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1. Introduction

The notion of derivations in lattices have been studied by Szasz [[9], Ferrari [4], and Xin et al. [11].
They studied some properties of derivations, and characterized modular and distributive lattices
by some special derivations. The concept of derivation in lattices has been generalized in several
ways by various authors (see [[1-3,5,(10,12]). In [8], Oztiirk et al. introduced the permuting
tri-derivations in lattices. Yazarli and Ozturk [[13] generalized the permuting tri-derivations
to permuting tri-f-derivations. Xin [[12]] introduced the fixed set of derivations in lattices and
proved that the fixed set of a derivation is an ideal in lattices. Furthermore, by using the fixed
sets of isotone derivations, he established characterizations of a chain, a distributive lattice, a

modular lattice and a relatively pseudo-complemented lattice, respectively.


http://doi.org/10.26713/cma.v13i3.1870
https://orcid.org/0000-0001-8283-2596

1076 Some Results on Fixed Sets and Kernel Sets of Permuting. .. : P. Chotchaya and U. Leerawat

Recently, Leerawat and Chotchaya [6] generalized the permuting tri-f-derivations to the
permuting n-(f,g)-derivation, where n is a positive integer, and investigated some related
properties. Moreover, they introduced the concept of trace of permuting n-(f, g)-derivation of a
lattice and discussed some related properties. But the relations among derivations, sublattices,
ideals, fixed sets and kernel sets were not investigated in that paper. In this paper, we
introduce some kind of fixed sets and kernel sets of permuting n-(f,g)-derivations in lattices
and investigate the structure fixed sets, kernel sets, sublattices and ideals in lattices. This
paper is a continuation to the paper [6].

2. Preliminaries

First, we will give some basic definitions and some results used throughout the entire paper.

Details and proofs can be found in Lidl and Pilz [7]].

Definition 2.1 ([7]). A lattice (L, A, V) is a nonempty set L with two binary operation “A” and

“v” (read “meet” and “join”, respectively) on L which satisfy the following conditions for all

x,v,z€L:

1) xAx=x, xXVxX=x.

(i) xAy=yAx, xXVy=yVvx.

(i) xA(yAz)=(xAy) Az, xv(yvz)=(xvyVvz.
iv) (xAy)Vx=x, (xvy)Ax=x.

In what follows, we denote by L a lattice (L, A, V), unless otherwise specified.

Definition 2.2 ([7]). A nonempty subset S of a lattice L is called sublattice of L if S is a lattice
with respect to the restriction of A and v of L onto S.

Lemma 2.3 ([7]). Let L be a lattice. Define the binary operation “<” by x < y if and only if
xANy=x. Then (L,<) is a poset and for any x,y € L, x Ay is the greatest lower bound of {x,y} (or
inf{x, y}) and x Vv y is the least upper bound of {x,y} (or sup{x, y}).

Definition 2.4 ([7]). A poset (L,<) is a lattice ordered if and only if for every pair x,y of
elements of L both the sup{x, y} and the inf{x, y} exist.

Theorem 2.5 ([7]). (i) Let (L,<) be a lattice ordered set. If we define x Ay = inf{x, y} and
xVy=supix,y}, then (L,A,V) is a lattice.
(i1) Let (L,A,V) be a lattice. If we define x < y if and only if x Ay =x (or x < y if and only if
xVy=y)then (L,<) is a lattice ordered set.
It can be verified that Theorem yields a one-to-one relationship between lattice ordered sets

and lattices. Therefore, we shall use the term lattice for both concepts.
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Theorem 2.6 ([7]). (i) Every ordered set is lattice ordered.
(i1) In a lattice ordered set (L, <) the following statements are equivalent for all x,y € L:
(@) x<y;
(b) supfx,y}=y;
(c) inf{x,y} =x.

Definition 2.7 ([7]). If a lattice L contains a least (greatest) element with respect to < then

this uniquely determined element is called the zero element (one element), denoted by 0 (by 1).

Definition 2.8 ([7]). A lattice L is called distributive if the identity (i) or (ii) holds for all
x,y,z€L:

1) xA(yvz)=@Ay)V(XxAz).
(1) xviyrz)=@vy)A(xvz).

In any lattice, the conditions (i) and (ii) are equivalent.

Definition 2.9 ([7]]). A nonempty subset I of a lattice L is called ideal of L if the following

conditions holds:
(1) Ifx,yeL suchthat x<yand yel thenxel.
(i) Ifx,yel thenxvyel.

Definition 2.10 ([7]]). Let L and M be two lattices and f : L — M be a function.
(i) f is called a join-homomorphism if f(xVv y)=f(x)Vv f(y) for all x,y € L.
(i) f is called a meet-homomorphism if f(x A y) = f(x) A f(y) for all x,y € L.

(iii)) f is called a lattice-homomorphism if f is both a join-homomorphism and a meet-

homomorphism.

(iv) f is called an order-preserving if x < y implies f(x) < f(y) for all x,y € L.

From now on, let L denote a lattice and f,g : L — L be functions. Let n be a fixed positive
integer and L" denote L x L x --- x L (n terms). We collect some definitions and some results

from [|6]], which are essential for developing the proofs of our main results.

Definition 2.11 ([6]]). A mapping D : L™ — L is said to be permuting if the relation
D(x1,%2,...,%n) = D(X7(1), Xn2); - - - »X1(n))

holds for all x; € L and for every permutation 7 € S,,, where S,, is the permutation group on

{1,2,...,n}.

Definition 2.12 ([6]). A mapping D : L™ — L is called an n-join-homomorphism of L if D

satisfies the following conditions:

D(x1Vy,x9,...,x,)=D(x1,%92,...,x,) VD(y,x9,...,%,)
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D(x1,x2V Yy,...,xn) =D(x1,x2,...,%,) VD(x1,y,...,%5)

D(x1,x9,...,x, Vy)=D(x1,%2,...,%,) VD(x1,%2,...,5)
for all x1,x9,...,x,,y€ L.
Definition 2.13 ([6]). A mapping D : L" — L is called an n-(f,g)-derivation of L if D is an
n-join-homomorphism of L and satisfies the following conditions:

D(x1 ANy,x9,...,0,) = (D(x1,x2,...,x,) A f(¥) V(g(x1) AD(y,x2,...,%,))

D(x1,x2NYy,...,xn) =(D(x1,%2,...,x2) A f(¥)) V(g(x2) AD(x1,y,...,%X,))

D(x1,x9,...,x, ANy) = (D(x1,x2,...,x,) A f(¥) V(g(x,) AD(x1,x2,...,5))
for all x1,x9,...,%,,y€ L.
Definition 2.14 ([6]). A mapping D : L" — L is called a permuting n-(f, g)-derivation of L if D
is a permuting and satisfies the following conditions:

D(x1Vy,x9,...,x,)=D(x1,%92,...,X,) VD(y,x9,...,x,) and

D(x1 Ay,x9,...,%,) = (D(x1,%2,...,x,) Af(¥)) V(g(x1) AD(y,x9,...,%,))

for all x1,x9,...,x,,y € L.
Theorem 2.15 ([6]]). Let D be an n-(f,g)-derivation of L. Then

D(x1,x9,...,x,) < f(x1) Vv g(x1)

D(x1,%x2,...,%,) < f(x2) V g(x2)

D(x1,%9,...,%,) < f(x,) Vv g(x,)
for all x1,x9,...,x, € L.
Theorem 2.16 ([6]]). Let D be a permuting n-(f,g)-derivation of L. If g(x) < f(x) for all x€ L
Then
D(x1,x9,...,x, ) AD(y,x2,...,x,) < D(x1 Ay, x2,...,X,)
<D(x1,x9,...,x,)VD(y,x9,...,%,)

for all x1,x9,...,%,,y € L.

Let D : L™ — L be a mapping. We recall the following notations. For simplicity, we denote from

now on D(x(n_k),y(k)) by D(x,x,...,x,%,y,...,y), where k =1,2,3,...,n—1,and x,y € L.

n-k copies  k copies

A mapping d : L — L is called a trace of D if d(x) = D(x,x,...,x) for all x€ L.
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Theorem 2.17 ([6]]). Let D be a permuting n-(f,g)-derivation of L and d be a trace of D. Then
dxvy)=d@)vd»VvIDE™ P, y)vDE"2, yPyv...v D,y V)],

forall x,yeL.

Theorem 2.18 ([6]). Let L be a distributive lattice. Let D be a permuting n-(f,g)-derivation on
L and d be a trace of D. Then

d(xAy) = (d@)AFOIVEEADWIVIEAFNAIDE™ Y y)vD ("2 y 2y ..vD(x, y" )],
forall x,yeL.

Corollary 2.19 ([6]). Let L be a distributive lattice and D be a permuting n-(f,g)-derivation on
L with a trace d. Then for all x,y€ L,

(i) dx)vd(y)<d(xVy).
1) g)AFO)ADE D, y)vDE?2, y@yv...v D, y* N1 <d(x A y).

(iii) gx)Ad(y) <d(xAy).

(iv) dx)Af(y) <d(xAy).

3. Fixed Sets and Kernel Sets of Permuting
n-(f,g)-derivation of Lattice

In this section, let D : L™ — L denote a permuting n-(f,g)-derivation on L. We introduce some

kind of fixed sets and kernel sets of D on L and investigate some related properties.

Definition 3.1. Let D : L™ — L be a permuting n-(f, g)-derivation on L.
(1) An element a € L is called a multivariate fixed point of (D,f,g), if D(a,a,...,a) = f(a) =
g(a).
(i1)) An element a € L is called a partial fixed point of (D, f,g), if D(a,as,...,a,) = f(a)=g(a)
for some as,as,...,a, € L.

(iii) Define a set Fix(L) by
Fix(L)={x €L | D(x,x,...,x) = f(x) = g(x)}.
Then Fix(L) is called a multivariate fixed set of (D, f,g).
(iv) For as,as,ay4,...,a, € L, define a set Fix(L,aq,...,a,) by
Fix(L,as,...,ap)={x € L|D(x,as,...,a,) = f(x) = g(x)}.
Then Fix(L,aq,...,a,) is called a partial fixed set of (D, f,g).

Theorem 3.2. Let f and g be lattice-homomorphisms and g(x) < f(x) for all x € L. If
Fix(L,aq,...,a,) # @ for some ag,as,...,a,. Then Fix(L,aq,...,a,) is a sublattice of L.
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Proof. Assume that Fix(L,as,...,a,) # @ for some as,as,...,a,.

Let x,y € Fix(L,a9,...,a,) then D(x,aq,...,a,) = f(x) = g(x) and D(y,aq,...,a,) = f(y)=g(y).
So flxny)=FfNf(y)=gx)Nng(y)=gxAy)and f(xVvy)=fx)Vf(y)=gx)Vvgly)=glxVvy).
By Theorem we get f(x Ay) = f@)Af(y) = D(x,as9,...,a,) AD(y,as,...,a,) < D(x A
y,a2,...,a,). Therefore f(x Ay) <D(x Ay,as,...,a,).

By Theorem [2.15] we get D(x A y,ag,...,a,) < flx Ay)VgxAy)=flxAy).

Hence D(x Ay,aq,...,an)=fxAy)=g(xAy).

So x Ay € Fix(L,aq,...,a,).

Consider D(x V y,aq,...,a,) =D(x,as,...,a,)VD(y,as,...,a,)=f@)V[f(y)=fxvy) =glxVy).
Hence D(xV y,aq,...,a,)=fxVvy)=glxVy).

So xvyeFix(L,aq,...,a).

Therefore Fix(L,as,...,a,) is a sublattice of L. O

Theorem 3.3. Let L be a lattice with a greatest element 1. Assume that f(x) = g(x) for all x€ L
and f(1)=1. If D(1,aq,...,a,) =1 for some as,as,...,a, € L then D(x,aq,...,a,) = f(x) for all
x€L and L =Fix(L,aq,...,a,).

Proof. Let D(1,aq,...,a,)=1 for some ag,as,...,a, € L. Let x € L. Then
D(x,as,...,a,)=D((xA1,as,...,a,)
=[D(x,aq,...,an) Af(D]IVIgx) AD(1,asg,...,a,)]
=[D(x,as,...,a,) AN1]VIf(x)A 1]
=D(x,a9,...,a,)V f(x).
So D(x,as,...,a,)=D(x,as,...,a,)V f(x), this implies f(x) < D(x,as,...,a,).
D(x,a9,...,a,)=D(xAx,a9,...,a,)
=[D(x,asg,...,a,) Af(x)]VIgx)AD(x,as,V,an)]
=[D(x,as,...,apn) A f(@]IVIf(x)AD(x,as,...,an)]
=D(x,aq,...,a,) A f(x).
So D(x,as,...,a,) =D(x,as,...,a,) A f(x), this implies
D(x,a9,...,a,) < f(x).
Hence D(x,as,...,a,)=f(x) for all x€ L.
Next, we will show that L = Fix(L,as,...,a,).
Clearly, Fix(L,a9,...,a,)< L.
Let x € L. Then D(x,as,...,a,) = f(x) = g(x). That is x € Fix(L,aq,...,a,).
So, L c Fix(L,as,...,a,). Therefore L =Fix(L,aq,...,a,). O
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Theorem 3.4. Let [ be order—preserving and f(x)=g(x) for all xe L. If x,y € L such that x <y
and y <Fix(L,ao,...,ay) for some as,as,...,a, € L then x e Fix(L,ao,...,ay).

Proof. Let x,y € L be such that x < y and y € Fix(L,as,...,a,) for some as,as,...,a, € L. Then
x=xAyand D(y,aq,...,a,)=f(y)=g(y). Since f is order—preserving and x < y, f(x) < f(y).

By Theorem [2.15| we have D(x,aq,...,a,) < f(x) Vv g(x) = f(x). So, D(x,as,...,a,) < f(x) < f(y).
Consider

D(x,az,...,a,)=D(xAy,az,...,an)
=[D(x,ag,...,ax) A\ f(MIVIgx)AD(y,as,...,an)]
=[D(x,ag,...,an) AfMIVIF)Af(¥)]
=D(x,as,...,an)V f(x)
=f(x)=g).
Hence D(x,aq,...,a,) = f(x) = g(x). That is x € Fix(L,as,...,a,). d

Theorem 3.5. Let [ be a lattice—homomorphisms and order-preserving. If f(x) = g(x) for all
x € L and there exist as,as,...,a, € L such that Fix(L,aq,...,a,) # @ then Fix(L,aq,...,a,) is an
ideal of L.

Proof. Assume that f(x) = g(x) for all x € L and there exist as,as,...,a, € L such that
Fix(L,as,...,a,) # .
Let x,y € L be such that x <y and y € Fix(L,aq,...,a,).
By Theorem [3.4] we have x € Fix(L,ag,...,a,).
Next, let x,y € Fix(L,aq,...,a,). Then D(x,as,...,a,) = f(x) = g(x) and D(y,aq,...,a,)=f(y) =
g(y). Then
D(xVy,as,...,a,)=D(x,as,...,a,)VvD(y,as,...,a,)
=f@)V )
=fxVvy).
Hence D(xV y,aq,...,an)=fxVvy)=g(xVvy),soxVvyeFix(L,as,...,a,) .

Therefore, Fix(L,as,...,a,) is an ideal of L. This completes the proof. O

Theorem 3.6. Let f be order—preserving and f(x) = g(x) for all x € L. If there exist
¥,a2,as,...,a, € L such that y € Fix(L,ag,...,a,) then S, = {x € L | x < y} is a sublattice of
Fix(L,as,...,a,). Moreover, S, is an ideal of Fix(L,ag,...,a,).

Proof. Assume that there exist y,as,as,...,a, € L such that y € Fix(L,a9,...,a,). Clearly,
Sy ={xeL|x<y}#@. Now, we will show that S, c Fix(L,as,...,a).
Let a € S, then a <y. By Theorem 3.4, and y € Fix(L,as,...,a,) we get

aeFix(L,aq,...,a,).
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Therefore S, c Fix(L,ag,...,a,).

Next, let a,b €S, thena<yand b<y. Henceany=a and bAy=>.

Therefore, aAb=(aAy)ANbAYy)=(@Ab)Ay,andsoaAb < y.

This implies a Ab € S,. Similarly, avb € S,. Hence S, is a sublattice of Fix(L,as,...,a,). We
now show that S, is an ideal of Fix(L,as,...,a,). Let a,b € Fix(L,as,...,a,) be such that a < b
and b€ S,. Hence a <b < y. Thus a € S,. Therefore S, is an ideal of Fix(L,as,...,a,). O

Theorem 3.7. Let L be a distributive lattice. Let D be a permuting n-(f,g)-derivation on L and
d be a trace of D. If f and g are lattice—homomorphisms and Fix(L) # @. Then Fix(L) is a
sublattice of L.

Proof. Let x,y € Fix(L), then d(x) = f(x) = g(x) and d(y) = f(y) = g(y). By Theorem [2.18, we
have

d(xAy)=(d@)Af) V() Ad(y)
VIE@ A FO)AIDE™ Y, y) v D2, yP) v ... v D(x,y ™)1
=(f@ANFOIVf@ALF(Y)
VIE@AFONAIDE D, y)v D2, y@) v .. v D, y" )]
=(FEAFONVFEAFB))
=fNf(y)=fxAy).

Clearly, f(xAy)=gxAy).
Hence x A y € Fix(L).
Next, we prove that x v y € Fix(L). By Theorem [2.15] we have

D"V < F)vgl)=Fl)VFx) = fx).
Similarly,
D2 @) < F(x),...,Dix,y* D) < F(x).
Therefore
DG, ) v DE" 2, yP) v ...y D(x, y* D) < f(0).
By Theorem we have
d(xV y) = d@)Vd(y) VIDE" ),y vDE"2),y@)v... v Dx,y" V)]
= @V FVIDE" ), vDE"2),yP)v...v D,y V)]
=f)V ) =flxVy).

Clearly, f(xVvy)=g(xV y).
Hence x v y € Fix(L). Therefore Fix(L) is a sublattice of L. O
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Theorem 3.8. Let L be a distributive lattice. Let D be a permuting n-(f,g)-derivation on L and
d be a trace of D. Assume that g(x) < f(x) for all x € L and f is order—preserving. If x,y € L
such that x < y and y € Fix(L) then g(x) < d(x) < f(x).

Proof. Let x,y € L such that x <y and y € Fix(L), then d(y) = f(y) = g(y).
By Theorem [2.15, we get d(x) =D(x,x,...,x) < f(x) Vv gx) = f(x).
Since f is order—preserving and x < y, f(x) < f(y).

Hence d(x) < f(x) < f(¥), and g(x) < f(x) < f(y).
By Theorem we get

dx)=dxAy)
=(d@ ALV (g@AdW) V@A FO)AIDE™ Y, y)v D2, yP) v ... v D(x,y ™11
=(d@)AFONV (@A FINVIEE A FNAIDE Y, y)v D" 2, yP)v ... v D(x, y" 11
=(d@Af()V(E)Af(y)
=d(x) Vv g(x).

So d(x) =d(x) Vv g(x). Therefore g(x) < d(x). O

By Theorem 3.7 and Theorem we obtain the following corollary.

Corollary 3.9. Let L be a distributive lattice. Let D be a permuting n-(f,g)-derivation on L and
d be a trace of D. Assume that f is a lattice—homomorphisms and order-preserving. If g(x) = f(x)
for all x € L and Fix(L) # @ then Fix(L) is an ideal of L.

Definition 3.10. Let L be a lattice with a least element 0. Let D be a permuting n-(f,g)-
derivation on L and d be a trace of D.

(i) Define a set Ker(d) by Ker(d) = {x € L | d(x) = 0}. Then Ker(d) is called a multiplicative
kernel set of d.

(i1) For ag,as,...,a, € L. Define a set Ker(D,aq,...,a,) by
Ker(D,aq,...,a,)={x€e L |D(x,aq,...,a,) =0}
Then Ker(D,asq,...,a,) is called a partial kernel set of (D,f,g).

Theorem 3.11. Let L be a distributive lattice with a least element 0. Let D be a permuting
n-(f,g)-derivation on L. If x,y € L such that x <y and y € Ker(d) then x € Ker(d).

Proof. Let x,y € L be such that x <y and y € Ker(d). Then d(y)=0.
By Corollary[2.19(i) we have d(x) v d(y) <d(xV y).

Since x <y and d(y) =0, dx)=d(x)v0<dxVvy) =d(y)=0.

Hence d(x) < 0. Therefore d(x) =0, since 0 is the least element.

It follows that x € Ker(d). O
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Theorem 3.12. Let L be a lattice with a least element 0. Let D be a permuting n-(f,g)-derivation
on L. If Ker(D,as,...,a,) # @ for some as,as,...,a, € L then Ker(D,aoq,...,a,) is a sublattice
of L.

Proof. Assume that Ker(D,as,...,a,)# @ for some as,as,...,a, € L.
Let K =Ker(D,aoq,...,a,).
Let x,y € K then D(x,aq,...,a,)=0 and D(y,as,...,a,)=0.
Then
D(xAy,ag,...,a,)=[D(x,az,...,a,) ANf(»]VIgx)AD(y,as,...,a,)]
=[0Af(IVIgx)A0]
=0v0=0,
D(xvVvy,as,...,ay)=D(x,as,...,a,)VD(y,ag,...,a,)
=0v0=0.
Therefore D(x A y,as,...,a,)=0,and D(xV y,as,...,a,)=0.
ThatisxAyeK,and xvyeK.
Hence K is a sublattice of L. O

Theorem 3.13. Let L be a lattice with a least element 0. Let D be a permuting n-(f,g)-derivation
on L. If x,y € L such that x < y and y € Ker(D,aq,...,a,) for some as,as,...,a, € L then
x € Ker(D,as,...,a,).

Proof. Let K =Ker(D,aq,...,a,).

Assume that x,y € L such that x <y and ye K.

Then D(y,as,...,a,)=0.Since x < y,xVy=y.

Then

D(x,aq,...,a,)=D(x,aq,...,a,)VvO0

=D(x,a9,...,a,)VD(y,as,...,an)
=D(xVy,as,...,an)
=D(y,as,...,a,)
=0.

Hence D(x,a9,...,a,)=0, and so x € K. O

By Theorem and Theorem [3.13] we obtain the following corollary.

Corollary 3.14. Let L be a lattice with a least element 0. Let D be a permuting n-(f, g)-derivation
on L. If Ker(D,as,...,a,) # @ for some as,as,...,a, € L. Then Ker(D,aq,...,a;) is an ideal of L.

Commaunications in Mathematics and Applications, Vol. 13, No. 3, pp.[1075H1086| 2022



Some Results on Fixed Sets and Kernel Sets of Permuting. .. : P. Chotchaya and U. Leerawat 1085

Theorem 3.15. Let L be a lattice with a least element 0. Let D be a permuting n-(f,g)-
derivation on L. Suppose that there exists y € Ker(D,ao,...,a,) for some as,as,...,a, € L. Then
the set Sy ={x € L | x < y} is a sublattice of Ker(D,ay,...,a,). Moreover, S, is an ideal of
Ker(D,as,...,a,).

Proof. The proof is similar to the proof of Theorem O
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