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1. Introduction

Banach contraction principle is widely and extensively used in fixed point theory. Many
researches studied and generalized the Banach contraction principle in different direction
and proved the existence of fixed and common fixed point theorems. Fixed point theorems have
a great importance in the application of mathematical analysis, especially in differential and
integral equations.

Recently, the concept of cyclic (a, f)-admissible mapping was introduced by Alizadeh et al. [1]
and obtained a generalization of Banach contraction principle. Khojasteh et al. [[7] introduced
simulation function and the notion of z-contraction with respect to simulation function to
generalize Banach contraction principle. The concept of Khojasteh et al. [[7] is further modified
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by Argoubi et al. [4]. Karapinar [6] introduced the notion of a-admissible z-contraction and
obtained corresponding fixed point results in metric spaces. For more results in different type
contractions and z-contraction we refer to the papers in [2,3,/5,8,(9] and references therein.

In this paper, we use the concept of cyclic (a, §,2)-admissible mapping and prove some fixed
point results in the setting of a Banach space. Now we will give some basic definition and results
in Banach spaces before presenting our main results.

2. Preliminaries

Definition 2.1. A norm on a linear space S is a mapping |- | : S — R™ which satisfies for each
x,y€S; A€R such that

(i) llxl=0ex=0,

@i1) [[Axll = |A] llxll,

(i) llx+yl<lxll+lyl.
A linear space with a norm is called a normed linear space.

Definition 2.2. A normed space (X, | -||) is said to be complete if every Cauchy sequence in X is
convergent. A complete normed space is called a Banach space.

Definition 2.3 ([1]). Let X be a nonempty set, f be a self-mapping on X and a,f:X — [0, +o0)
be two mappings. We say that f is a cyclic (a, f)-admissible mapping if x € X with a(x)=1=
B(fx)=1and x € X with B(x)=1= a(fx)=1.

Definition 2.4 ([7]])). Let z be the family of all mappings ( :[0,00) x [0,00) — R such that
(¢1) ¢(0,0)=0;
((2) ((t,s)<s—t V s,t>0;
({3) for any sequence {t,},{s,} = (0,00) such that

lim ¢, = lim s, > 0= lim sup{(¢,,s,) <O.
n—oo n—0o0 n—0oo

We say that {1 € z is a simulation function.
Definition 2.5 ([4]]). A simulation function is a function { : [0,00) x [0,00) — R that satisfies the

following conditions:
1) {(t,8)<s—t,forall t,s >0;
@11) if {¢,} and {s,} are sequences in (0,00) such that
,}l_,m th = nh_m sp=1€(,00)>0,

then

lim sup{(¢,,s,) <O.
n—oo
It is clear that any simulation function is the same according to the Definitions [2.4] and

We denote by ¥ the family of all nondecreasing functions vy :[0,00) — [0,00) such that
(w1) v is continuous;

(w2) w~i{oh =0.
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3. Main Result

Lemma 3.1 ([8]). Let T : X — X be cyclic (a, f)-admissible mapping. Assume that there exist
x0,%1 € X such that a(xg)=1= B(x1) =1 and PB(xg) =1 = al(xy) = 1. Define a sequence {x,} by
Xn+1=Txy,. Then a(x,)=1= P(xy,)=1and B(x,)=1= alx,,) =1 for all m,n e N with n <m.

Definition 3.2. Let (X, | _||) be a Banach space, T': X — X be a mapping and a,f: R — [0,00)
be two functions. Then T is said to be a (a, ,2)-contraction mapping if T satisfies the following
conditions:

(i) T is a cyclic (a, f)-admissible;

(i1) there exists a simulation function { € z such that a(x)B(y) =1,

(I Tx—Tyl),¥(m(x,y))) =0 holds for all x,y € X,

| [1+||x—Tx||]||y—Ty||}
’ 1+]lx=yll

where m(x,y) = max{ |l — I

Theorem 3.3. Let (X, || - ||) be a Banach space, T : X — X be a mapping and a,f: X — [0,00) be
two functions. Suppose that the below conditions are followed.:

(i) T is (a, B,z)-contraction mapping;

(i1) there exists element xo € X such that a(xg) =1 and B(xg) = 1;

(iii) T is continuous, then T has a fixed point u € X such that Tu = u.

Proof. Assume that there exists xy € X such that a(xg) = 1. The proof divided into the following
steps:

Step 1. Define a sequence {x,} in X such that x, .1 = Tx, for all n € N u{0}. If x,, = x,,1 for all
n € N u{0}, then T has a fixed point and the proof is finished.
Hence, we assume that x,, # x,+1for all n € N u{0}. That is |lx, —x,+1]l #0 for all n € N u{0}.
Since T is a cyclic (a, f)-admissible mapping, we have a(xg) = 1= B(x1) = f(Txo) =1 = alxg) =
a(Tx1) =1 and B(xg) = 1= alxy) = a(Txg) = 1 = P(x2) = B(Tx1) = 1, then the above process
is continued, we have a(x,) = 1= f(x,) =1 for all n € N u{0}. Thus a(x,)B(x,+1) =1 for all
n € N u{0}.
Therefore, we get {(w(|Tx, — Txp+111), w(m(x,,x,+1))) =0 for all n € N u{0}, where
[1+ 1y, = Txpllllln+1— Txpell }
1+ llxn — xp+1ll

m(x,y) = maX{ lxn —xns1ll,
= maX{”xn —Xn+1 ”7 ”xn+1 - xn+2”}-
It follows that

(llxn+1 — xn+2l), wmax{llx, —xp41ll, 12n+1 — Xn+2l1)) = 0.
By condition|({2), we have
0 < {(w(llxn+1 = xn+2lD), w(max{llxy, —xp+1ll, |2n+1 = xn+2l})
<ymax{llx, — xp+1ll, 1%n+1 = Xns2lD) —Yllxpr1 — Xp12l). (3.1)
Consequently, we obtain that V n =1,2,3,...

Y(lxp+1—xn42l) <y(max{llx, —xp+1ll, 1Xn+1 — Xn+2l}).
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If max{llx, —xp+1ll, 1%n+1 — Xn+2ll} = (lxp+1 — %5 +21]) for some n, then

Yllxn+1 —xn+2) <@lllxn+1 —2p+2l)

which is a contradiction.
Hence max{|lx, — %11, 1%n+1— %ns2ll} = Ulxn —xn+1l), for all n =1,2,3,... and hence from (3.1)

0 = {(yp(llxn+1—xn+2l), wlllxn —xn+11))
<Yllxn —xn+11D = wlllxn1 — 2n+2lD) (3.2)
which implies
Y(lxn+1 —2n+2l) <@(lxn —xp+1l) foralln=1,2,3,....

It follows that the sequence {y/([lx;, —x,+1)} is non-increasing sequence. Therefore, there exists
r =0 such that

JLI&W(llxn —xp+1lD=7.
We now show that
lim y(llx, — xp+11) = 0.
n—.oo
Note that if 7 # 0 that is 7 > 0 then by condition We have
0< r}i%supf(w(llxn —Xp1 D, W(llxp 41— %5421)) <O
which is contradiction. Hence we have r =0, since ¢ € ¥. We have
Tim (Jlac, = xp+11) = 0. (3.3)

Step 2. To prove {x,} is a Cauchy sequence. Suppose to the contrary, that is {x,} is not a
Cauchy sequence. Then there exist € >0 and two subsequences {x,,)} and {x,¢)} of x, with
m(k) > n(k) >k and m(k) is the smallest index in N such that ||x,,z) —xn@)l = €. So

1%n) = Xm@)-11 <€.
Then we have
€ =< l%m@) — Xnp)ll
< lxnk) = Xme)-1ll + 1%mi)-1 — Xm)
<€+ 1Xmp)-1— Xmm)ll-
Taking k& — ooin the above inequality and using (3.3), we get
IJLI&(||xn(k) —Xmpl) =¢€. (3.4)
Again, by triangular inequality
l2%n()-1 = Xmk)-1 1l < |1Xn@)-1 — Xni) | + 1Xnk) = Xm@) | + 1 2mk) = Xme)-1l
< 2lxnk) — Xn)-1 1l + 1Xme)-1 — Xne)-11l + 2% mk)-1 — Xy Il
Taking k& — ooin the above inequality and using (3.3)and (3.4), we get
kli—.lgo(”xn(k) = Xmll) = ]}i_glo(”xn(k)—l —Xmk)-11) =€. (3.5)

Since a(xp) > 1 and B(x¢) > 1 and by Lemma 3.1, we conclude that a(x,z)-1)B(xXn®)-1) = 1, for
allk=1,2,3,....
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Since T is a (a, 8,z)-contraction, we have

CYUITxn)-1 — Txm)-1 1D, w(m(xpk)-1, Xmk)-1))) = 0 for all x,y € X

where

[1+ lxnk)-1 — TXn@)-1 1 1%mi)-1 — TXme)-1 }
1+ 1 xnk)-1 = Zme)-1l
[1+ llxnk)-1 — Xn@) 1 1Xm@k)-1 — Xm) | }
1+ x%nk)-1 = Xmy-1 '
Let Sp := w(m(xp®)-1,%Xm®)-1)) and ¢, := Y(Xnr) — Xme) 1)-
Then it follows from (3.3), and that

lim Sy = klim tr =y(e). (3.6)

k—oo0

Since w(¢) > 0, it follows from condition that
0< ,}LI&SUPC(W(”Txn(k)—l —Txmr)-11D, w(m(xp)-1,XmE)-1))) <0

M(Xnk)-1,Xmk)-1) = maX{ l%nk)-1 — Xm@)-1ll,

= maX{ l%nk)-1 — Xm@)-1ll,

which is a contradiction. Thus {x,} is a Cauchy sequence.

Step 3. Finally, to prove T has a fixed point. Since {x,} is a Cauchy sequence in the Banach
space X, then there exists u € X such that x,, — u. The continuity of T implies that T'x9,, — Tu.

Since x2,+1 = Tx2, and x9,+1 — u by uniqueness of limit, we get Tu = u. So u is a fixed point
of T. O

Note that the continuity of the mapping 7T is Theorem can be dropped if the condition
is replaced by a suitable one as in the following result.

Theorem 3.4. Let (X, || - ||) be a Banach space, T : X — X be a mapping and a,f: X — [0,00) be
two functions. Suppose the below conditions are followed.:
(i) T is (a, B,z)-contraction,
(i) there exists an element xo € X such that a(xg) > 1 and B(xg) > 1,
(iii) if {x,} is a sequence in X converges to x € X with a(x,) =1 (or B(x,)=1),
for all ne N then a(x)=1 (or B(x)=1) for ne N.
Then T has a fixed point.

Proof. Following the same steps as in the proof of Theorem [3.3| we construct a sequence {x,} in
X by defining x2,,+1 = T'xg9, for all n € N such that x, —ueX, a(x,)=1, f(x,)=1forallneN.
By condition [(ii1), we have a(u) =1 and f(u) =1 for all n € N. So a(u)f(u) = 1.

Claim Tu = u. We have

[1+llxp —Txpllllu—Tull
m(x,,u)=max\ |lx, —ull,

1+ lx, —ull
[1+llxn —xps1lllllw—Tul
=max\ [lx, —ull, .
1+ lx, —ull
Let Sy, := w(m(x,,uw)) and ¢, := y(llx,e1 — Tul).
Then
li_)m S, = llm th =v(lu—Tul).
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Assume ¥(|lu —Tu|) > 0. Therefore

y(lu-Tul)#0and lim y(llxp+1—Tul)#0. (3.7
Then lim S, = lim ¢, >0 and it follows fromthat

0= lim sup{(y(llxp+1—Tul), y(m(x,,w) <0

which is a contradiction. Thus y(|lu —Tul|) =0.
From (y2) we have ||u —Tu| = 0. Hence u is a fixed point of T'. O

Corollary 3.5. Let (X, | - ||) be a Banach space, T : X — X be a mapping and a : X — [0,00) be a
function. Suppose that below conditions are followed.:
(i) There exists { € z such that, if x,y € X with a(x)B(y) =1 then

(p(ITx-Tyl),w(m(x,y)) =0,

L+ |x—Tx|1ly-T
where m(x,y) = maX{llx—y”, [ +“xl+||9§c|!% H }

(i1) If x € X with a(x) =1 then a(Tx)=1.
(1i1) There exists xg € X such that a(xg) = 1.

(iv) T is continuous then T has a fixed point.
Proof. Tt follows from Theorem [3.3| by taking the function §: X — [0,00) to be a. O

Corollary 3.6. Let (X, | - ||) be a Banach space, T : X — X be a mapping and a :X — [0,00) be a
function. Suppose that below conditions are followed.:
(1) There exists { € z such that, if x,y € X with a(x)B(y) =1 then

(p(ITx—Tyl),w(m(x,y)) =0,

L+ |x—Tx|1ly-T
where m(x,y) = maX{llx—y||> [ +||x1+”o;|%3|vl = }

(i1) If x € X with a(x)=1 then a(Tx)=1.
(iii) There exists xog € X such that a(xg)= 1.

@iv) If {x,} is a sequence in X converges to x € X with a(x,) =1 for all n € N, then
a(x)=1 forall neN.

Then T has a fixed point.

Proof. Tt follows from Theorem [3.4] by taking the function :X — [0,00) to be a. O

4. Conclusion

In this paper, we establish some fixed point results for cyclic (a, 3,2)-admissible mapping
imbedded in simulation function in the setting of a Banach space. Our results extend and
generalized the results [5] and [8].
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