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Abstract. In the present paper, we have derived some unified image formulas of the generalized
q-Mittag-Leffler function under fractional calculus operators. We have derived the integral and
derivative formulas of Saigo’s for the generalized q-Mittag-Leffler function in terms of basic
hypergeometric series 2Φ1[a,b; c |q, z] and with the help of main results we have obtained the known
formulas of the generalized q-Mittag-Leffler function such as Riemann-Liouville fractional integral
& derivatives. The Kober and Weyl integrals of the generalized q-Mittag-Leffler function are also
obtained as special cases.
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1. Introduction
The basic analogue of generalized Mittag-Leffler function is defined as [3] for α,β,γ,δ ∈C

Eγ,δ,m
α,β,p (z; q)=

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

zn

Γq(αn+β)
, (m, p > 0) (1.1)

where min{Re(α),Re(β),Re(γ),Re(δ)}> 0 and Re(α)+ p ≥ m.
The series (1.1) is convergent for |z| < (1−q)−α when 0< |q| < 1 and for q → 1 it is absolutely

convergent for all value of z provided Re(α)+ p > m.

http://doi.org/10.26713/cma.v13i3.1854
https://orcid.org/0000-0003-1768-7542
https://orcid.org/0000-0002-1452-9058


836 On Fractional Calculus Operators and the Basic Analogue. . . : K. G. Bhadana and A. K. Meena

Particular p = δ= 1 and replacing z by z(1− q) the basic analogue of generalized Mittag-
Leffler function (1.1) reduce to q-Mittag-Leffler function given by Chanchlani and Garg [7]

Eγ,1,m
α,β,1 (z(1− q); q)= Eγ,m

α,β (z; q)=
∞∑

n=0

(qγ; q)mn

Γq(αn+β)
zn

[n]q!
. (1.2)

Particular m = p = 1 and δ= 1, the basic analogue of generalized Mittag-Leffler function (1.1)
reduce to generalized small q-Mittag-Leffler function given by Purohit and Kalla [11]

Eγ,1,1
α,β,1(z; q)= eγ

α,β (z; q)=
∞∑

n=0

(qγ; q)n

Γq(αn+β)
zn

(q; q)n
, |z| < (1− q)−α . (1.3)

For q → 1 the basic analogue of generalized Mittag-Leffler function (1.1) reduce to Mittag-Leffler
function defined by Salim and Faraj [13]

Eγ,δ,m
α,β,p (z; q → 1)= Eγ,δ,m

α,β,p (z)=
∞∑

n=0

(γ)mn

Γ(αn+β)
zn

(δ)pn
, (m, p > 0). (1.4)

2. Preliminaries and Definitions
To establish our main results, we use the following definitions:

Definition 2.1. For α ∈C and 0< |q| < 1, the q-shifted factorial is defined as

(α; q)m =
n−1∏
κ=0

(1−αqκ)= (α; q)∞
(αqm; q)∞

, m ∈N (2.1)

and in terms of q-gamma function

(α; q)m = Γq(α+m)
Γq(α)

(1− q)m and (α; q)0 = 1 . (2.2)

Definition 2.2. The q-binomial series is defined [8] as

1Φ0

[
α

− ; q, x
]
=

∞∑
κ=0

(α; q)κ
(q; q)κ

xκ = (αx; q)∞
(x; q)∞

. (2.3)

Definition 2.3. The q-analogue of exponential function is given by [8]

ez
q = 1Φ0

[
0
− ; q, x

]
=

∞∑
κ=0

xκ

(q; q)κ
, |z| < 1 (2.4)

and

Ez
q = 0Φ0

[ −
− ; q,−x

]
=

∞∑
κ=0

qn(n−1)/2

(q; q)κ
xκ = (−x; q)∞ . (2.5)

Definition 2.4. The q-analogue of the power function is defined and denoted as

(x− y)n = xn
( y

x
; q

)
n
= xn

∞∏
κ=0

[
1− (y/x)qκ

1− (y/x)qκ+n

]
, (x ̸= 0) . (2.6)

Definition 2.5. The q-beta function is defined [8] as

Bq(α1,α2)= Γq(α1)Γq(α2)
Γq(α1 +α2)

=
∫ 1

0
tα1−1(1− tq)α2−1dqt , (2.7)
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where q-gamma function is defined as

Γq(α)= (q; q)∞ (1− q)1−α

(qα; q)∞
= (q; q)α−1

(1− q)α−1 , α ̸= 0,−1,−2, . . . . (2.8)

Definition 2.6. Heine’s q-transformation formula for Gauss summation theorem is given by
Gasper and Rahman [8] is defined as

2Φ1

[
qu, qv

qw ; q, z
]
=

∞∑
κ=0

(qu; q)κ (qv; q)κ
(qw; q)κ (q; q)κ

zκ, |z| < 1 (2.9)

and

2Φ1

[
qu, qv

qw ; q, qw−u−v
]
= Γq(w) Γq(w−u−v)
Γq(w−u) Γq(w−v)

, |qw−u−v| < 1 . (2.10)

Definition 2.7. For Re(u)> 0, v,w ∈C Saigo’s fractional q-integral operator has been defined
by Garg and Chanchlani [5] in the following form:

(I) Iu,v,w
q f (x)= x−v−1

Γq(u)

∫ x

0

(
tq
x

; q
)

u−1

∞∑
κ=0

(qu+v; q)κ (q−w; q)κ
(qu; q)κ (q; q)κ

q(w−v)κ

× (−1)κq−(κ2)
(

t
x
−1

)
κ

f (t)dqt , (2.11)

(II) Ku,v,w
q f (x)= q−u(u+1)/2−v

Γq(u)

∫ ∞

x

( x
t
; q

)
u−1

t−v−1
∞∑
κ=0

(qu+v; q)κ (q−w; q)κ
(qu; q)κ (q; q)κ

q(w−v)κ

× (−1)κq−(κ2)
(

x
qt

−1
)
κ

f (tq1−u)dqt . (2.12)

Definition 2.8. For l−1<Re(u)≤ l, v,w ∈C Saigo’s fractional q-derivative are defined [5] as
follows

(I) Du,v,w
q f (x)= D l

q
{
I−u+l,−v−l,u+w−l

q f (x)
}
, l ∈N , (2.13)

(II) Pu,v,w
q f (x)= qu(u+v)(−q−(u+v)Dq)l{K−u+l,−v−l,u+w

q f (x)
}
. (2.14)

3. Main Results
Theorem 3.1. If eq. (1.1) satisfied then for Re(u)> 0 and v,w ∈C, the Saigo’s first kind fractional
q-integral of basic analogue of generalized Mittag-Leffler function is given by the following
formula:

Iu,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= z−v

Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,n+1) zn

Γq(αn+β) 2φ1

[
qu+v, q−w

qu+n+1 ; q, qw−v+n+1
]

. (3.1)

Proof. After using q-integral
∫ x

0 f (z)dqz = x(1− q)
∞∑
κ=0

qκ f (xqκ) (Gasper and Rahman [8]), the

first integral of Saigo’s (2.11) reduces into the following summation form

Iu,v,w
q f (z)= (1− q)u

zv

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

q(w−v+1)κ
∞∑

s=0
qs (qu+κ; q)s

(q; q)s
f (zqs+κ) . (3.2)
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Now by replacing f (z) with Eγ,δ,m
α,β,p (z; q) and using eq. (1.1), we get the following

⇒ Iu,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= (1− q)u

zv

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

q(w−v+1)κ

×
∞∑

s=0
qs (qu+κ; q)s

(q; q)s

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znqsn+κn

Γq(αn+β)
. (3.3)

Interchanging the order of second and third summation

= (1− q)u

zv

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

q(w−v+1)κ
∞∑

n=0

(qγ; q)mn

(qδ; q)pn

znqκn

Γq(αn+β)

∞∑
s=0

(qu+κ; q)s

(q; q)s
q(n+1)s . (3.4)

Again interchanging the order of first and second summation and using q-binomial series

= (1− q)u

zv

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

zn

Γq(αn+β)

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

(qu+n+κ+1; q)∞
(qn+1; q)∞

q(w−v+n+1)κ (3.5)

= (1− q)u

zv

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

zn

Γq(αn+β)

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ(qn+1; q)u+κ

q(w−v+n+1)κ (3.6)

= z−v
∞∑

n=0

(qγ; q)mn

(qδ; q)pn

zn

Γq(αn+β)
(1− q)u

(qn+1; q)u

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ(qu+n+1; q)κ

q(w−v+n+1)κ . (3.7)

Now according the Heine’s q-transformation formula for Gauss summation theorem, we get

= z−v

Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,n+1) zn

Γq(αn+β) 2φ1

[
qu+v, q−w

qu+n+1 ; q, qw−v+n+1
]

. (3.8)

Theorem 3.2. If eq. (1.1) satisfied then for Re(u) > 0 and v,w ∈ C, the Saigo’s second kind
fractional q-integral of basic analogue of generalized Mittag-Leffler function is given by the
following formula:

Ku,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= z−v

qu(u+1)/2Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,v−n) zn

Γq(αn+β) qun 2φ1

[
qu+v, q−w

qu+v−n ; q, qw−n
]
. (3.9)

Proof. After using the q-integral
∫ ∞

x f (z)dqz = x(1−q)
∞∑
κ=1

q−κ f (xq−κ) (Gasper and Rahman [8]),

the second integral of Saigo’s (2.12) reduces into the following summation form

Ku,v,w
q f (z)= (1− q)u

zvqu(u+1)/2

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

qwκ
∞∑

s=0
qvs (qu+κ; q)s

(q; q)s
f (zq−u−s−κ) . (3.10)

Now by replacing f (z) with Eγ,δ,m
α,β,p (z; q) and using equation (1.1), we get

⇒ Ku,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= (1− q)u

zvqu(u+1)/2

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

qwκ

×
∞∑

s=0
qvs (qu+κ; q)s

(q; q)s

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znq−(u+s+κ)n

Γq(αn+β)
. (3.11)

Interchanging the order of second and third summation

= (1−q)u

zvqu(u+1)/2

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

qwκ
∞∑

n=0

(qγ; q)mn

(qδ; q)pn

znq−(u+κ)n

Γq(αn+β)

∞∑
s=0

(qu+κ; q)s

(q; q)s
q(v−n)s . (3.12)
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Again interchanging the order of first and second summation and using q-binomial series

= (1− q)u

zvqu(u+1)/2

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znq−un

Γq(αn+β)

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ

(qu+v−n+κ; q)∞
(qv−n; q)∞

q(w−n)κ (3.13)

= (1− q)u

zvqu(u+1)/2

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znq−un

Γq(αn+β)

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ(qv−n; q)u+κ

q(w−n)κ (3.14)

= z−v

qu(u+1)/2

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znq−un

Γq(αn+β)
(1− q)u

(qv−n; q)u

∞∑
κ=0

(qu+v; q)κ(q−w; q)κ
(q; q)κ(qu+v−n; q)κ

q(w−n)κ . (3.15)

Now according the Heine’s q-transformation formula for Gauss summation theorem, we get

= z−v

qu(u+1)/2Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,v−n) zn

Γq(αn+β) qun 2φ1

[
qu+v, q−w

qu+v−n ; q, qw−n
]

. (3.16)

Theorem 3.3. If eq. (1.1) satisfied then for Re(u) ∈ (λ−1,λ], λ ∈N and v,w ∈C, the Saigo’s first
kind fractional q-derivative of basic analogue of generalized Mittag-Leffler function is given by
the following formula:

Du,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= zv

Γq(−u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(−u,n+1) zn

Γq(αn+β)

× 2φ1

[
q−u−v, q−u−w

q−u+n+1 ; q, qu+v+w+n+1
]

. (3.17)

Proof. On using the definition (eq. (1.1)) of basic analogue of generalized Mittag-Leffler function,
we have

⇒ Du,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= ∞∑
n=0

(qγ; q)mn

(qδ; q)pn

1
Γq(αn+β)

Du,v,w
q {zn} . (3.18)

Now using the result, Du,v,w
q {zn} = Γq(n+1)Γq(u+v+w+n+1)

Γq(v+n+1)Γq(w+n+1) zn+v due to Garg and Chanchlani ([5,
eq. (3.13), p. 177]), we get

=
∞∑

n=0

(qγ; q)mn

(qδ; q)pn

zn+v

Γq(αn+β)
Γq(n+1)Γq(u+v+w+n+1)
Γq(v+n+1)Γq(w+n+1)

(3.19)

= zv

Γq(−u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(−u,n+1) zn

Γq(αn+β) 2φ1

[
q−u−v, q−u−w

q−u+n+1 ; q, qu+v+w+n+1
]

. (3.20)

Theorem 3.4. If eq. (1.1) satisfied then for Re(u) ∈ (λ−1,λ], λ ∈ N and v,w ∈ C, the Saigo’s
second kind fractional q-derivative of basic analogue of generalized Mittag-Leffler function is
given by the following formula:

Pu,v,w
q

{
Eγ,δ,m
α,β,p (z; q)

}= zv

q−u(u−1)/2Γq(−u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(−u,−v−n) zn qu(v+n)

Γq(αn+β)

× 2φ1

[
q−u−v, q−u−w

q−u−v−n ; q, qu+w−n
]

. (3.21)
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Proof. The result can be proved similarly Theorem 3.3, after using the result, Pu,v,w
q {zn} =

Γq(−v−n)Γq(u+w−n)
Γq(−n)Γq(−v+w−n) qu(v+n)qu(u−1)/2zn+v due to Garg and Chanchlani ([5, eq. (3.14), p. 177]).

Remark. For particular v =−u, Theorem 3.3 and Theorem 3.4 reduces to Riemann-Liouville and
Weyl fractional derivatives of the basic analogue of Mittag-Leffler function (1.1), respectively.

4. Special Cases
Corollary 4.1. On taking v = −u in Theorem 3.1 and using the result Iu,−u,w

q f (z) = Iu
q f (z),

[5, eq. (2.7)], we get the Riemann-Liouville q-integral of the basic analogue of Mittag-Leffler
function, which also obtained by Bhadana and Meena ([3, eq. (3.7), p. 176])

Iu
q
{
Eγ,δ,m
α,β,p (z; q)

}= zu

Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,n+1)
Γq(αn+β)

zn . (4.1)

Corollary 4.2. On taking v = 0 in Theorem 3.1 and using the result Iu,0,w
q f (z) = Iw,u

q f (z),
[5, eq. (2.9)], we obtain the Kober q-integral of the basic analogue of Mittag-Leffler function:

Iw,u
q

{
Eγ,δ,m
α,β,p (z; q)

}= 1
Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,w+n+1)
Γq(αn+β)

zn . (4.2)

Corollary 4.3. On taking v = −u in Theorem 3.2 and using the result Ku,−u,w
q f (z) = Ku

q f (z),
[5, eq. (2.8)], then we obtain the Riemann-Liouville q-integral of the basic analogue of Mittag-
Leffler function:

Ku
q
{
Eγ,δ,m
α,β,p (z; q)

}= zuΓq(−u)
qu(u+1)/2

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

znq−un

Γq(αn+β)Bq(−u,−n)
. (4.3)

Corollary 4.4. On taking v = 0 in Theorem 3.2 and using the result Ku,0,w
q f (z) =

q−u(u+1)/2Kw,u
q f (z), [5, eq. (2.10)], then we obtain the Weyl q-integral of the basic analogue

of Mittag-Leffler function:

Kw,u
q

{
Eγ,δ,m
α,β,p (z; q)

}= 1
Γq(u)

∞∑
n=0

(qγ; q)mn

(qδ; q)pn

Bq(u,w−n) q−un

Γq(αn+β)
zn . (4.4)

Corollary 4.5. If we take α=β= 1, γ= δ, m = p and replacing z by z
(1−q) then Theorem 3.1 and

Theorem 3.3 reduce to Saigo’s fractional integral and derivative of q-exponential function and
hence we obtain following known results given by Garg et al. ([6, eqs. (3.25) and (3.26), p. 151])

Iu,v,w
q

{
Eδ,δ,p

1,1,p(z; q)
}= z−v

(1− q)−v

∞∑
n=0

zn (1− q)−nΓq(w−v+n+1)
Γq(−v+n+1)Γq(u+w+n+1)

⇒ Iu,v,w
q {ez

q}= Γq(−v+w+1)
Γq(−v+1)Γq(u+w+1)

z−v
3φ2

[
0, q, q−v+w+1

q−v+1, qu+w+1 ; q, z
]

, (4.5)

where Re (−v+w+1)> 0 and |z| < 1.

Du,v,w
q

{
Eδ,δ,p

1,1,p(z; q)
}= zv

(1− q)v

∞∑
n=0

zn (1− q)−nΓq(u+v+w+n+1)
Γq(v+n+1)Γq(w+n+1)

⇒ Du,v,w
q {ez

q}= Γq(u+v+w+1)
Γq(v+1)Γq(w+1)

zv
3φ2

[
0, q, qu+v+w+1

qv+1, qw+1 ; q, z
]

, (4.6)

where Re(u+v+w+1)> 0 and |z| < 1.
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