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Abstract. In the present paper, we have derived some unified image formulas of the generalized
g-Mittag-Leffler function under fractional calculus operators. We have derived the integral and
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1. Introduction

The basic analogue of generalized Mittag-Leffler function is defined as [3] for a, 8,y,0 € C
@ Pmn 2"
E"0™(2;q) = , (m,p>0) (1.1)
a,B,p 7 nZ::O (qé; q)pn I‘q(an +B) P
where min{Re(a),Re(f),Re(y),Re(d)} >0 and Re(a)+p =m.
The series (1.1) is convergent for |z| <(1—q) * when 0 < |g| <1 and for ¢ — 1 it is absolutely
convergent for all value of z provided Re(a)+ p > m.
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Particular p =6 = 1 and replacing z by z(1 — q) the basic analogue of generalized Mittag-
Leffler function (1.1) reduce to g-Mittag-Leffler function given by Chanchlani and Garg [7]]
E'Y™ (1= ):0) = EV"™(2:q) = i Q" Dmn 2"
@p1 U= 2ap® D= LT (an+ pyndy!”
Particular m = p =1 and 6 = 1, the basic analogue of generalized Mittag-Leffler function (1.1

(1.2)

reduce to generalized small g-Mittag-Leffler function given by Purohit and Kalla [11]]
= (q";q)
EV ) =el j(z;9)= =2 ,
wpa G0 = GO L
For ¢ — 1 the basic analogue of generalized Mittag-Leffler function (1.1) reduce to Mittag-Leffler
function defined by Salim and Faraj [|13]

S () z
E"™z;9—1)=E""(z) = - :
(X,,B,p q a?ﬁ!p n;o r(an + ﬂ) (5)pn

n

lzl<(1-q)“. (1.3)

n

(m,p >0). (1.4)

2. Preliminaries and Definitions

To establish our main results, we use the following definitions:

Definition 2.1. For a € C and 0 < |q| < 1, the g-shifted factorial is defined as

n—-1 ((X'q)
(;Qm=[A-ag")=—"""— meN (2.1)
q)m Kl:[() q (@™ Do
and in terms of g-gamma function
I',(a+m)
(@;@)m =————(1-¢)" and (a;q)y=1. (2.2)
[y(a)

Definition 2.2. The g-binomial series is defined [8]] as

a < (a;q)k (@x; @)oo
O ;q,x| = x* = : (2.3)
= ,(Z:O(q;q)x (3 @)oo
Definition 2.3. The g-analogue of exponential function is given by [8]]
O [e.°] K
e =10 ;q,x| = , lzl<1 (2.4)
¢= 0[ -9 1;:0((];(1)1(
and
_ oo n(n-1)/2
E? = o® [ 1 q,—x|=) ——x"=(-%;9)eo.- (2.5)
e ,(ZZO (g9« Peo
Definition 2.4. The g-analogue of the power function is defined and denoted as
aly Ao [ 1-(y/x)g"
_ - <. - — 7 |, 0). 2.6
@-yn=2"(7q) =z 11 | ) @70 (2.6)
Definition 2.5. The ¢-beta function is defined [8] as
Fgla)Tyla) L, _
B (ay, :L:fﬂ“ll—t _1dgt, 2.7
g(a1,az) To(ar+ay) A ( Qay-1d4 (2.7)
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where g-gamma function is defined as
(P00 1=V (g59)a-1
(@% @)oo (1-g)1t’

Definition 2.6. Heine’s g-transformation formula for Gauss summation theorem is given by

1_‘q(af) =

a#0,-1,-2,.... (2.8)

Gasper and Rahman [8]] is defined as
9",q" . q’z] _ i (@ Dx (@%@

2@y 25, lz|<1 (2.9)
q” =0 (@¥;q) (q;9)x

and
q“,q" w—u—v] rq(w) Fq(w_u_v) w-u-v

()] ; = , <1. 2.10
291 qw > 4,9 Fq(w—u) rq(w_v) |q | ( )

Definition 2.7. For Re(u) >0, v,w € C Saigo’s fractional g-integral operator has been defined
by Garg and Chanchlani [5] in the following form:

-v-1 px t 00 u+v.
(I) Iu ,U, LUf( )_ (_q q) Z (q ’q)'K (q 7Q)K (w—U)K
Tq(w) Jo “1xm0 (@9 (@39
x (—1)¥q @ (—— ) ftydgt, (2.11)
—u(u+1)2-v poo o) u+v ) (q q)
) K% _ q f f; pv-1 » 4 )x Ak (w—v)x
D Kg™ ) Ig(u) x (t q)u—l KZZO (q%;9)x (q;9)x 1
x (—1)¥q~® (i - 1) fltqt™")d,t. (2.12)
qt K
Definition 2.8. For [ - 1 < Re(u) <1, v,w € C Saigo’s fractional g-derivative are defined [5] as
g
follows
(D DY f)=DY It )}, LeN, (2.13)
(ID) PL"f(x) = g“U0(—qg~ @)D K “ 070 p(p)) (2.14)

3. Main Results

Theorem 3.1. If eq. (1.1) satisfied then for Re(u) > 0 and v,w € C, the Saigo’s first kind fractional
q-integral of basic analogue of generalized Mittag-Leffler function is given by the following

formula:
270 2 (QqY;QmnBelu,n+1)2" quty g )
™" ?’5"1(2 Qg = mn 4 > ;q,q% vin+l | 3.1)
! { “hp } r (u) nZO (q Q)pn Tq(om+,3) 2(/)1 qu+n+1 q,9

Proof. After using q- 1ntegral Jo F(2)dgz=x(1-¢q) Z q*f(xq*) (Gasper and Rahman [8]), the
=0

first integral of Saigo’s (2.11) reduces into the followmg summation form
u+x.

u,v,w 1-g)* & u+v’ K YY)k (w-v K yq /s
Iq,,f(z):( q) Z(q Di(@™59) g +1)Z (@75 9)

v (q:9) (0:9) f(zqs+K) (3.2)
x=0 s 4K s=0 q:9)s
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Now by replacing f(z) with EZ ﬁ’p(z q) and using eq. (1.1), we get the following

1-9)" & @@k (-
o Ey’ém(z; )6 = ’ ’ (w—v+1)x
o a0k v Kzo (g5 I
y iq u+K,Q)s %) (q q)mn znqsn+1<n
7 (@9s =509 Telan +p)
Interchanging the order of second and third summation

=

(3.3)

_ (1—Uq)” i (q“*”;q)'x(q‘w;q)x (w—vt 1)K i (q;;.q)mn 2"q*" i (q”f“;q)sq(nms. (3.4)
2V = (g;9)« n=0 (@%;Q)pn Tglan+P) ;=5 (q;9)s
Again interchanging the order of first and second summation and using g-binomial series
_a —vq)” i (qz;.q)mn 2 i (@"""; (g 7";9)k (q n+1 Qoo gt E (35
2' 120 (@%q)pn Tglan+B) 5 CHN (@5 @)oo
Q- 2@ P 2" X @@ Dk (wvint i
20 2@ Telan + ) S0 (@ (@™ @usx
_ v i @ mn 2" (11— i @ a)(@™™59)x go-vn 3.7)
=0 Q% Qpn Tglan +B) (g™ L;q)u 2 (@5 (@4 L)
Now according the Heine’s g-transformation formula for Gauss summation theorem, we get

_ 2 @@ Bgunt D2t g g v (3.8)
Tow) = (q%q)pn Lylan+p) qgintl o9

n u+v. u+n+x+1.

(3.6)

O]

Theorem 3.2. If eq. (1.1) satisfied then for Re(u) > 0 and v,w € C, the Saigo’s second kind
fractional g-integral of basic analogue of generalized Mittag-Leffler function is given by the

following formula:
uw,v,w (Y0,m, . _ 27" S QY590 mn Bq(u,v—n)z” qu+v,q—w . w-n
K, {Ea,ﬁ,p(z,q)} - quw+D2 Fq(u)r;O (@%;@)pn Tqlan+p)gtn 201 gutn 34,9 . 3.9

Proof. After using the g-integral f;’o f(2)dgz=x(1-q) OZO q *f(xq™*) (Gasper and Rahman [8]),

k=1
the second integral of Saigo’s (2.12) reduces into the following summation form

u,v,w (1 - q)u 2 (CI aq)K(q 7q)1< wK - vs (qu+K7 q)S —uU—S—K
KO0 £ s . 1
g @ g & 2 (4D s;, (q;9)s flzq ) 8.10)

u+v

Now by replacing f(z) with EY’(S’m(z q) and using equation (1.1), we get

(1-q)* i(q””,q)x(q Y@ wx
quu(u+1)/2 - (q.q)K

x i vs (@™ 0)s & (q7;@)mn 2" q .
5=0 (@;9)s  =6(q%Qpn Tqlan+p)
Interchanging the order of second and third summation
__(-9" (@@ Dk x> (@75 mn an—(u+1<)n X (q"";9)s (v-n)s
I = (¢;9)x T 5 @%@ Toan+p) s;o G, &GP

= Ky"{EYS" (290} =

—(u+s+x)n

(3.11)
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Again interchanging the order of first and second summation and using g-binomial series

Bt D CRFT DT I C T DISC BT I C T )L R
20 q @2 1= (q%;q)pn Tolan+P) 5 (@59« (@°7"5q)oo

_ 1-9)" J@Dmn 2"¢™" X @D D woni (3.14)
20 q D2 05 (% pn Talan +P) 5o (4 D@ ™ @urx |

2 R @iQm 2" (10" & @O De o (3.15)

quD2 (@05 q)pn Tolan+B) (@™ @u T (@5 (g ™5 )
Now according the Heine’s g-transformation formula for Gauss summation theorem, we get

Z_U ) ,y; B (u,v _n)zn u+v —w _
_ (q q)mn q Q(Pl q u+’Uq—n ;q,qw n . (316)
q @+D2T (u) =0 (%;@)pn Tqlan + ) q4" q

O]

Theorem 3.3. If eq. satisfied then for Re(u)e (A—1,1], Ae N and v,w € C, the Saigo’s first
kind fractional q-derivative of basic analogue of generalized Mittag-Leffler function is given by
the following formula:

2Y % (¢¥;@)mn Be(-u,n+1)2"

Duvw E}/,(?m _
Gl T,(—u );O(q q)pn T (an+p)

% 2(/)1 q q—u,+€1,+1 ;q’qu+v+w+n+1 . (317)

Proof. On using the definition (eq. (1.1)) of basic analogue of generalized Mittag-Leffler function,

we have

PRIRD) y,5m (q 5 mn 1 DLvwn
= Dy {Ea,ﬁp Q} = Z @ To@n 5 D) D" {z"). (3.18)

u,v, w{ n} Iy(n+DT (u+v+w+n+1) n+v
Fg+n+1)I'g(w+n+1)

Now using the result, D’ due to Garg and Chanchlani ([5,

eq. (3.13), p. 177]), we get
X (q";Qmn 2" Tym+DI(u+v+w+n+1)

) nXZ:O (@%@)pn Tglan+p) Tqw+n+1)Tew+n+1) (3.19)

2V X (qy;q)mn Bq(_u’n + 1)Zn q—u—v q—u—w u+v+w+n+1
= ) :q, . (3.20)
Fq(—u) Z (qa;q)pn Fq(an+,6) 201 q u+n+1 q,q

O

Theorem 3.4. If eq. (1.1) satisfied then for Re(u) € (A—-1,A], A € N and v,w € C, the Saigo’s
second kind fractional qg-derivative of basic analogue of generalized Mittag-Leffler function is

given by the following formula:

v 00 Y. B,(-u,-v - n)zn u(v+n)
iy WL )
P q—u(u— ) rq(_u) n=0 (q ;q)pn Fq(an+ﬁ)
—u-v ,—u-Ww
X 2¢1 q q—u’—%—n ;q’qu+w—n] . (321)
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Proof. The result can be proved similarly Theorem after using the result, P,""" {z"} =

Fli’(( Un)'f)r(q(vu:f n’;)qu(l’*n)q”(u D2zn+v due to Garg and Chanchlani ([5, eq. (3.14), p. 177]). O

Remark. For particular v = —u, Theorem[3.3|and Theorem3.4]reduces to Riemann-Liouville and
Weyl fractional derivatives of the basic analogue of Mittag-Leffler function (1.1), respectively.

4. Special Cases

Corollary 4.1. On taking v = —u in Theorem and using the result IZ’_u’wf(z) =I,f(2),
5, eq. (2.7)], we get the Riemann-Liouville g-integral of the basic analogue of Mittag-Leffler
function, which also obtained by Bhadana and Meena ([3, eq. (3.7), p. 176])

2% 2 (qY;@mn Belu, n+1)

I¢ EY»5m — 4.1
q{ a,ﬁp(z q)} T ( )’;)(q ,Q)pn T (om+,3) ( )

Corollary 4.2. On taking v = 0 in Theorem and using the result IZ’O’wf(z) = I;U’uf(z),
[5, eq. (2.9)], we obtain the Kober q-integral of the basic analogue of Mittag-Leffler function:
v.6,m 1 X (@";Q)mnBelu,w+n+1) "

1B (2 ) =
q { a’ﬁ’p(zyq)} Fq(u)ngo (q6,q)pn Fq(an-{-ﬁ)

(4.2)

Corollary 4.3. On taking v = —u in Theorem and using the result K,l;’_u’wf(z) =K;f(2),
5, eq. (2.8)], then we obtain the Riemann-Liouville q-integral of the basic analogue of Mittag-
Leffler function:

2'To(-u) & (q";Qmn g
qu(u+1)/2 = (q6;q)pn Fq(an +,B)Bq(—u,—n) '

K {EY,5,m(z;q)} _

e (4.3)

Corollary 4.4.0n taking v = 0 in Theorem and using the result KZ’O’wf(z) =
q'“(””)/zKZ’ “f(2), [5, eq. (2.10)], then we obtain the Weyl q-integral of the basic analogue
of Mittag-Leffler function:

v.5.m 1 & @QmnBelu,w—n)qg™"

KV (g . —
q { a,ﬁ,p(zyq)} rq(u)nzo (q57q)pn Fq(an+ﬁ)

(4.4)

Corollary 4.5. If we take a = =1, y =06, m = p and replacing z by (1 then Theorem |3.1|and
Theorem [3.3| reduce to Saigo’s fractional integral and derivative of q- exponentzal function and
hence we obtain following known results given by Garg et al. (|6, egs. (3.25) and (3.26), p. 151])

27V X Z"A-q) ""Tyw-v+n+1)
Iu,v,w E&,é,p _
o 115 Z9)} = )”nZ’OT( v+n+DT(u+w+n+1)
r',(- U+w+]_) 0,9, v+w+1
- Iu,v,w zy _ q -v I &) . 4.5
q {eq} Fq(—v+1)Fq(u+w+1)z 2 q—v+1’qu+w+1 34,2, ( )
where Re(—v+w +1)>0and |z| < 1.
v X M(1-q) " T,(u+v+w+n+1)
Dg,v,w{Ei,i,p(z;q)} _ VA Z q q
P (1-q) ;= IFqw+n+DI'y(w+n+1)
Fry(u+v+w+1) 0,q,qutvrw+l
L puewe - Lo a5 | v
q {eq} rq(v+1)l—~q(w+1)z 2 qv+l’qw+l 9,2, ( )

where Re(u+v+w+1)>0and |z| < 1.
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