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1. Introduction

Barucci and Froberg [[1] introduced the almost Gorenstein rings as a larger class of Cohen
Macaulay rings [3] that are next to the Gorenstein [1]. This was generalized by Nari [4]] and
Goto et al. [5]. In semigroups, there is no correlation between the number and type of the
generators. So far, results have been found that the type will not exceed the generative set in
numerical semigroups and nearly Gorenstein numerical semigroup. Moscariello [6] proved the
type of a 4-generated almost symmetric numerical semigroup is at most 3. Moscariello and
StrazzantiEL proved that the type of a 4-generated Nearly Gorenstein numerical semigroups is
at most 3. The computation appearing in this paper were performed by using the GAP system
[[9] and in particular the Numerical Sgps package [2].

In this paper, some results are found in the nearly Gorenstein numerical semigroups of 6
generators with type 5.
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2. Basic Definitions
Most of the definitions can also be found in [8], @ or [7].
Definition 2.1. Let N is the set of non-negative integers and S < N. If S is closed under the

addition in N and 0 € S and N\S is finite then S is called a numerical semigroup. For all
ni,no,...,n. €8S it is denoted by

e
S={ni,no,...,ne) = {Zaini ‘a; € I\I}
i=1
and the following is correct.

(n1,ng,...,n.) =1 N\S is finite.

Definition 2.2. Let the numerical semigroup S is given by
S={(n1,n9,...,ne)
then,
(i) the number m(S) = n; is called the multiplicity of S,

(i1) the number e(S) = e is called the embedding dimension of S.

Definition 2.3. Let S is a numerical semigroup the largest integer that is not in S is called the
Frobenius number of S and denoted by F(S), i.e.,

F(S)=max(N\S), or

F(S)=max{xeZ:x¢S}.
Definition 2.4. The positive elements that is not in S and is denoted by G(S). The elements of
gaps is called genus of S and g(S) = |G(S)|.
Definition 2.5. PF(S) is the set of pseudo-Frobenius number of S,

PF(S)={x¢S|x+seS8, for every s € S\{0}}

={x¢S|x+n; €S, foreveryi=1,2,...,e}.

Definition 2.6. The number of elements of the set of pseudo-Frobenius is called the type of S
and is denoted by #(S). That is, #PF(S) = t(S).

Definition 2.7. Let S = (n1,n9,...,n.) be a numerical semigroup. Each s € S can be written as
s= {Zle a;n;a; €N for every i}. Such a presentation of s is called a factorization of s.

Note 2.8. Let (<g) be the relation defined by b <ga if a —b € S. It is easy to see that (Z,<g) is a
partially ordered set and that the pseudo-Frobenius numbers of S are maximal elements of the
poset (Z/S,<g).
Example 2.9.
S =(10,11,12,13,14,15) ={0,10,11,12,13,14,15,20, —},
G(S)=1{1,2,3,4,5,6,7,8,9,16,17,18,19}, the set of gaps,
F(S)=19, the largest number that is not in S,
m(S) = 10, multiplicity,
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e(S) =6, embedding dimension,

2(S) =13, the number of elements of gaps,
PF(S)=1{16,17,18,19}, pseudo-Frobenius of S,
t(S) =4, the type of S.

Definition 2.10. A numerical semigroup S is almost symmetric. If for every f € Z\S, we have
{f,F(S)—-f1<PF(S) such that F(S)—-f¢S.

Example 2.11. Pseudo-Frobenius numbers of S = (10,11,13,18,19,27) are PF(S) =
{8,9,16,17,25}. So, S is almost symmetric semigroup.

Proposition 2.12. The following statements hold.:
(i) S is almost symmetric if and only if n + F(S)—f €8S for all f € PF(S) and all n € G(S),
(i1) S is nearly Gorenstein if and only if for every n; € G(S) there exists f; € PF(S) such that
ni+f,—feS forall fePF(S).
Proof. See @ 6l O

Definition 2.13. Let S = (n1,n9,...,n,) where ny <ng <--- < n, are minimal generators. We call
avector f ={f1,...,f.} € PF(S) nearly Gorenstein vector for S, briefly NG-vector, if n;+f;—f € S
for every f € PF(S) and every i =1,2,...,e.

Proposition 2.14. Let f ={f1,...,[.} € PF(S) be an NG-vector S. The following hold:
(i) f1=F(S),

(i1) if i is the minimum index for which f; # F(S), then f; =F(S)—n; + n,, for some m <.
Proof. See w O

By Proposition[2.12] the existence of an NG-vector is equivalent to the nearly Gorensteinness
of S, whereas S is almost symmetric if and only if it admits the NG-vector (F(S),F(S),...,F(S)).
Example 2.15.

S =¢10,11,12,13,14,17) ={0,10,11,12,13,14,17,20, —},
G(S)=1{1,2,3,4,5,6,7,8,9,15,16,18,19},

F(S)=19,

PF(S)=1{15,16,18,19},

n1=10, ng=11, ng=12, n4 =13, n5 =14, ng=17.

By Proposition 2.14]
f1=F(S)=19,

11+18—-f €S forevery f € PF(S), fo =18,
12+15-18=9¢ S,
12+16-19=9¢ S,
12+18-15=15¢S,
12+19-16=15¢S.
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Since the numerical semigroup S has no f3 value, there is no NG vector, so it is not nearly
Gorenstein.

Example 2.16.
S =(10,11,12,13,14,29) ={0,10,11,12,13,14,20, —}
G(S)=1{1,2,3,4,5,6,7,8,9,15,16,17,18,19},
F(S)=19,
PF(S)={15,16,17,18,19},
n1=10, no =11, ng=12, n4 =13, n5 =14, ng=29.
By Proposition[2.14] f; = F(S) =19,
11+18—-f €S for every f € PF(S) fo =18,
12+ 17— f €S for every f e PF(S) f3 =117,
13+16—f €S for every f € PF(S) f4 =16,
14+15—-f €S for every f e PF(S) f5 =15,
29+15—-f €8S forevery f € PF(S) feg =15,
29+16—-f €S for every f € PF(S) fg =16,
29+17-f €S for every f e PF(S) fg =117,
29+18—-f €S for every f e PF(S) fg =18,
29+19-f €S for every f € PF(S) fg =19.

Since S is the NG-vector of the numerical semigroup, S is nearly Gorenstein. Then, the
NG-vector of S is (19,18,17,16,15,15), (19,18,17,16,15,16), (19,18,17,16,15,17), (19,18,17, 16,
15,18) and (19,18,17,16,15,19).

We remark that f could be unique or not. For instance, pseudo-Frobenius numbers
of S1 =(51,52,75,76,83,84) are PF(S1) = {157,174,175,176,349,350} and it is easy to see
that (350,349,350,349,350,349) is the NG-vector of S1. Pseudo-Frobenius numbers of Sy =
(10,11,12,13,14,29) are PF(Sy) = {15,16,17,18,19} and (19,18,18,16,15,15), (19,18,18,16,
15,16), (19,18,18,16,15,17), (19,18,18,16,15,18) and (19,18,18,16,15,19) are the NG-vectors
of Sy. The NG-vectors of So above will be represented as; (19,18,18,16,15,(15,16,17,18,19)).
In this paper, this notation will be used if the number of NG-vectors is too large.

3. Some Results in Nearly Gorenstein Numerical Semigroup of 6
Generators With Type 5

The nearly Gorenstein semigroup taken in this paper is not almost numerical semigroup.

Definition 3.1. The set of Nearly Gorenstein semigroups with all e-generators is called the
nearly Gorenstein universal set and is denote by 8°.

S1=(10,11,12,13,28) is nearly Gorenstein. Moreover, (29,29,27,27,27) and (29,29,27,27,29)
NG-vectors of are S;. Therefore, S; € 85. Although So = (10,11,12,13,14,17) is a numerical
semigroup with 6 generators, it is not nearly Gorenstein (see Example . So, Sy ¢ 8.
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Definition 3.2. Let’s denote the set of all nearly Gorenstein numerical semigroups of the type
p (p =1, p eN) with e generators 8¢¢(p). H € $°t(3) since the pseudo-Frobenius numbers of
H =(10,11,12,13,27) are PF(H) = {14,28,29}.

Since the type of nearly Gorenstein numerical semigroup 4 generator is at most 3, $*t(4) = @.

Here, S8°t(< p) (8¢t(> p)) denotes the set of all nearly Gorenstein numerical semigroups of e
generators with at most p (at least p) type.

The meaning of S € 8%¢(< 5) is that S the nearly Gorenstein numerical semigroups of
the type at most 5 with 6 generators. For instance, as S = {10,11,12,18,19,27} is nearly
Gorenstein PF(S) ={9,17,25,26} and hence it has type 4, S € 8%¢(< 5). But H ¢ 8%¢(< 5) because
H =1{51,58,72,86,93,95} is nearly Gorenstein PF(H) ={65,79,579,593,614,658} and therefore
it has type 6.

Now we will give some results related to the set of nearly Gorenstein numerical semigroups
of 6 generators with the type 5.

Proposition 3.3. Let S € 85t(5) be a nearly Gorenstein numerical semigroup.
Let F(S)=fs=fi #f; # fr # {1 with {i, j,k,1} ={2,3,4,5}.

If there is f € PF(S)\{f1, fr,f;,F(S)}, then PF(S) ={F(S)2,f1, [, F(S)},
PFS)={f,F(S)-f,fr.f;, F(SW, PF(S)=Af,f1,F(S)-f,f;,F(S)}.

Proof. Case 1.1=2
Suppose that there exists f € PF(S)\{fi, fz,f;,F(S)}. Since F(S) = f1, there is a factorization
fe—fs=aini+agng+asng+asng+asns—ne,
fs—f=dini+dang—nsg+dsng+dsns+dgne,
foe—fa=bini1+bang+bgnz+byng+bsns—ne,
fa—f =eini+egngo+egng—ng+esns+egng,
fe—f5=cin1+cang+csng+cang+csns —ng,
fs—f =pini+pang+psng+pang—ns+pene with a;,bi,c;,dj,ex,p; 20,
1=1{1,2,3,4,5}, j=1{1,2,4,5,6}, k ={1,2,3,5,6}, [ ={1,2,3,4,6} at least one of positive.
We assume that dg,eq, ps,a1,b1,b2,¢1,¢9 > 0.
fe—f=(e—13)+(fs—1)
=(a1+d1)ni+(ag+d2)ng+(ag—ng+(ag+dedng+(as+ds)ns +(de — ng

and since fg—f ¢ S and dg > 0, it follows that a3 =0 and fg— f + ng € S similarly, eg > 0, it
follows that b4 =0 and fg—f +n4€S. pg >0, it follows that c5 =0 and fg—f +n5 €S. Moreover,
fe—f+n;€8S fori=1,2,6 and fg = f1 by hypothesis, thus f1 — f € PF(S).

Case 2. Similarly f1 — f € PF(S) can be found for i = 3,4,5.
Since f1—f < f1 and S € 8¢(5) imply that f1 —f =f,ie. f=FS)2, fi-f=f1, fi-f=fr. O

Example 3.4. (i) The semigroup S = (11,15,16,20,24,28) is nearly Gorenstein has the
NG-vector (34,34,29,25,21,34) and PF(S) = {17,21,25,29,34}. We also note that
(34,34,29, (25,29),(21,25),(17,21,34)) are NG-vectors for S.
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(ii)) The semigroup S = (10,13,14,17,19,22) is nearly Gorenstein has the NG-vector
(25,25,21, 18,16,25) and PF(S) = {9,16,18,21,25}. (25,25,21,(18,21),(16,25),(16,25))
are NG-vectors for S.

(iii) The semigroup S =(10,11,12,19,25,28) is nearly Gorenstein has the NG-vector (27,27,26,
18,13,27) and PF(S) = {9,13,18,26,27}. (27,(26,27),26,(18,27),(13,26),(9,18,27)) are
NG-vectors for S.

(iv) The semigroup S =(11,16,17,21,25,31) is nearly Gorenstein has the NG-vector (40, 35,40,
30,26,40) and PF(S)={20,26,30,35,40}. (40,35,40,30,26,(20,26,40)) are NG-vectors for
S.

(v) The semigroup S = (10,13,14,16,17,21) is nearly Gorenstein has the NG-vector
(25,22, 25,19,1825) and PF(S)={7,18,19,22,25}. (25,22,25,19,(18,22,25),(18,25)) are
NG-vectors for S.

(vi) The semigroup S =(10,11,15,16,34,39) is nearly Gorenstein has the NG-vector (29, 28,29,
23,5,29) and PF(S) = {5,23,24,28,29}. (29,28,(24,29),(23,28),(5,28,29),(5,23,24,28,29))
are NG-vectors for S.

(vii) The semigroup S = (10,15,24,31,33,36) is nearly Gorenstein has the NG-vector (52,47,
38,52,29,52) and PF(S) ={26,29,38,47,52}. (52,47,38,52,29,(26,47,52)) are NG-vectors
for S.

(viii) The semigroup S = (10,14,15,16,19,21) is nearly Gorenstein has the NG-vector
(27,23,22, 27,18,27) and PF(S) = {5,18,22,23,27}. (27,23,(22,27),27,(18,23),(22,27))
are NG-vectors for S.

(ix) The semigroup S =(10,12,17,25,28,43) is nearly Gorenstein has the NG-vector (33,31,26,
33,15,33) and PF(S)={15,18,26,31,33}. (33,31,26,(18,33),(15,33),(15,18,26,31,33)) are
NG-vectors for S.

(x) The semigroup S =(10,15,24,27,28,33) is nearly Gorenstein has the NG-vector (46,41,32,
29,46,46) and PF(S) ={23,29,32,41,46}. (46,41,32,29,46,(23,41,46)) are NG-vectors for
S.

(xi) The semigroup S =(10,12,15,23,28,41) is nearly Gorenstein has the NG-vector (31,29, 26,
18,31,31) and PF(S)={13,18,26,29,31}. (31,29,26,(18,31),(13,26,31),(13,18,26,29,31))
are NG-vectors for S.

(xii) The semigroup S =(10,11,25,26,34,49) is nearly Gorenstein has the NG-vector (39, 38,24,
23,39,39) and PF(S) = {15,23,24,38,39}. (39,38,(24,39),(23,38),(15,38,39),(15,23,24,
28,39)) are NG-vectors for S.

Proposition 3.5. Let S € 85(5) be a nearly Gorenstein numerical semigroup.
Let F(S)# fa # [3# fa=[5=[¢. Then, PF(S) ={f4/2,[4,[3,[2,F(S)}

Proof. Suppose that there exists f € PF(S)\{f4,f3,f2,F(S)}. Since F(S) = f1, there is a
factorization

fs—fi=aini+asng+asng+asnys—ns+aene,

f1 - f =—-ni1+ d2n2 + d3n3 + d4n4 + d5n5 + d6n6,
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fs—fe=bini+bang +bsng+byng—ns+bgne,

fz—f =ei1nh1—ng+esgngt+eqnyg+esgns+eghg,
fs—fs=cini+cang+cang+cqang—ns+cene,

fa—f =pin1+pang—nzg+pans+ psns+peneg with a;,b;,¢;,dj,er,p; =0,

1=1{1,2,3,4,6}, j =1{2,3,4,5,6}, k ={1,3,4,5,6}, ] ={1,2,4,5,6} at least one of positive. We assume
that ds,es5, ps5,a2,b4,c1,c2 > 0.

fs—f=(s-f+{f1-1)
=(a1—Dni+(az+d2)ng +(ag+ds)ng+(as+da)ng+(ds — ns +(ag + de)ns,
and since f5—f ¢S and d5 >0, then a; =0 and f5—f +n1 €8S similarly, e5 > 0, it follows that
bo=0and fs—f+ne€eS. p5s>0,s0c3=0and f5—f+n3eS. Moreover, f5—f+n; €8S for
1 =4,5,6 and f5 = f4 by hypothesis, thus fs— f € PF(S). Since f4—f < f4 <3< f9 <F(S) and
S € 85¢(5) implies that fs— f = f, i.e. f = f4/2. O

Example 3.6. The semigroup S =(10,11,19,23,35,47) is nearly Gorenstein has the NG-vector
(37,36,28,24,24,24) and PF(S) ={12,24,28,36,37}.
We also note that (37,36,28,(24,36),(12,24,36),(12,24,28,36,37)) are NG-vectors for S.

Proposition 3.7. Let S € 85¢(5) be a nearly Gorenstein numerical semigroup.
Let F(S) # fs # fa # f2 = [5 = fe. If there is [ € PF(S)\{f4,f3,f2,F(S)}, then PF(S) =
{fo/2,fa,f3,f2, F (S, PF(S)=1{f,fa—[,f3,f2,F(S), PF(S)=Af,fa,fo—F,[2,F(S)}.

Proof. In a similar way, fs—f+n1€8S, fs—f+nseS and f5—f+n4€S. Moreover, f5—f+n; €S
for i = 2,5,6 and f5 = fo by hypothesis, therefore fo —f € PF(S). Since fo—f<fq < F(S)
and S € 8%4(5) imply that fo—f = f, i.e. f = fo/2 PF(S) = {f2/2, f4,f3,f2, F(S)}, fo—f = fu,
FS)=1{f,fa— 1,13 [2,F(S), fa—[ =13, PF(S)={f,fa,fa—[,[2,F(S)}. O

Example 3.8. (i) The semigroup S = (10,11,16,18,23,35) is nearly Gorenstein has the
NG-vector (25,24,19,17,24,24) and PF(S) = {12,17,19,24,25}. (25,24,19,17,(12,24),(12,
17,19,24,25)) are NG-vectors for S.

(i1)) The semigroup S =(10,11,19,23,35,47) is nearly Gorenstein has the NG-vector (37,36,28,
24,36,36) and PF(S)=1{12,24,28,36,37}. (37,36,28,(24,36),(12,24,36),(12,24,28,36,37))
are NG-vectors for S.

(iii) The semigroup S = (10,11,23,25,37,49) is nearly Gorenstein has the NG-vector (39, 38,26,
24,38,38) and PF(S)=1{12,24,26,38,39}. (39,38,(26,38),24,(12,24,38),(12, 24,26, 38,39))
are NG-vectors for S.

Proposition 3.9. Let S € 85t(5) be a nearly Gorenstein numerical semigroup.
Let F(S)# fo# fa# f3=f5=f6. If there is f € PF(S)\{f4,[3,fo,F(S)}, then either f = f3/2 or
PFES)=1{f,fs—f,f3,[2,F(S)}.

Proof. In a similar way, fs—f+n1€8S, fs—f+ng€eS and f5—f+n4€S. Moreover, f5s—f+n; €S
for i =3,5,6 and f5 = f3 by hypothesis, thus f3—f € PF(S). Since f3—f < f3< foe <F(S) and
S € 854(5) either f3—f =f,i.e., f =f3/2 or fs—f = fs. PFS)={f,f3~ 13, /2, F(S)}. O
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Example 3.10. (i) The semigroup S = (10,12,15,26,29,43) is nearly Gorenstein has the
NG-vector (33,31,28,17,28,28) and PF(S) = {14,17,28,31,33}. In addition, (33,31,28,
(17,31),(14,28,31),(14,17,28,31,33)) are NG-vectors for S.

(i1)) The semigroup S =(10,15,16,21,22,27) is nearly Gorenstein has the NG-vector (39,34, 33,
28,33,33) and PF(S) ={5,28,33,34,39}. Moreover, (33,(34,39),(33,39),(28,33,34,39),33,
(28,33)) are NG-vectors for S.

Proposition 3.11. Let S € 8%4(5) be a nearly Gorenstein numerical semigroup.
Let F(S)# f3# f2=fa=f5=fe. Then, PF(S)={fa—f,f,f3,f2,F(S)}

Proof. Suppose that there exists f € PF(S)\{f3, f2,F(S)}.
Since F'(S) = f1, there is a factorization,

fa—f1=aini+asns +asng—nyg+asns+agheg,
fi—f=-ni1+dongs+dsng+dsns+dsns+dgng,
fa—fs=bin1+bang+bgng—na+bsns+bene,
fa—f=eini+eang—n3+egngs+esns+egng with a;,b;,d;,e; =0,
i =1{1,2,3,5,6}, j =1{2,3,4,5,6}, k = {1,2,4,5,6} at least one of positive. We assume that
dg,eq,a3,b1>0.
fa—f=(s—1D)+(f1-1)
=(a1—-1Dni+(ag+da)ng +(ag+ds)ng+(ds— Dng+(ay+ds)ns +(ag+dg)ng

and since f4,—f ¢S and d4>0,thusa;=0and f4—f +n1 €8S, similarly, e4 > 0, it follows that
bs=0and fy—f+n3eS. Moreover, f4—f+n; €8S for i =2,4,5,6 and f4 = f2 by hypothesis,
thus fo — f € PF(S). Since S € 8t(5), PF(S)={fo—f.,f,fs, 2, F(S)}. O

Example 3.12. The semigroup S = (10,13,15,18,21,37) is nearly Gorenstein has the
NG-vector (32,29,27,29,29,29) and PF(S) = {5,24,27,29,32}. We also note that (32,29,(27,32),
(24,29,32),29,(5,29,32)) are NG-vectors for S.

Proposition 3.13. Let S € $64(5) be a nearly Gorenstein numerical semigroup.
Let F(S)=f4=f5=fe # [3 # [2. Then, PF(S)={F(S)-f,f,fs3,f2,F(S)}

Proof. Suppose that there exists f € PF(S)\{f3, f2,F(S)}.

Since F(S) = f1, there is a factorization
fa—fe=aini+agng+asns—nst+asns+aens,
fo—f=dini1—ng+dsng+dang+dsns+dgng,
fa—f3=bini+bang+bsng—ny+bsns+bgne,
fa—f=eini+eang—nz+esnys+esns+egng with a;,b;,dj,e; =0,

i =1{1,2,3,5,6}, j ={1,3,4,5,6}, k = {1,2,4,5,6} at least one of positive. We assume that

d4,eq,a1,b5>0.

fa—f=(fs—fa)+(fa—1)
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=(a1+din1+(d2—Dng+(az+ds)ns+(ds—1ng +(as+ds)ns +(ae + ds)ne.

and since f4—f ¢S and d4 > 0, it follows that as =0 and f4— f +ng € S similarly, e4 > 0, it
follows that b3 =0 and f4— f +ng € S. Moreover, f4—f +n; €S for i =1,4,5,6 and f4 = f1 by
hypothesis, thus fi — f € PF(S). Since S € 85t(5) give that PF(S)={F(S)—f,f,f3,fo,F(S)}. O

Example 3.14. The semigroup S = (10, 14,15,26,31,47) is nearly Gorenstein has the NG-vector
(37,33,32,37,37,37) and PF(S) ={16,21,32,33,37}. Furthermore, (37,33,32,(21,37),(16,32,37),
(16,21,32,33,37)) are NG-vectors for S.

4. Conclusion

The type of nearly Gorenstein numerical semigroup with 6 generator can be larger in the
generative set. In order to understand it better, some results are found in the nearly Gorenstein
numerical semigroup of 6 generators with type 5.
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