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1. Introduction

Jacobsthal and Jacobsthal-Lucas numbers are particular examples of generalized Fibonacci
numbers. These numbers were first defined in the year 1996 by Horadam [4]]. In the previous
decade, many authors have studied the various properties of these numbers.

Uygun and Eldogan [8,9, 11, 12], first defined x-Jacobsthal and x-Jacobsthal-Lucas numbers
and formulated different properties of these numbers.

Definition 1.1 (Uygun [8]). The x-Jacobsthal numbers satisfy the recurrence relation @y ;.1 =
KD p +2Dy ,,—1, for n =1 with @, o =0 and &, 1 = 1.

Definition 1.2 (Uygun [|8]]). The x-Jacobsthal-Lucas numbers satisfy the recurrence relation
WYin+1 =KW n +2W¥ -1, for n =1 with ¥, o =2 and ¥y 1 =«.
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The Binet formula of ®, ,, and Wy , is (Uygun [8])):

@Kn:ﬁ, (1.1)
78162
\PK,n:‘frll+€,21- (1.2)

The characteristic roots {; and ¢y appeared in (1.1) and (1.2) satisfy the following relations
(Uygun [8]):

K+Vk2+8

51 - 2 ’ (13)
_ 2
£y = KTM’ (1.4)
E1-E=Vx2+8=V5, (1.5)
¢1+éa=x, (1.6)
¢1éa=-2, 1.7
& =xé1+2, (1.8)
& =xép+2. (1.9)

In particular, for x = 1, the x-Jacobsthal numbers transform into a famous Jacobsthal number.
These numbers are the origins of many interesting properties. In the past few years, many
authors have studied the properties of these numbers, see [[1,[5H12]] and the references cited
therein. Some of these are listed below:

Lemma 1.3. Let n,m € Z*. Then (Uygun [8-12])):

(1) Dy p+1+2Px n—1=Yin, (1.10)
(ii) Dy pr1+2Win-1=06DQxp, (1.11)
(iil) 2@k min = P Pin + Pucn P » (1.12)
(V) 20 mn = (=1 @i Vien = Prcn Prem), (1.13)
V) DPpen1Puns1—PF, = —(-2)" " . (1.14)

In the year 1970, Carlitz [2] derived various Fibonacci and Lucas identities, Zhang [13] in
the year 1997 proved different identities for second order integer sequences. Latest [3] and in
this paper, we are inspired by the work of Carlitz and Zhang to develop binomial sums of @,
and Wy p.

2. Binomial Sums involving ¢, , and ¥, ,

In this section, we establish binomial sums for @, , and ¥y ,. Lemma plays important role
in proving Theorems [2.2]to

Lemma 2.1. Let u = u; or pg. Then show that
(@) u"= u(I)K,n + 2CI)K,n—l , (2.1)
b) u?=u"¥,—(-2)", (2.2)
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tn _ u" (I)K,tn _ (—2)n q)K,(t—l)n

() u ,
K,n (I)K,n

(d) u™ O pp =" Dy 5p = (=2)"" Dy (g -
Proof. (a): We adopt P.M.I. on n to prove this result.
For n =2, we have from and
f% =¢1DPx 2+ Dy 1,
&5 =EoDy g+ Dy 1.
Now assume that the result is true for n. Hence, we have
1 =8P+ D p-1,
£5 =80 + Dy 1.
Furthermore, by using and (2.5), we obtain
= gE"
=611 Dk, + 2Dy 5-1)
= £ Qs + 281 Pre o
= (k&1 +2)Dy 5 + 281Dy -1
=KDy p + 2@y -1)61 + 2Py
= O 4161+ 2Dy .
In similar way, we can show that
G = 69Dy a1 + 20
(b): From (a), we have
u?" = CIJK,nu"“Jr1 +2u" Dy 1
= Oy (UDx 41+ 2Py ) +2u" Dy 1
= U@ Dy i1 + 20 po1u” +207
=" = Py )Py 11 +2Py 11" +207
= U™ ( Dy 1+ 2P 1)+ 2DZ , — Dy 31 Py n1)-
Finally, by using and (1.14), we obtain
u?" =, u" - (-2)".

(c): Let u =¢1. Then adopting the Binet formula of ®, ,,, we can write

fln% —(=2)" ‘Dgz—:)n _ q)in {(flzigztn)&ln_(ﬁ&)n (51“ I::Z(t l)n)}
_ 1 {ft{‘f'f—f%” ?—5355“53‘53”}
Dy ,n §1— 62
_ 1 {53”(5’1‘—53)}
Dy ¢1—¢2
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1

— (ftn(I) )
cDK,n 1 ¥x,n
=&,
Similarly, if u = ¢ then, we get
() D, (s
tn n TKitn n *K,(t-1n
= — (-2t ———.
‘2 =4 Dy -2 Dy
(d): Let u =¢&4. Consider
6rn _ Ern gsn _ ésn
an)r_rnq) :sn(l 2)_rn(1 2)
51 x,rn '51 K,Sn 51 51_52 61 61_62
$1—¢2
$1—¢2
(r—s) (r—s)
_ (glfz)sn 61 s)n _ 62 s)n
$1—¢2

= (_z)an)K,(r—s)n .
Furthermore, if u = 9 then, we get

f;nq)K,rn - f;nq)K,sn = (_z)sn(DK,(r—s)n .

Theorem 2.2. Let n,r,s,t € Z* with t = 1. Then prove that
(1) D+t = P nDx 41 + 2Py n—1Dx
(1) Winst =P n Wi +1+20x -1V,
(i) DPyon+s = VinPrnrr —(=2)" Dy,
(V) Wion+t = Yin Vit —(=2)" Wiy,
(v) q)K,sn+tq)K,n = cDK,an)K,nﬂ‘ - (_2)nq)1<,(s—l)nq)1<,t )
(vi) Wi sn+tPxn = P sn Vronrt — (=2)" Dy (s-1)n P t
(Vi) D s+t P rn — Picrn+tPic,sn = (=2)°" Dy 1 Dic (r—s)n »
(Vi) Wrogn st — PrornstProsn = (=20 W /Oy g

Proof. (i): Using Lemma [2.1(a), we have
{1 =Dy né1+2Dy -1,
£5 =Dy néo+2Dy 1.
By multiplying by 4 and by & and subtracting, we obtain

¢1—¢2 ¢1—¢2
£’f+t _£Z+t ~ €t1+1 _(.’r;+1 + o0 ftl —(f;
{1-¢&2 B P il PN b

Now using the Binet formula of x-Jacobsthal number, we get
(I)K,n+t = (I)K,nq)K,t+1 + q)K,n—l(DK,t-

This completes the proof of result (i).
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(iii): First, using Lemma [2.1(b), we have
&1 =Winll — (2", 2.17)
&3 =Winly —(-2)". (2.18)

Multiplying an equation (2.17) by f 5 and (2.18) by 5
2n+t 2n+t n+t n+t t
S —‘I’K,n((fl -3¢y )_(_2)n(5 52)

we obtain

$1-¢2 $1—-¢2 $1—-¢2
1.e.
(I)K,2n+t = \IIK,n(I)K,n+t - (_2)nq)1<,t .
Thus, the result (iii).

(v): By using Lemma [2.1c), we have

D, (s—
sn Ksn n *K,(s=Dn
_gyn Dxts=n 2.19
5 61 q) ( ) ®K,n ? ( )
5 E D, SN (—2)” (DK,(S—l)n (2.20)
2o, @y .

t t
Now, multiplying an equation (2.19) by 51%2 and (2.20) by 51%2 and subtracting, we attain
f§n+t _£§n+t _ cDK,sn €r1L+t £n+t _(_2)n ftl —f;
§1— &2 Orn | S1-62 §1— 62
Using the Binet formula of ®, ,, we get

q)K,(s—l)n

Dy,

(DK,sn (DK,(S—I)IL
Dy snrt = —— Dy 4t — (-2)" ———

q)K t>
cDK,n (DK,n

i.e.

(I)K,sn+tq)1<,n = (I)K,sn(DK,nH - (_Z)nq)x,(s—l)nq)K,t .
This proves the result (v).
(vii): By making use of Lemma [2.1(d), we have

f;s[nq)K,rn - f;n(DK,sn = (_2)an)1<,(r—s)n > (2.21)
f;nq)K,rn - f;nq)K,sn = (_z)an)K,(r—s)n . (2.22)

t t
Now, multiplying an equation (2.21) by 51%2 and (2.22) by 51%2 and subtracting, we obtain

gtsn+t _ fsn+t érn+t _ 6rn+t ft f
(DK,rn - (DK,sn = (_z)an)K,(r—s)n -1 2
§1—¢62 §1—¢2 &1-&)
i.e.
q)K,sn+t(DK,rn - (DK,rn+t(DK,sn = (_2)an)x,t(b1<,(r—s)n .
Thus, the result (vii). O

Theorem 2.3. Let n,r,s,t € Z" with t = 1. Then

n

(1) q>1<,rn+t = Z

i=0

(I)L q)n ‘ (I)Kl+t,

K,r Tk, r—1
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i n-i
q)K,T‘(D \PK,i-Ft’

x,r—1

n
(i) \Pk,rn+t = Z

n
i

K n n _.
(iii) (DK,rn+t‘{]:<l,r = Z (i)(—z)r(n L)(I)K,2ri+t ,
=0

n
. n i
(iv) \PK,rn+t\PZ7r = Z (l (_2)r(n l)\PK,2ri+t>
1=0

-

1
V) @y ;DY o

K,r—]. = 2n

n s s
(Z )(_l)n ZCDZ,qu)n+(r—1)i+t s
0

14

) 1 & (n i
(Vi) WDy, 1= on Y (i)(—l)n RO S
i=0
Proof. From Lemma|[2.1[a), we have
5; = cDK,ré-l + 2q)K,r—l s
65 = cDK,r62 + 2q)K,r—l .

Using the binomial theorem, we get

n . . . .

& = ZO (?)2‘”“’@,’(,,@?;’_16‘1, (2.23)
1=

rn = [ (n—1) gyl n—i i

62 :'X;') ; 2 (DK,rq)K,,«_lég- (2.24)
1=

t t
Now, by multiplying an equation (2.23) by ;%52 and equation (2.24) by ;%52 and subtracting,
we attain
t t
671‘n+ _ €£n+

{1—¢2

x,r—1

= ( L, )2"1‘”@;,@”“
=0

Ei1+t _ {;+t
$1—¢62 ) ’
i.e.
(o qr-i
cI)1<,rn+t = Z i 2 q);,r(bz,rl—lq)mi"'t'
i=0
This proves the result (i).
Again, by multiplying equation (2.23) by & and (2.24) by ¢!, and adding, we get
n

rn+t rn+t _
GG =)

i=0

UAPN: —i (pitt | pi+t
P P L CTTHEST,

i.e.
n

\PK,rn+t = Z
1=0

Thus, the result (ii).
The proofs of (iii)-(vi) are analogous to (i) and (ii). Hence, we omit the proofs. O

n . ,
13 n—it
i (DKJ‘@K —I\PK7i+t'

,r
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Theorem 2.4. Let n,r,s,t € Z* with t = 1. Then prove that

n

. n s s .

(i) q>1<,2rn+t Z( )( 1)(r+1)(n z)2r(n L)\I];,rq)K,rHt,
n

(i) Wr2rm+t= Z (-)rHDeDormigl g,

n—i n—i
) ) (I)Kri+t7

x,r—1

(iv) 1< n+t® Z

(V) D (-2)" = (-1)*" l‘I” Dy @n—iyr+t»

!
() Dy @ ; (
it
£

)( 2)n Z(DZ,.L 1\1"1<ri+t,

(vi) \I]K,t(_z)rn = Z (l )( 1)n l\PK r\PK 2n—i)r+t -
1=0

Proof. By using Lemma [2.1[b), we rewrite
=8, — (=20,
&y = Wi —(-2).

By making use of the binomial theorem, we get
n . . . .
firn — Z (’,‘L)(—1)n_l\P;’r€;l(—2)r(n_l),
i=0\?
2rn _ - (7 1\l erig_oyr(n—i)
é‘ Z L ( ]-) \IIK’ré-Q ( 2) .

i=0

(2.25)

(2.26)

el cl
Now, multiplying an equation (2.25) by E;TIEQ and equation (2.26) by E:TZEQ and subtracting, we

attain

€2rn+t _ §2rn+t n é-ri+t 5rl+t
1 2 Z \Pl ( 1)(n L)(r+1)2r(n i1 ,
$1—¢2 b ¢1—¢2

i.e.
n

q)K,2rn+t = Z (n)\}]; r(_1)(n—i)(r+l)zr(n—i)q)K’ri+t .
i=0\ ! ’

Thus the result (i).

Again, by multiplying equation (2.25) by ¢! and (2.26) by ¢}, and adding, we get

52rn+t+£2rn+t i( ) ( 1)(n z)(r+1)2r(n l)(érz+t+£rl+t
izo\?

n

n : s 1 _;
\PK,an-l-t = Z (Z)\I};,r(_l)(n i+ )zr(n l)\PK,ri+t .
=0

Hence the result (ii).
The proofs of (iii)-(vi) are similar to (i) and (ii). Hence, we omit the proofs.
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Theorem 2.5. Let n,r,s,t,l € Z* with t = 1. Then show that

n

. 1
1) (I)K,th(DZ’r = Z( )( 1)(r+ Nn—i)grin- L)(DK tr(I)S(n(tl)l)rq)K’ri+l’

() Weprn Py, = ( )( DrDe=Dgrniel @ D B i,

(=2 "D OV Bt

(iii) q>1<,rn+lq) Z (

(V) Parnt1 Py = ( )( 2y ") VD Wi,

(V) (=2 QP y), = Z( )( DL, O DD, Ly,

1=0

. " (n
VD) (=2 W@ gy, = ) (i)(—w” Dol DTV, .

=0

Proof. By making use of Lemma [2.1]c), we have

51 _ 1(D1< Jgr —(—Z)r q)K,(t—l)r ’
CDK r q)K,r
Oy tr Dy (t-1)r
_2 r___o 7 .
&y =6 O, —-(=2) .
Now, using the blnomial theorem, we get
1 n
étrn — (D:(Lr Z (l)( 1)(n L)(r+1)2r(n l)q)K tr{”q)in(tl)l)r (2.27)
,r =0
‘ 1§ (n=i)r+ 1 gr(n—i) (n—i)
rn n—i)\r rin—i ri
13 = Z . "1 A AL (2.28)
1=0

By multiplying an equation (2.27) by E we

obtain
5trn+l Etrn+l 1 =n

{1-¢&2 _Cpﬁ,r;

l

K,ir Zx,(¢t-1r

D i frz+l ErH—l
q)l d" i (- 1)(n i) )2 (n—1)

¢1—¢2
i.e.

n
o, trn+lq)1< . Z( )( 1)(n D(r+Dor(n- l)q)L (DZ(tL 1)rq)1<,ri+l-

Hence the proof of (i).
Furthermore, multiplying equation (2.27) by :Sll and (2.28) by (flz and adding, we obtain

6trn+l 6trn+l 1 i (7; CD O i (- 1)(n—i)(r+1)2r(n—i)(€rii+l+€§i+l),

q)n ' Ktr =, (t—-1)r
K,r 1=
i.e.
< (n—i)r+1or(n—i)
+ —
Vi trnt1 P = ) ; " Dart-dgl PRI Sy
i=0
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Thus the result (ii).
The proofs of (iii)-(vi) are analogous to (i) and (i). Hence, we omit the proofs. O

Theorem 2.6. Let n,r,s,t € Z* with t = 1. Then

n
@D (2P, = Z( )( DD QODD
i1=0

n
(11) ( 2)smn\ljk t(DK (r s)m Z ( )( 1)(n l)q); rm(Dg(nsn%L)\PK smi+rm(n—i)+t .

(- 2)sm(n l)q)l

(n—1) )
e smq)K,(r_s)m(DK,rmHt )

(iii) CI)Z rmq)K smn+t = (

(iv) (I)Z rm Y, smn+t Z (

1
\PK rmn+t = ( )(sm+ M- L)(z)sm(n l)q)K rmq)g(n(rl)s)m\yk,smﬁt-

( 1)(sm+1)(n L)(z)sm(n z)q)z

V) O Prcrmn st erm @0 P it

||[\/]=

(vi) 7

K,sm

)( 2)5m(n L)®‘K stin(rl)s)m\PK,rmi‘f‘t’

Proof. Using Lemma [2.1(d), we have
Qtim(DK,rm - é;m(DK,sm = (_z)smq)K,(r—s)m ’
’f%m(DK,rm - Stgm(DK,sm = (_2)qu)1<,(r—s)m .

Thanks to the binomial theorem. By employing it, we get

n

(- 2)smnq)K (r—s)m — Z(l)( 1)” Lq)f( rm ﬁsin smi+rm(n= l), (2.29)
=0
n . .

(=2 R = Z(’;)(—1)”‘@;,rm®zS;nesm”"m(” 2 (2.30)
1=0

t

t
Thus the result (i). Now, multiplying an equation (2.29) by (;Tlgz and equation (2.30) by 51%2
and subtracting, we attain

t n
(= 2)Smnq)1<(r S)m(§1_€2) Z( )( " Lq’irmq’ﬁsin

1=0

fsmz+rm(n 1)+t ésmz+rm(n 1)+t

$1—¢2 ’

i.e.
n
( 2)smnq)K (r— s)m(DK’t = Z (1)( 1)n Lq); rmq)z s;nq)K smi+rm(n—i)+t -
=0
Furthermore, by multiplying equation (2.29) by ¢/ and (2.30) by ¢, and adding, we obtain

i=0
Thus the proof of the result (ii).
The proofs of (iii)-(vi) are similar to (i) and (ii). Hence, we omit the proofs. O

n
(- z)smnq)K S(r— s)m\yk,t = Z (l )( i lq); rm‘DZ sin\PK,serm(n—i)” :
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