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1. Introduction

The special functions have huge applications in the field of Nanotechnology. Some of the special
functions viz. gamma functions are not expressible in the series form. Many of the special
functions expressible in the series form are derived from the Bessel’s equations (Andrews and
Shivamogg [;3], and Cicchetti and Faraone [|6]) of different orders. In this work, a special function
as a solution of Sturm-Liouville differential equation is introduced that is a radial solution to
the Laplace equation in the 5-dimensional hyperspherical coordinate system and a solution to
4-dimensional radial Schrodinger equation.
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2. Preliminaries

Bessel’s equation (Jirari [7]]) is obtained from the Sturm-Liouville differential equation
d

dx
by taking

+[Aw(x) —qgx)]ly=0, px)>0,w(x)>0 1)

dy
p(x)a

p(0) =1, ¢(x) = —x, w(x) = % A= —n.

For a real number n ¢ {-1,-2,-3,...}, the Bessel function of the first kind of order » is defined
by

3 0 (-1nm x\2m+n
In(x) = Z m! - T(m+n+1) (5)

m=0

(2)

3. Introduction to Special Functions and Recurrences
If we take
p)=x3 qgx)=—-x%, A=1-n?, wx)=x; x>0,

then the Sturm-Liouville differential equation (1) becomes
d [ 3dy
—_— x —_—
dx dx
The simplified form of this equation is
d2 2
y  3dy N ( T 1
dx? xdx x2
The proposed special function is the solution of the Sturm-Liouville differential equation (4).
The series form of a new special function of order n is obtained by Frobenius’ method as
follows:

Let

+[(1-n®x+x%1y=0, x>0. (3)

)y:O, x> 0. 4)

o0
y@) = amx™
m=0

be the series solution of equation (4). Then y(x) and its derivatives

d o0
d—z = mZ::l ma,x™ 1
and
d2 00
d_x}; = Z m(m - Dap,x™ 2

m=2
satisfy the differential equation (4). Hence, we have the series solution of differential equation
as
°° -1)"n!
C.(x) =
0= Y ol m )

m=0
This is the new special function of order n and the equation (4) is the new special equation of

order n associated with it. So, the new special equation of order n can be written as

n2-1

el 520,1,2,38,. ...

C(x)+ %C;L(x)+ (1 - )Cn(x) =0, x>0. (5)
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Theorem 3.1. The general formula for new special function of real order n such that n ¢
{—1,-2,-3,...} is given by

C, (%) = i =D"T'(n+1)

m=0

2m+n—1
0. 6
4m~m!~r(m+n+1)x , X7 6)

Proof. Differentiating equation (6) with respect to ‘x’, we get
C' (x) = OZO: ED"Cm+n-DI(n+1) o,,, 9
! (x) =

= 4m-m!'-T(m+n+1) ’

(7

C" (%) = i (—l)m(2m+n—1)(2m+n—2)r(n+1)x2m+n_3
n =0 4m.m!-Tm+n+1)
d*c, 3dcC, n?-1 ®  (-)"T(n+1)
— 1- C,= 2 -1)2 -2
- dx? +x dx +( ) " ,,;04m-m!-F(m+n+l)[( m+n—-1)2m+n-2)
+3@2m+n—1)—(n? - D23
N i -D™"I'(n+1) omtn1
me04™-m!-I'(m+n+1)
d*c, 3dcC, n?-1 X (-Dmdm(m+n)T(n+1) ,
— +11- C, = m+n-3
- dx? x dx ( x? ) " mZ:1 4 m! Tm+n+1)
N o D™ T+ 1 20m—1)+n-1
=4l (m -1 T(m—-1+n+1)
=0.

Thus, equation (6)) is the general solution of the differential equation (5).

This proves that the general formula for new special function of real order n; n ¢
{(-1,-2,-3,...}is
°° (-D"T'(n+1)

_ 2m+n—1
C”(x)_,,;o4m-m!-r(m+n+1) ' -
Theorem 3.2. The new special functions satisfy the following differential recurrence relations:
1
Cl(x) + %Cn(x) = 2nCp_1(2), )
n—-1 1
C)(x)— Tcn(x) = —mcnﬂ(x)- 9

Proof. By using the formulae in equations (6) and (7), we have
n+1 X -D"Cm+n-DI(n+1) o 0
C (x)+ —Cpx)= m+n—2
a0+ == Ca0) mZ:O 4" ml T(m+n+1)

© (—1)™n+DI(n+1) 4., o

+
4™ -m!-I'(m+n+1)
°Z°: -D"@2m+n—-1+n+DI'(n+1) 9,.,, 9
= X
fopr 4m.m!-I'(m+n+1)

_ i =" -2(m+n)-nI'(n) 9, .in_a

4™ -m!-(m+n)I'(m+n)
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1
- Cl)+ %Cn(x) = 2n.C\y1(2).

This proves the recurrence relation (8).
Similarly, by using the formulae in equations (6) and (7), we have

, _n—l X ED"Cm+n-DI(n+1) o4, 0
C,(x) — Cnlx)= ) ol Tmtnt D)

m=0
X (-1 (~n+DI(n+1) 9 4n-o
w0 4" m!- I'(m+n+1)
S ED"C2m+n—-1-n+DI(n+1) 9, ., 9
— moml Tm+n+1)
i (-1D)™-(m)I'(n+1) G2mn=2
o 4 -m!-IT'(m+n+1)
1& -D"T(+1)
_5,,12:04m-(m)!-r(m+n+2)
-1 & D" Tm+2) o)1

- 2(n+1)mzzo4m.(m)1-r(m+n+2)
-1

= mcnu(ﬁc).

This proves the recurrence relation (9). O

Il
(\V]

2m+2+n-2

Corollary 3.2.1. The new special functions satisfy the following recurrence relation:

2
2nCp1(2)+ Cri1(@) = Z2Cp().
X

2(n+1)
Proof. If we subtract equation (9) from equation (8), we get

n+l n-1 1
( o + . ) Cn(x)=2nC,_1(x)+ mcnﬂ(x)
2n 1
= ?Cn(x) =2nCph_1(x) + mcn+1(x)- O

Corollary 3.2.2. The new special functions satisfy the following differential recurrence relation:

1
Cr(x)=(n—-1)C,_1(x) — —Cpy1(x).
4n

Proof. From equations (8) and (9), we get

(n—1)CL(x)+ wcnm = 2n(n—1)Cp_1(x), (10)
(n+1)C;,(x) - an(x) = —%le(x). (11)

x

Add equations and (11)), we get
1

2nC (x) =2n(n —1)C,_1(x)— §Cn+1(x)

1
=>  Ch@)=(n-1Ch_1(x)— —Cpri1(x). O
4n
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Remark 3.1. Equations (8) and (9) are equivalent to equation (5) because equation (8) can be
expressed as

Cnlx)= Crs1(x) (12)

n
S " W el
2(n+1) ne1() 2x(n +1)
and by substituting this equation into equation (9), we get

1 n+2 n+2 n—1
s Cnaa (0 + 5 Cl ()~ g Crn (1)~ o
2+ D o D Y T 2 p O T e p O
1

B n+2)(n-1)
2x2(n+1) 2(n+1)

nn+2) 3
22+ D= oD

) Crs1(x)=0

2n+1) n+l1 Cr+1(x)

1 3
c” +—C! —
2 2x(n+1) n+1(%)
(n+12-1
2
This is the new special equation (5) of order n + 1. Similarly, equation (9) can be expressed as

Clx) = wcn_ﬂx) _2nC!_,(x) (13)

3
= Cr.(x)+ ;C;+1(x)+ (1

and by substituting this equation into equation (8), we get the new special equation (5) of order
n—1.

Recurrences (8) and (9) are the first-order linear non homogeneous differential equations
which can be solved by using their integrating factors, respectively as below:

", =2nx"t1C,_1, (14)
1
(x_(n_l)Cn)' = —mx_(n_l)0n+1. (15)

Now, multiply both sides of equations (8) and (9) by x” and x™", respectively and differentiate
both sides of two equations, respectively we get

1
%[xncg +(n+ 12" 1C,) =("C,y), (16)

—2(n+Dx"C, —(n-Dx""VC, T = (x"Cprir). )

Substituting the values of (x"C,_1) and (x""C,1) in the equations and from the
equations and respectively, and simplifying them, we obtain
2n+1 +(n+1)(n—1)

Crt——Ch S Cn =4n(n-1Cys, (18)
on—-1 (n—1)n+1) 1

C// _ C/ = —C . 19

e T @ " e bty M ()

Subtracting the equation (5) from equations (18) and to eliminate C] from them, we get
the new recurrences as

+1 X
c 4+ |22
n+( x 20n-1)

) C,=2nxC,_o, (20)

x n-1 x
C! +( - )C =— C,io.
"2+ x )t 8n+12(n+2) "
Multiply both sides of equations and by x" 1 and x~" D respectively. Then
differentiate them and subtract the equation (5) from them to eliminate C!/, we get the new

(21)
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recurrences respectively as,

o 4 n+l 2(n —2)x _ 8n(n—-1)(n- 2)x? C
" 4n-Dn-2)-22] " 4n-Dn-2)-x2 ">
, —-2(n+2)x n-1 x?
Cn + - n= Ch+s.
2 —-4(n+1D(n+2) X 8 [x2 —4(n+1)(n+ 2)] n+1D)(n+2)(n+3)

Theorem 3.3. For a real number n ¢ {—1,-2,-3,...}, if J,(x) is the Bessel function (Bell [5]) of
first kind, then

(22)

C,,(x) = 2"T(n + 1)J’::x).

Proof. For a real number n ¢ {—1,-2,-3,...}, the Bessel function of the first kind of order n is
defined by

) -1nHm x\2m+n
J = - 23
n(x) n;om'-l“(m+n+1)(2) (23)
1 &> —1m 2m+
=  2'T(n+1 )J "D _onprent § D )
X pmom!-T(m+n+1)\2
J Jnx) 1 & (-1)"2"T(n+1) xZmEn

2"T =—

- (n+ Cx )t Z om!-T(m+n+1)22m+n
00 _1\m
mo04™ -m!-I'lm+n+1)
This proves that
n Jp(x)
C,(x)=2"T(n+1) , ne¢{-1,-2,-3,...}. O
X

Theorem 3.4. The general solution of a differential equation (4) defined by

d?y 3dy ( nz—l)

1- =0 0

dx2 T dx 2 )00 F ~

is
J Y,
Y®) = Cpla) = 2 ;(x) + 2 ;‘(x), 24)

where n is not an integer.

Proof. The general solution of equation
2
xu' +u' + (,uzx—n—)u =0
x
is given by (Bell [5])

Hence, u(x) = c1,(x) + c2Y,(x) is the general solution of an equation

n2
xu"+u'+(x——)u20.
X

Let

y(x) = @
X
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then
d?y 3dy (1 nz—l) 3 d? [u(x)] 3d [ulx) +(1 n2—1)u(x)
dx? xdx x2 Y= dx?| «x xdx | x x2 x
22u"(x) — 2620 () + 2xu(x) 3 axu'(x)— u(x) n?-1\u(x)
= 7] +— 3 +H1-—5
x X X X X
u"(x) 2u'(x) 2u(x) 3u'(x) 3ulkx) ulkx) n2ukx) ulk)
= - — + - +
x x2 x3 x2 x3 X x3 x3
W) uwx) ulkx) nulk)
= + + _
x x2 x x3
b n? 1 1
=lxu" +u +|lx——|u —220—2 =0
x x x
d?y 3dy n?-1
—+——+|1- =0
dx? xdx ( 2 )y
Hence, it is proved that
J, Y,
y(x) _ Cn(x) _ C1 n(x) + C2 n(x)’
x x
is a general solution of differential equation (4). O

Theorem 3.5. The new special function have an integral representation

P T(n+1) [
Co(x)= 2L+ D f cos(nt —xsint)dt. (25)
X 0

Proof. The integral representation of the Bessel function [5] is given by
1 b/
Jp(x) = —f cos(nt—xsint)dt.
T Jo

Hence by relation (22)), we get the integral representation (25).
In the similar way, we get the following other integral representations of new special

functions:

2T 1) . 2T 1) (™
C,(x)= 21+ 1) el cos(nt)dt = 21+ 1)

i(n(-Z
‘ et(n( 2 +t)+xcost)dt_ 0
mxi" 0 X -7

4. Behaviour of New Special Function

From equation (6), we note that C,(x) is an even function of x when 7 is odd, and odd when 7 is
even. It has been verified by the graphs of C,(x) indicated in Figure [1|to Figure [7, respectively.
The graphs have been obtained using equation with the help of MATLAB software.

5. Applications of New Special Function

The separation of variables method is very important method to solve the problem of definite
solution of partial differential equations, which is generally used in various definite solution
problems. New special functions make it easier to solve the Laplace equation in 5-dimensional
hyperspherical coordinate system (Andreev and Tsipenyuk [2], and Avery and Avery [4]). We also
find the solution of 4-dimensional radial Schrédinger equation for two particles (Abu-Shady et
al. [1]]) in terms of new special function with the New Cornell Potential.
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New Special Function of Order Zero
0.8 T T T T T

|

061 | 1

Figure 1. New special function of order zero

New Special Function of Order One

Figure 2. New special function of order one

New Special Function of Order Two
1.5 T T T T T

Figure 3. New special function of order two
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New Special Function of Order Three
6 T T T T
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o
.

1F

o

[l

PR
R R v A
A |

u

1k

Figure 4. New special function of order three

New Sperial Function of Order Four
40 . T T . T

Figure 5. New special function of order four

New Special Function of Order Five
250 T T T T T

Figure 6. New special function of order five
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New Special Funetion of Order Six
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Figure 7. New special function of order six

5.1 Laplace’s Equation
In R®, the Laplace’s equation is the second order partial differential equation (Avery and

Avery [4])
62u+62u+62u+ 0%u +62u ~0 26)
0x2  9y2 922 ow? a2

The hyperspherical coordinates (r,0,¢,v,t), defined by
x =rsinfsin¢cosy, y =rsinfsin¢siny, z =rsinfcos¢p, w =rcos, t =t.
where r =0, -n<0<n,0<¢<m, ——<w<
u 30u 2cosh ou 1 0%u cos¢ ou
—t——t——+—= + —
or2 ror r?sinf06 r?00% r2sin®0sing 0P
1 d%u 1 Pu  %u
t o st o 2pa 2 st 52 =
r2sin“0 0¢* r2sin“Osin®¢p 0y Ot
We use separation of variables method to solve equation (27), so we assume that u(r,0,¢,v,t) is
a product of a function of r, function of 8, function of ¢ and a function of ¥ as

u(r,0,¢,y,t) = R(r)00)o(p)¥Y (w)T'(2).

After the appropriate differentiation, we obtained the following equations:

Z equation (26) is transformed into

(27)

ou dR d%u d%R
= OPYT —, = OOVYT——
or dr’ or? dr2’
ou d® d%u d%e
— =ROYT—, =ROYT—,
00 do’ 062 do2
® 4% 20
u_prowr?® %%_poyrd?®
op d¢’ ¢ d¢?
p 2 2
% _poor?y 9% _peord Y
oy dy’ oy? dy?
ou dT d%*u d2T
— =ROOY—, — =RODPY—.
ot dt’ o2 dt?
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Substituting these derivatives into the equation (27), gives the result as

d’R 3 dR 2cosf d@) d2® cos¢ do
OPYT — + —-ODPYT — + ROYT— R@‘{’T ROYT—
dr? r dr r2sin6 d@ r2 d92 r2sin@sin ¢ d¢
1 d?® 1 d2v d>T
+——-ROYT—— + 5 5 R@@T—+R®<D‘I’—2:O.
r2sin“0 d¢*  r2sin“fsin® ¢ dy? dt
Assuming R(r)00)P(p)¥Y(y)T(t) # 0 and dividing the above equation by RODPYT, we get
1d2R+31dR+2cos9 1d®+11d2® cosc/) lde 1 1d2%®
Rdr? rRdr r2sin00df r20d62 r2sin20sing @ dp " F2sinZ0 @ d >
1 1d%¥Y 1d°T
+ — + — =
r2sin?@sin?¢p ¥ dy? T dit?
This implies
1d°R 31dR 2c0s0 1d® 11d’0  cos¢p 1d®
Rdr? rRdr r2sin60O©df r20d62 ,2sin Qsm(p(l) d([)
1 1d%0® 1 1d%¥Y  1d°T
= (28)

i r2sin20 © d¢p? * rQSinzesin2(p¥ dy? T dt?
The left hand side of this equation depends on r,6,¢ and v, while the right hand side depends on
t. Assuming equation holds over a domain Q) (open and connected set) of the rO¢pwt-space,
each side must be a constant, which we denote —a?. Thus, we obtain the pair of equations

1d2R+3 1dR+ 2cos6 1d®+ 1 1d2®+ cos ¢ 1do
Rdr? rRdr r?sin6@©df r20d6h? r2sin? 951n¢® do
1 1d%® 1 1d%¥ 9
— + — - — ,
r2sin?0 ® d¢p?  r2sin®0sin®¢p ¥ dy?
1d’T 9
L —_q
T dt?
The second equation results into the differential equation
T"-a®T =0.

While from the first equation, we have
r?sin?0sin?p d?R  3rsin?0sin?¢p dR  2sinOsin? pcos® dO sin?0sin? ¢ d20

R drz R dr ) a0 ©  doz
. 92 2
+ —Sm(PCOS(p—d(D + sin®¢ d*0 +a2r2 sin?@sin’¢ = —i—d kit (29)
) do O d¢? ¥ dy?

Similarly as above, by assuming each side in the equation (29) equal to a constant b2, it results
into the following two equations:
P’ +b2Y =0,
r2sin?0 d2R .\ 3rsin®0 dR , 2sinfcos0d® sin?6 d%0 o sin20
— — a“r“sin
R dr? R dr ] do © dob?
b2 cos¢p dd 1d%d

" sin? ¢ (Dsm([)%_ad_gbz 40
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Now by assuming each side in the equation equal to a constant ¢2, we get the following two
equations:

@" + (cot p)D' + (c® — b2 esc? p)P = 0,

r2d?R 3rdR 4 2cosf dO® 1d%0
—— e —— = 20— — ———— 31
Rdr? Rdar ¢ 7% Y gsnod0 @0 B1

Now by assuming each side in the equation (3I) equal to a constant d?, we get the following
two equations:

Q" +2(cot0)O +(d? - c?esc?0)0 = 0,

R +3R +(a —d—z)R 0.
r

Thus, the Laplace s equation (26) decomposes into
T"-a®T =0,

P+ p2Y =0,

D" + (cot p)D’ + (c? - b%csc? p)D =0,

©" +2(cot0)0’ +(d* - c?csc?0)0 =0,

A

R"+3R'+|a?

d?

R =0.

2 )

5.2 Solution of the 4-Dimensional Radial Schrédinger Equation in Terms of New Special
Function With the New Cornell Potential

The 4-dimensional radial Schrodinger equation (Abu-Shady et al. [1]) for two particles

interacting via symmetric potential has the form

d®> n-1d ll+n-2)
2u(E -V Y(r)=0. 32
a2 + T ar 5 +2u( (r)|¥Y(r) (32)
where n =4 is the angular quantum number and
mims
B mi+meg

is the reduced mass of the two particles having masses m1 and mg. If we consider the Cornell
potential

1
Vir)=E ——,
2p

the equation (32) reduced to the equation

A’V 3d¥ I+1)2-1

+ 2 1- L v =0

dr? rdr ( r2 ) (r)

This is in the form of equation (4). So, its solution is

Y(r)=Cr1
& (D" +2) 2m+l
me0d™ -m!-I'(m+1+2)

_c1di41(r) N c2Y41(r)
r ro
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Thus, the 4-dimensional radial Schréodinger equation for two particles is reduced to equation (4)),
when

+
Vr)=E-21Tm2
2mimo
or
+
E=V(r)+ miTma
2m1m2

is an energy eigenvalue (Abu-Shady et al. [1]]).

6. Conclusions

The aim of this paper was to introduce a special functions that is a radial solution to the Laplace
equation in the 5-dimensional hyperspherical coordinate system and a solution to 4-dimensional
Radial Schrodinger equation. To achieve this goal, we make use of the Sturm-Liouville problem
formed by assigning particular coefficient functions in the Sturm-Liouville differential equation.
We derive the different properties of this function. The behaviour of this function for different
integral values has been obtained using MATLABE software.
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