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1. Introduction

For almost two centuries, integral transformations have been effectively used in solving many
problems in applied mathematics, mathematical physics, and engineering science. The concept
of integral transform originates from the famous Fourier integral formula. The significance
of integral transforms is that they accommodate important operational methods for solving
initial value problems and initial-boundary value problems for linear differential and integral
equations. The study of differential and integral equations occurring in applied mathematics,
mathematical physics, and engineering was the main incentive for the development of the
operational calculus of integral transforms. The operational calculus of integral transforms is
also applied to difference equations, integral equations, fractional derivatives, and fractional
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integrals, [4]] evaluation of definite integrals, summation of infinite series, and problems of
probability and statistics.

The Laplace transform is a special case of the Fourier transform for a class of functions
defined on the positive real axis, further it is more simple than the Fourier transform. The
Fourier or Laplace transform methods based on the correct mathematical support are essentially
equivalent to the modern operational calculus. The Laplace transform is a broadly used integral
transform with many applications in physics and engineering. Appropriate choice of integral
transforms helps to convert differential equations as well as integral equations in terms of an
algebraic equation that can be solved easily. In this article, we present a new integral transform
with the kernel being the Mittag-Leffler function in two parameters. It can be considered as a
generalization of the Laplace transform because we can obtain the Laplace transform from it.
The new integral transform is used to find the Laplace transform of fractional derivatives.

2. Preliminaries

Definition 2.1. The Mittag-Leffler function of two parameters [2,3]] is defined by

_ L& (-t
PIE, p(—t)=tF 1y —— . 1
t pot) =t io I'(ak + p) W

Definition 2.2. If f is a real- or complex-valued function of the (time) variable ¢ >0 and s is a
real or complex parameter, then the Laplace transform [5] of f is defined by

F(s)=2{f(t);s} = fo e SUf()dt. (2)

Theorem 2.1. The Laplace transform of Riemann-Liouville fractional derivative [4] of order

p >0 is given by
n-1
LODP f(0);8) =P Lif W8t = Y. sk [oDP D],y (n-1<p<n). 3)
k=0

3. A New Integral Transform

Definition 3.1. Let f(f) be a piecewise continuous function defined for ¢ > 0 such that
Ifl =M e *t for some k£ > 0. Then for s > 0, we define the new integral transform %, g of
f(¢t) by the formula

Guplf (D;) = F(s) = f T HE  p(—stF (Ot @)
0

Theorem 3.1. The new integral transform 6, g{f(t);s} = Z(s) is bounded and continuous for
all s> 0.

Proof. 1t follows from the definition of new integral transform that we have

|Ca,p{f(2);s} = UO tF1E 4 p(—stV)f (t)dt
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_ pa—p
| (8)] = |Ca,plf(2);s} < Mk“ — (5)
Hence
lim |.7(s + h) - 7 (s)| = lim ' f tF 1 E o p(—(s + h—$)t")f(t)dt| =
- —0|Jo
This shows that .Z (s) is bounded and continuous for all s > 0. O

4. Properties of New Integral Transform

Theorem 4.1. Let f(t) is differentiable and s is positive, then

sZ{f(t);s}—-f0), ifa=p=1,
Caplf )8 = sCuolf )8} - F(0), ifa>1, =1, ©)
—Ca,p-11f (t);s}, if p>1.

Proof. Let f(¢) is differentiable and s is positive, then f'(¢) is differentiable and hence we have
[e.@]
%,ﬁ{f’(t);s}:f tF1E o p(—st™)f()dt .
0
Using Integration by Parts rule, we get

Co,plf (1);8) = [tﬁ‘lEa,ﬁ(—st“) f f’(t)dt] - f h [%(tﬁ‘lEa,ﬁ(—st“»] ( f f’(t)dt)dt
0 0

0o ( Sta)k

F( k+pB) 0 dt F( k+ﬁ)
Whena>1,ﬁ:10r,6>1 Wehave
00 (_ t )k a)k ~ o t'B_lf(t)
-1 p-1 — +B-1 st _
0<t Z ek ﬁ)f(t)<t f(t)Z TaeD QL i
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ﬁ:17

ifa>1, f=1,

ifg>1

ifa>1, =1,
if>1

ifa>1, =1,
if>1

{—f(O)— I FOU(=8)t*1E 4 o(-st)]dE,
0—Jo~ FDOIP2E 4 p-1(-stM)dt,

if f>1
ifa>1, =1,

ifa>1, =1,

sZL{f(t);s}—
S%a,a{f(t);S} -f
—Ca,p-1{f(2);s},

This is the desired proof.

{—f(0)+s Jo° FOLE*LE ¢ o(—st))dt,
— [ FOIP2E o g1 (—st)]de,

1(0),

(0,

ifa=p=1,
ifa>1, =1,
if B> 1.

Corollary 4.1. Let f(t) is differentiable and s is positive, then

s2ZL1{f(t);s) —sf(0)— £1(0),

Caplf )8} = —sCa,a-1{f();8} - f(0),

Ca,p-2{f (£);s},

Proof. As seen in Theorem we have

Ca,plf"(1);8) = {

= Caplf'(t)s)=
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scgoc,a{f,(t);S} - f,(o),

~Ca,p-1{f'(1);s},

ifa=p=1,
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if B>2.
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ifa>1, =1,
if B> 2
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2L (s} —sf(O) - £1(0), ifa=p=1,
= Cop{f"@)s} =4 —5Caarlf W8} -F10),  ifa>1, p=1,
Ca,p-2{f();s}, if > 2.
This is the desired proof. O

Corollary 4.2. Let f(t) is differentiable and s is positive, then
3L (1);8)—s2£(0)—sf'(0) - £(0), ifa=p=1,

2 . _pen . — —
Caplf"(1);5) = s“Ga2{f (t);s} +sf(0) £7(0), L‘fa 2, =1, ©

cha,a—Z{f(t);S} - £7(0), ifa>2, =1,

—Ca,p-3{f(8);s}, if B> 3.

Proof. As seen in Corollary we have
s2Z{f'(t);st—sf(0) - £"(0), ifa=p=1,
Caplf"#);8} = { —sC o a-11f'@);s} - F(0), ifa>1, p=1,

Ca,p-2{f'(2); s}, if B> 2;
S2s L1 ();8) - F(O)—sf(0)—£"(0), ifa=p=1,

Co plf " (i) = 4 —s[sGa2{f(t);s} —f(O)];f (0), %fa =2, B=1,
—8[=Ca,a—2{f();s}]1 - f"(0), ifa>2, f=1,
—Ca,p-3{f (t);s}, if B> 3;
s3LUf(1);8) — s2F(0)—sf'(0)— £(0), ifa=p=1,
_a2 . e . — _

Cfa,ﬁ{f"'(t);s} = S %Z,Z{f(t)yS} +3i‘;(0 f"(0), %fa 2, ,3 1,
$Ca,a-2{f(t);s} = f"(0), ifa>2, =1,
—Ca,p-31f (t);s}, if B> 3.

This is the desired proof. O

Corollary 4.3. Let f(t) is differentiable and s is positive, then
1 _1
f{onf(t);s} = —is%l,%{f(t);s} - [th 2f(t)]t=0' (10)

Proof. Form Theorem Corollary [4.1]and Corollary[4.2] we can generalize the result and so,

we get

1 _1 1
CaploDF (B35} = (-D28%, 4,3 F @)= 0D *F O] g3 @>3, p=1

1 -1
= C1a{oDFf(W);s} =—isG 1, 1 {F @8} = oD, 2 D],
This implies

1 _1
20D} Fie)s} = ~is'6, (@35~ oD F0) o 0
Corollary 4.4. Let f(t) is differentiable and s is positive, then
1
%13{0D; f(0);s} =i L{f (1);5). (11)
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Proof. Form Theorem Corollary [4.1]and Corollary [4.2] we can generalize the result and so,
we get

1 1
Ca,ploDEf(8);s} = (- 1)2‘5 p-1{f@ssh B> 5
This implies
1
€3 {0DE F(;5} = (12, 3 1 {f(2);s)
1
= %1,%{0Dt2f(t);s} = i611{f(®);s}.

This proves the result

1
= CKL%{Ofo(t);s} =i 2{f(t);s}. O

Theorem 4.2 (Convolution). Let f1(¢) and fo(t) have new integral transform Z1(s) and Fa(s).
Then the new integral transform of the convolution of f1 and fo is

Co plf1 * fa} = F1(s).Fa(s), (12)

where

t
fixfa= [ A@fse-dr. (13)
Proof. Form Definition [3.1]of new integral transform %, s, we have

o) t
Coplfo % fo) = fo B p(—st%) fo At —1)dr| dt

oo prt
= Gaplfixfol= fo fo fi@)fat =P LE o p(—st®)d T dt.

By changing the order of integration, we have

G plf1 % fo) = fo f PO falt = D B p(—st®)dt d

= Caplfi*xfol= fo f1(7) f tF " E 4 p(—stV) fa(t - T)dt dT.
Put t — 7 =v. Then we have
Ca,pifix fol = fo fl(r)f v+ T)ﬁ_lEa,ﬁ(—s(v + 1)) fe(v)dvdT

(s (v +7)% A1
= dvd
fo f1(r) JX;,) Taj+p) fo(v)dvdt

( S)jvaj+ﬁ 1 oo ( S)JTa]+ﬁ 1
= dvd
fo f1(1)f [J T+ P jZO Naj+p) ]fz(v) vdTt

00 00 (_S)‘]Ta‘]+ﬁ 1 (- S)Jva]+,6 1

= S fd d
fo JZO Tajrp 1@ | JZO wjrp v

= f wrﬁ—lEa,ﬁ(—sﬂ)ﬁ(r)dr f Oovﬁ_lEa,ﬁ(—sv“)fg(v)dv
0 0

= Ca,pf1(t);8} Co pifa(t);s}
= F1(s).Fa(s). -
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5. lllustrations
Example 5.1. Form Definition of new integral transform %, g, we have

Crole” s} = F(s) = f tE1o(—st)e *'dt
0

0 o7St_1
:f ¢ e Mt
0

—st

1 o0

=— | (e -1e dt
1 o0

- (e—(s+a)t _e—at)dt

1 1 1
-s|s+a a

= 7 ); §>0, a>0.
a(s+a

Example 5.2. Let us take a =1 in (14), we have
1
651,2{e_t;s} =——: s>0.
1+s

Therefore, we have

© 1
f tEl,z(—st)e_tdt =—:j; s>0.
0 1+s

Example 5.3. Using the integral representation
oo 15@—B
-s{ yma+p—-1p(m) a _m:s .
[ e tem e r E s arar =
As given in [3], we have
_ [e.0]
Gaple 551 = F @)= [ 1 B p(-steds
0

a® P
=—: > 0.
(a%®+s) @

Therefore, we have
(faﬂg{e—t;s} = Z(s)= f tﬁ_lEa,ﬁ(—sta)e_tdt
0

1
T 1+s’

Example 5.4. Using the results given in [[3], we have
2 o0
—f cos(t)cos(kt)dt =6(k —1).
T Jo

Therefore,

G2,1{cos(kt);s}) = f Ez,1(—st2)cos(kt)dt
0

_ f ” cosh(ivst)cos (kt)dt
0
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_ f cos (v/58) cos (kH)dt
0

= %fomcos(t)cos (%t)dt
b8 k
~2lv ) -

where d(x) is the Dirac-delta function defined by
1 [~ . 1 [
5(x) = — f etk dk = = f cos (kx)dk. (23)
2 T Jo

T J-0o

Example 5.5. Form Definition of new integral transform %, g, we have

_ [e,0]
Gr3le” 8} = F(s) = f t2E1 3(~st)e *'dt
0

foe) —st
3 ge ' —=1+st _,;
—f t—(—st)z e "dt

0
1 o0

:_2f (e St —1+st)e ¥dt
S$7Jo

1 (e e]
= 3_2](; (e”(F) _ o0l 4 ste™)dt
1 1 1 1
“Zlsta a ‘@
3 1 -8 S
T 82 a(s+a) " a?
1 —a s+a
s la2(s+a) - (s+a)a?
:m; $s>0,a>0. (24)

Example 5.6. Form Definition of new integral transform %, g, we have

%,1{6_“;8}:9(8):] Eg1(—st?)e dt
0

= f cosh(iv/st)e “dt
0

f cos(v/st)e “d¢
0

a
@+ (/P =

Example 5.7. Form Definition of new integral transform ¢, 5, we have

%,ﬂeat;s}:ﬁ(s):f Eg1(~st®)edt
0
(e,0]
:f cosh(iv/st)e®dt
0

= f cos (v/st)e™dt
0

Commaunications in Mathematics and Applications, Vol. 13, No. 3, pp.[1003H1012| 2022



A New Integral Transform With Applications to Fractional Calculus: S. M. Chinchole 1011

-a
(- + (V2
Example 5.8. Form Corollary we have

_1
(51,%{tn;s} =1.%{oD, ? (t");s}

] T
F(n+§+ 1)

Lo+l nid

(26)

Y NPT
T(n+§+1)
T(n+1) T(n+i+1)

=i
T(n+i+1) g+
I'(n+1

_;Hnt D @n

sm+3)

6. Applications

This paper deals with the application of the new integral transform to find the exact formula
for the Laplace transform of fractional derivatives of a function. Form Corollary [4.3] we have

LAF W8 = ~isE, 3{oD? F(is} - F(O).
Also, from Corollary [4.4], we have
%3 10D} f(1)s) = L LU0,
This implies
L@y} = —is[i.ZLif (£);81 - £(O).
Hence, we get
ZAif'(1);8) = s.L1f (1);8} = f(0).
This verifies the formula for the Laplace transform of the derivative of a function.

The Laplace transform of Riemann-Liouville fractional derivative [4] of order p > 0 is given by

n—1

L{oDPf(t);s} = sP LU ();s1 = Y. ¥ [oDPF ()]s (n—1<p<n)
k=0
_1
= Lif'(t);sh = LODP (DL F());s) = s.L {f();8) - F(0) 52 [oD, 2 F(B)],_,- (28)

7. Conclusion

This paper aimed to introduce a new integral transformation like the Laplace transform.
To achieve this goal, we made use of the Mittag-Leffler function in two parameters as its kernel.
We derive the different properties of this integral transform. The new integral transform was
used to find the Laplace transform of the fractional derivatives. It is found that the formula for
the Laplace transform of half derivative of a function derived in Corollary is more accurate
than that of the formula derived from the formula given in [4].
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