Communications in Mathematics and Applications

Vol. 13, No. 3, pp. 2022 RGN

ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com
DOI:110.26713/cma.v13i3.1859

| Research Article |

Semicontinuity, Semiconnected and
Semicompactness in Bitopological Spaces

M. Arunmaran*™' and K. Kannan

Department of Mathematics and Statistics, University of Jaffna, Jaffna, Sri Lanka
*Corresponding author: arunmaran@univ.jfn.ac.lk

Received: March 29, 2022 Accepted: August 8, 2022

Abstract. Let 71 and 79 be two topologies(same or distinct) which are defined in a nonempty set
X. Then, the triple (X,71,72) is called as a bitopological space. The objective of this paper is to
establish some results which are related with semi compactness in bitopological spaces and discuss the
relationships between semi continuous function in bitopological space and various topological spaces.
In particular, we identify the relationship between the bitopological spaces and their product space
in semi compactness. Throughout this paper, we are able to get the clear understanding about the
concept ‘semi compactness’ and how to connect this concept with topological spaces and bitopological
space. In addition, we can identify how to connect the continuous maps and product spaces with
semi compactness. In addition, we can identify the relationships between semi continuous function in
bitopological space and various topological spaces.
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1. Introduction

Kelly introduced this concept “bitopological spaces” in 1963 [7]. He established the definition for
bitopological space by using the theory of asymmetric metric spaces. He established this concept
in his journal of London Mathematical Society in the year mentioned above. After that scholars
extend the concepts which are related with bitopological space. At first, Maheswari and Prasad
introduced semi open sets in bitopological spaces in 1977 [9]. In 1987, Banerjee [3] initiated
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the notion d-open sets in bitopological spaces. After that, Khedr [8]] introduced and studied
about 7179-0 open sets. Later, Fukutake [[6] defined one kind of semi open sets in bitopological
spaces and studied their properties in 1989. Recently, Samuel and Balan [13] introduced 7172-6
semi open sets in bitopological spaces. A quasimetric on a set X is a non-negative real valued
function p(,) on the product X x X satisfies the following three axioms:

(i) p(x,x)=0,forall x€ X,
(i) p(x,2) < p(x,y)+p(y,2), for all x,y,z€ X,

(iii) p(x,y)=0ifand only if x =y, for all x,y € X.
However, the symmetric property does not hold for quasi-metric. Furthermore, every metric
space is a quasi-metric space. But the converse is not true. A topological space occurs for every
metric space. But bitopological spaces do not exist for every metric space. It occurs only for
quasi metric spaces or asymmetric metric spaces.
In this paper, we are going to discuss the following results:
(i) A bitopological space (X,71,72) is T172-0 semi connected if and only if there is no 7172-6
semi continuous mapping f : (X, 71,79) — ({0,1},{0, 1}) is surjective, where ({0,1},{0,1}) is
the discrete topological space on {0, 1}.

(i) Let (X,71,72) be 17172-6 semi connected space and (Y,o) be a topological space. If
f:(X,11,79) — (Y,0) is surjective and 7172-0 semi continuous mapping then (Y,0) is
a 6-connected topological space.

(iii) Let (X,71,72) be 7172-6 semi connected space and (R, p) be the usual topological space. If
f:(X,11,72) = (R, p) is T172-6 semi continuous function then f(X) is an interval in R.

@iv) Let f:(X,71,79) = (Y,01,02) be a pairwise d-continuous surjection and pairwise §-open
mapping. Then, the image of a 7172-0 semi compact space under f is 0102-6 semi compact.

(v) If a bitopological space (X,71,72) is 7172-0 semi compact and topological spaces (X, 71)
and (X,19) are 6-Hausdorff space then 715 = 79;.

(vi) The product space (X xY,71 x01,Tg x 02) is T1 X 01Ty X 02-0 semi compact space, if both
(X,71,72) and (Y,01,02) are 7172-6 semi compact and 0102-0 semi compact, respectively.

2. Preliminaries

Definition 2.1 ([[7]). Let X be a nonempty set. Let 7; and 72 be two topologies (1 and 79 may
be same or distinct) on X. Then, (X,71,72) is called a bitopological space.

Example 2.2. Let X ={a,b,c}. Let 71 = {¢p, X ,{a}} and 19 = {¢, X, {b},{a, b}}. Then, (X,71,72) is a
bitopological space.

Definition 2.3 ([7]]). Let A be subset of (X,71,72). Then, A is said to be open, if A € 71N 7g. In
(X,11,79), complement of open set is called closed set.
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Definition 2.4 ([7]]). Let A be subset of (X,71,72). Then, A is said to be 7172-0pen, if A € T UTs.
In (X,71,72), complement of 7179-open set is called 7172-closed set.

Definition 2.5 ([11]). Let A be subset of bitopological space (X,71,72). Then, A is called
(i) T12-regular open, if A = 71-int(72-cl(A)).
(i1) to1-regular open, if A = 79-int(71-cl(A)).
(iii) T179-semi open, if A € 19-cl(71-int(A)).

(iv) T1T9-semi closed, if A 2 79-int(71-cl(A)).

Let A be subset of bitopological space (X,71,72). Then, A is called
(1) T19-regular closed, if A = 11-cl(72-int(A)).

(i1) t9i-regular closed, if A = 79-cl(11-int(A)).

Definition 2.6 ([[11]). Let A be subset of bitopological space (X,71,72). Then,
(1) A is said to be 71-6 open set, if for x € A, there exists 719-regular open set G such that
x € G c A. Complement of 71-6 open set is called 71-6 closed set.
(i1) A is said to be 72-6 open set, if for x € A, there exists 79;-regular open set G such that

x€G c A. Complement of 72-6 open set is called 72-6 closed set.

(iii) Collection of all 71-6 open sets and 72-0 open sets are denoted by 715 and 795, respectively,

and also 715 = 71 and 795 C T9.

Definition 2.7 ([7]]). A bitopological space (X,71,72) is said to be pairwise Hausdorff, if for each
two distinct points x and y, there are a 71-neighbourhood U of x and a t9-neighbourhood V of
y such that UnV = ¢.

Definition 2.8 ([13]). Let A be subset of bitopological space (X,71,72). Then, A is called 7172-6
semi open set, if there exists an 71-6 open set U such that U € A < 19-cl(U).

Definition 2.9 ([13]]). Let A be subset of bitopological space (X,71,72). Then, A is called 7179-6
semi closed set, if there exists an 71-9 closed set F' such that 79-int(F)c ACF.

Definition 2.10 ([4]). A function f :(X,71,72) — (Y,01,02) is said to be pairwise continuous if
and only if the induced functions f :(X,71) — (Y ,01) and f : (X,72) — (Y ,02) are continuous.

Definition 2.11 ([4]). Let (X,71,72) and (Y,01,02) be two bitopological spaces. Then, a function
f:(X,11,72) = (Y,01,02) is called 7172-continuous, if the inverse image of each o1-open set in
Y is t172-0pen set in X.

Example 2.12 ([1,2]). Let X =Y = {a,b,c}, 71 = {¢,X,{b},{a,b}}, 12 = {¢,X,{b,c}}, 01 =
{,Y,{b},{a,b}} and o2 ={¢,Y ,{a,c}}.
Now, we consider [ :(X,71,72) — (Y,01,02) is defined as an identity function, then f is 7172-

continuous.
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Definition 2.13 ([13]). Let (X, 71,72) and (Y,01,02) be two bitopological spaces. Then, a function
f:(X,11,79) = (Y,01,09) is called 7172-6 continuous, if the inverse image of each o1-open set
inY is 7172-0 open set in X.

Example 2.14 ([1,2.Let X =Y = {a,b,c}, 71 = {¢,X,{a}}, 12 = {¢,X,{b},{a,b}}, 01 =
{,Y {a},{b,c}} and o2 ={¢,Y ,{a,b}}.

Then, 7172-6 open sets are ¢, X, {a}, {b}, {a,b}, {b,c}. If f:(X,71,72) — (Y,01,02) is defined as
fla)=a, f(b)=0b, f(c)=0b, then f is T172-0 continuous.

Definition 2.15 ([13]). Let (X, 71,72) and (Y,01,02) be two bitopological spaces. Then, a function
f:(X,711,72) = (Y,01,09) is called 7179-0 semi continuous, if f_l(V) is T1T9-0 semi open set in
X, for every 01-6 openset VinY.

Example 2.16 ([1,2]). Let X =Y = {a,b,c}, 71 = {¢,X,{b},{a,b}}, 12 = {¢,X,{b,c}}, 01 =
{,Y,{b},{a,b}} and o2 ={¢,Y ,{a,c}}.
Let f:(X,711,72) — (Y,01,02) is defined as f(a) =a, f(b)=c, f(c)=b, then f is 7172-0 semi

continuous.
Proposition 2.17 ([2]). Every 1172-0 continuous function is T172-6 semi continuous function.
Remark 2.18 ([2]). The converse part of the above theorem need not be true.

Definition 2.19 ([13]). Any subset A of a bitopological space (X,71,72) is called 7172-6 semi
clopen, if it is both 7179-6 semi open and 7172-6 semi closed.

Definition 2.20 ([13]). In a bitopological space, a subset Y is called a 7179-6 semi disconnected
subset of a bitopological space (X,71,72), if there exist two 7172-6 semi open sets U and V
suchthat UnY #¢p#VnY, UnNnVnY =¢pand Y cUUV. Otherwise Y is called a 7172-0 semi
connected subset.

Notation 2.21.

* dscl(A) represents 6 semi closed set A.

* 5SO(A) represents 6 semi open set A.

Definition 2.22 ([|13]]). A bitopological space (X, 11,72) is called 7172-6 semi connected space, if
X cannot be expressed as the union of two non-empty disjoint sets A and B such that {Ant;-
0scl(B)}U{rg-0scl(A) N B} = ¢p. Suppose X can be so expressed, then X is called 7172-0 semi
disconnected space and we write X = A\B and it is said to be 7172-6 semi separation of X.

Definition 2.23 ([|13]]). A nonempty collection C ={A; :i € I} is called a 7172-6 semi open cover

of a bitopological space (X,71,79),if X = U A; and C c11-6S0(X,11,72)UT2-0S0O(X,11,72) and
iel

C contains at least one member of 71-6S0O(X,71,72) and one member of 79-0SO(X,71,72).
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Definition 2.24 ([13])). A cover C ={A; :i € I} of a bitopological space (X,71,72) is called 7172-6
open cover of X, if Cc11,UT9s and CNty1s #¢p, CN1os # ¢ and X = UC.

Definition 2.25 ([13]]). A bitopological space (X,71,72) is said to be 7172-6 compact, if every
T172-6 open cover of X has a finite sub cover.

Definition 2.26 ([13]). A bitopological space (X,71,72) is said to be 7172-0 semi compact, if
every T1T2-0 semi open cover of X has a finite sub cover.

3. Main Results

Proposition 3.1. A bitopological space (X,11,72) is T1T2-0 semi connected if and only if there is
no 1172-6 semi continuous surjective map [ :(X,t1,72) — ({0,1},{0, 1}), where ({0,1},{0,1}) is the
discrete topological space on {0,1}.

Proof. Assume that (X,71,79) is 71792-0 semi connected. Let there exist a 7179-6 semi continuous
surjective map f : (X, 71,72) — ({0,1},{0,1}). Since {0} and {1} both are clopen sets in ({0,1},{0,1}),
we define two sets A,B such that A = £~1({0}) and B = f~1({1}) which are 7172-6 semi clopen sets
and also nonempty sets as f is onto. So X = AUB is 7172-0 semi disconnected. This contradicts
with our assumption. Thus there is no 7172-6 semi continuous mapping.

Conversely, assume that there is no 7172-6 semi continuous surjective map f :(X,71,72) —
({0,1},{0,1}). If (X,71,72) is T1T2-0 semi disconnected and X = AUB is 7172-0 semi disconnected.
Define the map f : (X,71,72) — ({0,1},{0,1}) by f(A) =0 and f(B) = 1. Then f is 17172-0
semi continuous surjective map, which is a contradiction. Thus, (X,71,72) is 7172-6 semi
connected. O

Proposition 3.2. Let (X,711,72) be 1172-0 semi connected space and (Y ,0) be a topological
space. If f :(X,11,72) — (Y ,0) is surjective and 1179-0 semi continuous mapping then (Y ,o)is a
d-connected topological space.

Proof. If (Y,0) is 8-disconnected and Y = A UB a disconnection of Y, then X = f1(A)u f~1(B)
becomes a 7172-0 semi disconnection of X, which is a contradiction. Thus, (Y, o) is a §-connected
topological space. O

Proposition 3.3. Let f : (X,11,72) — (Y,01,02) be a pairwise §-continuous surjection and
pairwise 6-open mapping. Then, the image of a T1T2-0 semi connected space under [ is 0102-0
semi connected.

Proof. Let f:(X,711,72) — (Y,01,02) be a pairwise §-continuous surjection and pairwise 6-open
mapping. Let X is 7179-0 semi connected space Suppose that Y is 7179-6 semi disconnected.
Then Y = AUB, where A is 7172-0 semiopen set and B is 73-0 semi-open set in Y. Since f is
pairwise-8 continuous, we have f~1(A) is 71-6 semi open and f~1(B) is 79-6 semi open in X.
Also, X = f"1(A)u f~(B), where f~1(A) and f~1(B) are two nonempty disjoint sets. Then X is
T1T2-0 semi disconnected. This is a contradiction. Thus, Y is 7179-0 semi connected. O
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Proposition 3.4. Let (X,71,72) be T172-0 semi connected space and (R, p) be the usual topological
space. If f :(X,711,72) — (R, p) is T172-0 semi continuous function then f(X) is an interval in R.

Proof. Assume that f(X) is not an interval in R. Then there exists a < r < b such that
a,bef(X),but r¢ f(X), then X = f1(—o0,r)U f1(r,00) becomes disconnected space, which is
a contradiction. Therefore, f(X) is an interval in R. O

Remark 3.5. The converse of the above proposition need not be true in general.

Example 3.6. Consider a bitopological space ([0,1],71,72), where 71 is a usual topology on
X induced from R, and 79 is an indiscrete topology on X, then ([0,1],71,72) is 717T2-0 semi
disconnected, since the 7172-0 semi continuous mapping f : ([0,1],71,72) — (R, p) defined by
f(x)=x, f(X) is an interval.

Proposition 3.7. Let f : (X,11,72) — (Y,01,02) be a pairwise §-continuous surjective and
pairwise 6-open mapping. Then, the image of a T1T2-0 semi compact space under the map f is
0109-0 semi compact.

Proof. Consider a pairwise d-continuous surjective and pairwise 6-open mapping f :(X,71,72) —
(Y,01,02). Let X be 1172-6 semi compact. Let C ={A; :i €I} be a 0102-6 semi open cover of Y.
Then, Y = UA,- and C € 01-6S0O(Y ,01,09)U09-0SO(Y,01,02) and C contains at least one

member of ?i-éSO(Y,Ul,az) and one member of 09-0SO(Y ,01,09).
Therefore,
x=rUa)=Urt@n
iel iel
and f‘l(C) c11-05S0(X,71,79)UT9-0S0(X,71,72) and f_l(C) contains at least one member of
71-0S0(X,11,72) and one member of 79-6SO(X,71,79).
Therefore, f~1(C) is a 7172-0 semi open cover X. Since X is 7172-8 semi compact space, we have

n
x=Ur'aA;.
i=1
So,
n
Y=fX)= U A;.
i=1
Hence, C has a finite sub cover. Thus, Y is 0109-6 semi compact. O

Proposition 3.8. If a bitopological space (X,t1,72) is T1T2-0 semi compact and topological
spaces (X,711) and (X, 13) are §-Hausdorff space then 115 = Tos.

Proof. Let (X,71) and (X, 12) are §-Hausdorff space and (X,71,72) is T172-6 semi compact. Since
every T1T9-0 semi compact space is 7172-6 compact, we have (X, 71) and (X, 79) are 6-Hausdorff
space and (X,71,7Tg) is T172-0 compact. Let F be 715-6 closed in X. Then, F¢ is 715-6 open in X.
Let C={A;:i €I} be 12-6 open cover of X. Then, CUF°€ is 1172-0 open cover of X. Since X is
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T1T2-6 compact,
n
X =F°U ( U Ai).
i=1
Hence,
n
F= U A;.
i=1

Thus, F is 12-6 compact. Since (X, 72) is §-Hausdorff, we have F' is 1795-0 closed.
Similarly, every 795-6 closed set is 715-6 closed. Hence, 715 = To. O

Proposition 3.9. The product space (X xY ,T1x01,T9x02) IS T1 X011 TaX02-0 semi compact space,
if both (X,11,72) and (Y ,01,02) are 1172-0 semi compact and 0102-0 semi compact, respectively.

Proof. Suppose that (X,71,72) and (Y,01,02) are 7172-6 semi compact and 0102-6 semi compact,
respectively. Let C be a 71 x 0179 x 02-6 semi open cover of X x Y, consisting of 71 x 0179 x 02-0
semi open sets of the form U xV, where U is a 71 X 01-0 semi open setin X and V is a 19 x09-0
semi open setin Y.

Let x € X. Then for each y € Y, there exist (x,y) e U, xV, € C.

The collection {V, : y€ Y} is a 0102-6 semi open cover of Y. But Y is 0102-6 semi compact, and,
this collection has a finite sub cover {V,,V,,,...,V,, }

n
Take U, =[] V,,. Then,
i=1

n
xY cUxY =U, x| JV,, = JWU, xV,,).
i=1 i=1
Thus, V x€ X, 3 U, such that {x}xY cU, xY and U, xY is contained in a finite number of sets
in X xY . But the collection {U, : x € X} covers X. Since X is 7172-0 semi compact, this collection

n

has a finite sub cover {Uy,,Uys,,...,Uy,,}.
Then,
m m
XXYQUU,CL. xY = U(le. xY).
i=1 i=1
But U,, xY is a subset of union of a finite number of sets in C for each i with 1 <i < m. It follows
that X x Y =union of a finite number of sets in C. Hence, C has a finite sub cover. Therefore,
(X xY,11x01,Tog X 09) 18 T1 X 01Ty X 09-0 semi compact. O

4. Conclusion

Some results related with semi connectedness and compactness in bitopological spaces have
been discussed. In particular, we have proved how the product space works for semi compactness
in bitopological spaces and how to connect the pairwise continuous maps in bitopological spaces
with semi compactness. These results are applicable in various parts of pure mathematics,
especially in ordered topology, analysis, and general topological spaces.
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