 0 as3 O
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