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1. Introduction

Picture Fuzzy Sets (PFSs) are direct extensions of the fuzzy sets and Intuitionistic Fuzzy Sets
(IFSs) [1,2]. Dogra and Pal [5] define Picture Fuzzy Matrix (PFM) generalizing the concept of
Intuitionistic Fuzzy Matrix (IFM). A many works on the IFMs had been done by Murugadas et
al. [8], Muthuraji et al. [9], Ramakrishnan and Sriram [10], and Silambarasan and Sriram [[11].
Cuong and Kreinovich [4] proposed PFSs, Cuong [3] presented some properties of PFSs, Dutta
and Ganju [6] discussed decomposition theorem for PFSs, Thomason [[12] introduced the notion
of fuzzy matrices, IFMs as a generalization of fuzzy matrices developed by Mondal and Pal [7]]
is used to represent the intuitionistic fuzzy relation. Motivated by the existing operations,
we present Hamacher operations on PFMs and construct scalar multiplication and power
operations with respect to these operations.
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2. Preliminaries

Definition 2.1 ([1,2]). An IFS E in X is given by E = {{x, ug(x), vg(x)/x € X)}, where ug(x): X —
[0,1] and vg(x): X — [0,1], with the condition 0 < ug(x)+ vg(x) < 1.

The numbers ug(x) and vg(x) represent, the membership degree and non-membership degree
of the element to the set E.

Definition 2.2 ([4]). A picture fuzzy set £ on a universe X is an object in the form of
E ={(x,ug(x),ng(x),vg(x))/x € X} where ug(x) €[0,1] is called the degree of positive membership
of x in E, ng(x) €[0,1] is called the degree of neutral membership of x in E and vg(x) €[0,1] is
called the degree of negative membership of x in £ and where ug(x), ng(x) and vg(x) satisfy
the following condition: (V x € X) ug(x)+ng(x)+vg(x) < 1.

Now (1 —(ug(x)+ng(x) + vg(x))) could be called the degree of refusal membership of x in E.
Let PFS(X) denote the set of all the picture fuzzy sets on a universe X.

Definition 2.3 ([5]). A picture fuzzy matrices of size m x n is defined as E = ({e;my,€1mn,€1mv)),
where e;p,, € [0,11, e;my, € [0,1], e;my € [0,1] are respectively, the measure of positive,
neutral and negative membership of e;,, for I =1,2,3,...n and m = 1,2,3,...n satisfying
0< elmuteimntelmy= 1.

Definition 2.4 ([5]). Let E = ({e;mu;€imny, €imv)) and F = t({f1mu; [1mn, fimv)) be two Picture fuzzy
matrices of order m. Then E <F. If ;5 < fimu, €imn < fimy> €imv = fimy for [,m =1,2,3,...n.

3. Hamacher Operations on Picture Fuzzy Matrices

In this section, we define Hamacher operations on Picture fuzzy matrices and construct the
expressions nE and E” for a Picture fuzzy matrix E.

Definition 3.1. Let E = ((e;mpy,eimn,eimv?) and F = (fimp, fimn, fimv)) be two Picture fuzzy

matrices of same size. Then,
elm,u"'flmu_zelmuflm,u elmnflmn eimvfimv ]

(1) EegF = , ,
| ]-_elmuflmu elmn+flmn_elmnflmn eimv+ fimv —€imvfimv

is called the Hamacher sum of £ and F'.
elmuflmu €imnt flmn - 2elmnflm17 eimv + fimv—2e1mvfimv ]
b
1- elmvflmv

(i) EoyF = ,
elmu"‘flm,u_elmpflmu 1_elmnflmn

is called the Hamacher Product of £ and F'.

(iii) E Vv F = [{max(e;my, fimu), min(eimy, fimn), min(eimy, fimv)].
(iv) E AF =[{min(e;my, f1mu), min(e;my, f1mn), max(emy, fimv))].
) E'=emiy, emin,emiv)]

(vi) E€ = [{eimv,elmn>eimu’] (the complement of E).

elmu"‘flmu) (elmn"‘flmn) (elmv"‘flmv)]
2 ’ 2 ’ 2 '

(vii)) EQgF = [(
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Theorem 3.1. Let E = ({ejmu,eimn,€imv)) and F = (f1mu; fimn, fimv)) be two PFMs of same size,
then, 0<(EogF)<1isalso PFM.

Proof. Since, 0 < ({e;mu,e1mn,€imv)) <1 and 0 < (fimp, fimy, fimv) < 1 respectively, 0 < (e, +
eimnteimv) <1, then, 0 <e;y, <(1-ejyy) and ey <(1-e7y,) and also, e,y < (1-ejpy), 0=
(Fimp+ fimy + fimy) <1, then, 0 < f1,,,,, < (1= fimmy) and fimy < (1= f1py) and also, fimy < (1= fimg).
Then, we have
elmr]flmn - (1_elmu)(1_flmu)
elmn+flmn_elmnflmn B 1+(1_elmy)(1_flmu)

and
eimviimv - (l_elm,u)(l_flmp)
eimv + fimv—€imvfimv 1+ - elmu)(l - flmy) .
Now,
elm/.t"'flmy_zelmuflmu 4 elmnflmn etmvlimv <1
]-_elmpflmu elmn+flmn_elmnflmn eimv + fimv—€imviimv
iff
E=(1,0,00 and F =(1,0,0).
Furthermore, we have
elmu+flmu_zelmuflmp + elmnflmn eimvlimv ~0
1- elmuflm/.t €lmn Tt flmn - elmnflmn eimv+ fimv —€imvfimv
iff
E=(0,0,0) and F =(0,0,0).
Thus, the solution of
+ -2
0< €lmu flmu elmuflmu + elmnflmn + eimvlimv <1 O
1_elmuflmy elmn+flmn_elmnflmn eimv + fimv — eimvfimv

Similarly, we can prove the following theorems:

Theorem 3.2. Let E = ({ejmu,eimn,€imv)) and F = (f1mu; fimn, fimv)) be two PFMs of same size,
then, 0<(EoyF)<1isa PFM.

Theorem 3.3. If n is any positive integer and E is a PFM, then the scalar multiplication
operation is defined by

neéimu €lmn elmv
1+(n—Depmy n—(n—1emy n—(n—Depmy)

nE:EGBSE@SE@S"'@SE::

n

Proof. Mathematical induction can be used to prove that the above equation holds.
For all positive integer n. The above equation is called P(n).
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(i): The above equation P(n) true for n = 1. Since,
(I+epm)' —(1—eim)" 2(eimp)" 2(erm)"
(L +eimp)* +(1—e1mp)" (2= ermn)" +(e1mn)" (2 —e1my)" + (elmv)n)
=(eimp>etmn,eimv) = E.
Then P(n) is true for n =1, i.e, P(1) holds.

nk =

(i1): When n =2, we have

EegE =2F = (zelmp(l “Clm) i€l _€imimy )
(l_elmuelmp) elmn(z_elmn) eimv(2—eimy)
_ ( 2elm,u €lmn eimvy )
1+(2- l)elmﬂ’ 2—-(2- 1)elmn’ 2—-(2-Deimy )
Similarly,
3E = ( Selm'u €lmn €imv )
1+(B=1Deimu’ 3= B~Degmy 3—B-Degmy)
In general,
neimu €lmn elmv )
nk = , ,
1+(n- 1)elmu n—(n- ]-)elmn n—(n-1e;my

holds when n =2,

(ii1): When n = m, we have

mE:EéBsEéBsEGBS“-GBsEZ(

m

meimu €lmn elmv )
1+(m—1eimy m—(m—1epm, m—(m—1Lepmy)’

(m+1)E=mEegE

B m+1-m elmu—elmp)elmﬂ eimn€lmn elmveimyv )
- (1+m €lmy—€lmu—Mm elmpelmp), (1+m-m elmn)ulmn’ (I+m —m ejmv)eimy
_ (m + 1)(1_elmp)elmy €imn €lmv )

\1+m elmu)(l—elmu)’(1+m—m elmn)’(1+m—m eimv)

B (m+1) ejmpu €imn elmv )

\1+m etmp) (Mm+1—m epmy) (Mm+1-m ejmy)

_ (m + 1)elm/,1 €lmn €lmv

- (1+(m+1—1)elmu)’(m+1—(m+1—1)elm,,)’(m+1—(m+1—1)el,,w))'

Thus, when n =m +1,

nelmu €lmn elmv )

nE=EesEesE &g - &gk = , )
—S Sv S e 1+(n—Deimuy n—(n—Deymy n—(n—Dejpy

n

also holds. Using the induction hypothesis that P(n) holds for any positive integer n. O
Similarly, we can prove the following theorem:

Theorem 3.4. If n is any positive integer and E is an PFM, then the exponentiation operation is
defined by

€lmpu N €lmy neimy
E"=EoyEoyEoy...oyE = , , .
M M; B (== Deimy’ 1+ (= Degmy 1+<n—1)elm)

We prove the result of E" is also a PFM.
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4. Results of Some Algebraic Properties for Hamacher Operations of
Picture Fuzzy Matrices
In this chapter, we discuss some algebraic properties with some special operations for Hamacher

operations of picture fuzzy matrices.

Theorem 4.1. Let E = ({eimu,eimn,€imv)) and F = (f1mu; fimn, fimv)) be two PFMs of same size,
then
(i) EegF =F egkE,

(i) EoyF =EoyF.

. eimut+ fimu—2€imufim eimnfim e
Proof (1):E®SF:( u u plimu nllmy ’ tmvfimv
1_elmyflmu elmr]"‘flmn_elmnflmn eimv+ fimv —€imvfimv
_ (flmu"‘elm,u_zflmyelm,u flmnelmn fimveimv )
- ’ ’
l_flmpelmp flmr]"‘elmn_flmnelmn fimv +eimv — fimveimv
=FegkE.
Hence, (1) holds.
(i1): It can be proved similarly. O

Theorem 4.2. Let E and F be two PFMs of same size, then
(i) nEegnF =n(EegF),

(i) n(EegE)=n(2E)=2nE =nE &g nk.
Proof.

n elm,u(l“'(n_ 1) flm,u)“'n flmp(1+(n_ 1)elm,u)_2 nneimy flm;,t
(1 +(n - l)flmu)(1+(n - l)elmp)_ nneéemu flmu

b

1): nEEBSnF:(

elmnflmn
: b
elmn(n —(n— 1)flmn) + flmn(n —(n— 1)elmn) - elmnflmn
) eimv fimv )
eimv(in—(m = Dfimy) + fimv(n —(n = Deimy) — eimy fimy
_ ( n(elmu+flmu_zelmuflmp)
- ’
(1- elmuflmu) +(n— 1)(elmp + flmy - 2elm,uflmu)
elmnflmn
: )
nepmy+ nflmn - znelmnflmn + elmnflmn
. eimviimv
neimy+n fimv—2n eimyfimv+eimviimv
n (elmu+flmu_zelmuflmp) ( l_elmnflmn )
l_elmuflmp elmn"’flmn_elmnflmn

1+ (n _ 1) (elmy"'flmp_zelmuflmu) ’ n— (n _ 1) ( l_elmnflmn ) ’

1_elmyflmp elmn+flmn_elmnflmn
( 1-epmyfimy )

emvtfimv—eimvfimv

) =n(Eeg k).

eimvtfimv—eimviimv

n_(n_ 1)( 1-epmvfimy )
Hence, (i) holds.

(i1): It can be proved similarly. O
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Theorem 4.3. Let E be a PFM, then
(1) mEegnE =(m+n)E,

(1)) m(nE)=(mn)E, where m,n > 0.

Proof.
mepmu(l+(m—1) ejmp) +n epmu(l+(n—1epmu) —2mn ejmy ermp
1+ (m—- 1)elm,u)(]- +(n— 1)elmu) —mneéimu€imu
€Imn€imn

’

@{): mEGBSnE:(

elmn(m -(m-1) elmn) + elmn(n -(n-1) elmn) —€Imn€imn ’

€imveimv
" etmy(m = (m = Detmy) + e1my(n — (0= 1)etmy) — etmveimy
B (I —epmp)m epmu+n epmy) eimny
B ((l—elm#)(l—elm#)+(m elmu+n eim)l—epmy) (m+n)—(m+n—-1epm,
) €lmv
(m+n)—-(m+n—-1en,
B (m+n)eimy €lmn €lmv
B ((1—elm”)+(m+n)elmu’(m+n)—(m+n—1) elmn’(m+n)—(m+n—1)elmv
=(m+n)E.
Hence, (i) holds.
(i1): It can be proved similarly. O

Theorem 4.4. Let E and F be two PFMs of same size, then
(i) EmoyE™ =E™" where m,n > 0.

(i) E"oyF" = (EoyF)*, where m,n > 0.

Proof.
elmuelmp
elmu(n —(n—1egmu) + emu(m —(m —1)eimy) — eimpeimy’
m elmn(1+(m—1eimp) +n eppy(l+(m —1) ejpy) —2mn ejmpeimy

(i): EMoyE" = (

b

(1+(m—=1Demp)1+(n—1eymy) —mn empeimy
m eimv(l+(n—=Depmy)+n ejmy(1+(m—1) ejmy) —2mn epmveimy
(1 + (m - 1)elmv)(1 +(n - l)elmv) —mnemvelmy

_( €imu€lmu
eimuim+n—m ey, —n elmu"'elmu),
1 _elmn)(m elmytn elmn)

. (1_elmn)(1_ elmn)+(m €lmn +n elmn)(l_elmn),

. (1-eimy)(m ejmy +n ermy) )
(I-eimv)L—eimy) +(m epmy +n ermy)(1—emy)
_ ( €lmu (m eimptn elmn)
\m+n)—(m+n-Depmy’ L—epmy)+(m epmy+n epmy)’
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(m ejmy +n emy)
(A-emv)+(m ejmy + 1 epmy)

_ elmu (m+n)ermy (m+n)eimy
(m+n)—((m+n)=1) ey’ 1+(m+n)=1) ey’ 1+((m+n)—1) gy
:Em+n.
Hence, (i) holds.
(i1): It can be proved similarly. O

Theorem 4.5. Let E,F and G be three PFMs of same size, then
() EFesF)esG=Eas((Fosq),

(ii) (E@MF)GMG =E®M(F®MG).

Proof.
(1): (EegF)esG
_ (elm,u"'flmu_zelmpflmu elmnflmn elmvlimv
- l_elmuflmu ,elmn"‘flmn_elmnflmn’elmv+flmv_elmvflmv

®s (glmu,glmn,glmv)
_ (elmu + flmu +8imu— 2elmpflm/,t —2eimu8imu— 2flmuglmu + 3elm,uflmpglmu
1- elmuflmu —Clmu8imyu— flm,uglmy +2elmuflmuglmp

b

) elmnflmnglmn
elmnflmn teimp8imnt flmnglmn - 2elmnflmnglmn ’
. elmvfiimv8imy )
eimvliimv +eimv8imv + fimv&€imv — 2€1imvfimv8imv

2

(elm,u(l - flm,uglmy) + flmp +8imu— 2flm,uglmy - 2elm,u(flmp +8imu— 2flm,uglmy)
1- flmuglmu - elmu(flmu +8imu— zflmuglmp)

) elmnflmnglmn
elmn(flmn +8imn— flmnglmn) + flmnglmn - elmnflmnglmn ’
. eimvfimv8imv )
eimv(fimv+ &imv — fimv8imv) + fimv&imv — €imv imvEimv

elmy + (flmp+glmp_2flmpglmy) -9 e (flmp"’glmu_zflmpglmy)
1_flmuglmy my 1_flmpglmy
1— elmy (flmu+iglmp_2flmyglmp) ’
_flmuglmp
elmn ( flmnglmn )
flmq+glmn_flmnglmn

e + ( flmnglmn ) —e ( flmnglmq ) ’
Imn flmn+glmn_flm11glm17 Imn flmn+glmn_flmnglmn

e ( flmvglmv )
Imy fimvt&imv—Fimv&imv

e + ( fimv8imv ) —e ( fimv8imv )
Imv fimvt&imv—Ffimv&imv Lmv fimvt&imv—Ffimv&imv

flmu+glmu_2flmuglmu flmr]glmn
1_flmuglm,u ,flmn"'glmn_flmnglmn’

= ((elmua elmn,elmv) &g (
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fimvWimy ))
. =Ees(FaosQq).
fimv +Wimy = fimyWimv

Hence, (i) holds.

(i1): It can be proved similarly. O

Theorem 4.6. Let E be a PFM. Then
Q) Eegd =JogE =4,
(i) Eoyd =JoyE =E.

Proof. Let J =((1,0,0))
Eeogd = (elmp, €lmn> eimv)®sd =J =J dg E,

Eoyd =(eimp,imp.eim)Omd =E=JoyE. ]

Theorem 4.7. Let E be a PFM. Then
1) JosO=0eagdJ =4,
(i) JoyuO =00ydJ =0.

Theorem 4.8. Let E,F and G be three PFMs of same size, then
(G) (EAF)esG=(EegsG)N(F o5 @G),
(1) EvF)esG=(EosG)VvF ag Q).

Proof.
min(esmy, fimp) * &imu = 2mi0(e1mp, fimu) imp
1 —min(elmy, flmp) 8impu
. min(e;my, fimn) &imny
min(emy, fimn) +&lmy —Win(eimy, fimn) imy’
maX(elmv, flmv) 8imv )

max(emy, fimv) +&imv—max(eimy, fimv) Simv
_ (min(elmu +8imu— 2elmpglmu flmu +8imu _zflm,uglm,u)
- ’

2

(1): (E/\F)EBSG:(

b
1-eimu&imp 1= fimu8imy
min( eimn8imn flmnglmn )
. b b
eimnt 8lmn — €lmn8imy flmn +glmn_flmnglmn
( eimv8imv fimv8imv ))
- max )
eimv+ &imv—elmv&imv fimv+8imv—fimv&imv
_ ((elmp+glmy_zelmuglmy €imn8imn eimv8imv )
- ’ ’
1-emu8imu eimnt8imn—€lmn8imn €lmvt8imv—€lmvEimv
( flmu+glmu_2flmpglmu flmnglmn
b b
1_flmpglmp flmn +glmn_flmnglm17

fimv8&imv ))

fimv+8imv = Fimv8imv
=(EegsG)AN(Fog@G).

Thus, (i) holds.

(i1): It can be proved similarly. O
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Theorem 4.9. Let E,F and G be three PFMs of same size, then
(1) (EAF)oyG =EoyG)AFoyG),

(i) (EVvF)oyuG =EoyG) Vv EFouG).

Proof.
min(elmu: flmp) 8impu
min(elmu, flmp) +glmu_min(elmp» flmu) glmu,
-min(elmna fimn) + 8imy—2min(emy, fimn) imny
1-min(emy, fimn) gimy
) max(emy, fimv) + &8imv — 2max(e;my, fimv) glmv)
1-max(eimv, fimv) 8imv
_ (min( elmu8imu ’ fimu&imy )
lmut 8imu—€lmu8imu flm,u"‘glmy_flmpglm,u
min (elmn +8imn— 2elmnglmn flmn +8imn— 2flmnglmn)

i): (EAF)oyG :(

>

1-eimn8imn ’ 1= fimn8&imn
max (elmv + 8imv—2€imv8imv fimv+t &8imv—2[1mv8imv ))
1—-eimv8imv ’ 1= fimv&imv
_ (( eimu8lmu eimnt8imn—2€imn&imn elmv+glmv_zelmvglmv)
elmu"'glmu_elmuglmp, l_elmnglmn ’ 1-eimv8imv
( flm,uglmp flmn+glmr]—2flmnglmn flmv+glmv_2flmvglmv))
flm,u"'glmu_flmuglmu’ 1= fimn8imny ’ 1=fimv8imv
=(EoyuG)AFoyG).

Thus, (i) holds.

(i1): It can be proved similarly.

Theorem 4.10. Let E,F and G be three PFMs of same size, then
(1) (EAF)@gG=(E@xG)AFerG),

(i) (EVF)@xG =(E@xG)V (F@gG).

Proof.
(i): (EAF)egG

_ ((min(elmp, flmu) +glmu) (min(elmn, flmn) +glm7]) (max(elmv,flmv) +8imv

2 2 2
e + + e + +
_ (min( Impu glmp, flmy glm,u)’min( Ilmn glmn, flmn glmn)’
2 2 2 2
(elmv"‘glmv flmv+glmv))
max 5 , 5

_((elmu+glmu €lmnt 8lmny elmv+glmv)/\(flmu+glmu flmn+glmn mev+g1mV

2 ’ 2 ’ 2 2 ’ 2 ’ 2

=(E@kG) A (F@kG).
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Thus, (i) holds.

(i1): It can be proved similarly. O

Theorem 4.11. Let E and F be an two PFMs of same size, then
(i) E@kE =E,
(ii) E@gF = F@kE,
(iii) (E@xF)¢ =EC@xFC,
(iv) (EC@gFC¢)C = E@kF.

Proof.
. elmy"'elmy) (elmn+elm17) elmvteimy
. E@ E: ) )
(1) K 2 9 ( D) )
:(elmu;elmn,elmv):E,
B eimut fimp\ (€imn+fimy\ (€imv+ fimv
: E@gF = ,
(i1) K 2 , 5 9
_ flm,u"'elmp flmn+elmn fimv+eimy
a 2 ’ 2 ’ 2
=Fe@gE,
C
elmu+flmp elmn"'flmn eimv+ fimv
: E@xF)° = : ,
(iii) (E@kF) B 5 9
_ elmv"‘flmv) elmn+flmn) elm/.t"‘flmy
- 2 ’ 2 ’ 2
= (1mvseimn €lmwW @K (Fimvs Fimns Fimp)
=EC@xF°,

(iv): (EC@xF)° = (e1mv»eimn> €1mw) @K Fimvs Fimps Fimp))©

_((elmu"‘flmu) (elmn+flmn) (elmv+flmv))
B 2 ’ 2 ’ 2
=E@gF. O

Theorem 4.12. Let E and F be an two PFMs of same size, then
(i) (E€ og FO)° #(EoyF),
(ii) (ECoyFCO)C #(EegF).

Proof.

i): (E€egF©)°

c
= ((e1mvseimns>eimp) ®8 Fimv, Fimnys Fimu))

C

_ eimv+ fimv — 2€imvfimv elmnflmn elmuflmu
- ’ ’

1-eimvfimv elmn+flmn_elmnflmn elmp+flmu_elmuvlmu

elm,uflmy elmnflmn eimv + fimv—2€imvfimy
= b b
elmu+flmu_elmuvlmu elmn+flmr)_elmnflmn 1-eimvfimy

#(EoyF).

Thus, (i) holds.
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(i1): It can be proved similarly. O
Theorem 4.13. Let E and F be an two PFMs of same size, then
(i) (EVF)C =(EC)AFC)),
(ii) (EAF)¢ =(EC)v(F°)),
(iii) (EC)VEFC)C =(EAF),
(iv) (EOAF)C=(EVF),
(v) (E Vv F)@x(E AF)) = (E@gF),
(vi) (EAF)@g(E VF))=(F@kgE).

Proof.
(): (EvF)° =max(eimy, fimp)min(eimn, fimy)smin(ezmy, fimy)C
= (min(e;mv, f1mv), min(e my, fimy), max(eimu, fimu))
= ((ermv>ermns>eimp) N fimvs Fimn, fimu))
=(EC)A(FO)),
(ii) : (EAF)C = (min(egmp, Fimp)smin(eimy, fimn)smax(eimy, fimy)C
= (max(emy, fimv),min(emy, fimy),mine;mu, fimu))
=((ermv,eimn>eim) V fimvs Fimn Fimp))
=(E®) v FO)),
Gi):  (EO)VE)C =minermu, Fimp),min(eimy, Fimn),max(eimy, fimy))
=(EANF),
W) (EvF)@x(EAF) ((maX(ezmu, fzmu);min(ezmp, fimp) )
(mln(elmn, fimy) +min(ez s, men))
5 ,
(mln(elmv,flmv)+max(elmv,flmv) ))
2
((elmﬂ+ flmu) (elmr];flmn) ’ (elm;flmv)) _ (E@xF).
Thus, (1), (ii), (ii1), (v) holds.
(iv) and (vi): It can be proved similarly. O

5. Conclusion

We have developed Hamacher operations of Picture Fuzzy Matrices including scalar
multiplication and power operation, which provide a good complement to the existing operations
on Hamacher operations of picture fuzzy matrices. The properties of these operations are
investigated.
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