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1. Introduction
In this paper, we study the following magnetohydrodynamic system with exponential damping:
Otu—Au+u-Vu+b-Vb+a(eﬁ|“|2—1)u:—Vp, in R* x R3,
0:b—Ab+b-Vu—u-Vb=0, in R™ x R3,
divu =0, divd =0, in R* x R3,
1(0,x) = u’(x), b(0,x) = b%(x), in R3,
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where u = u(t,x) = (uy,ug,ug), b = b(t,x) = (b1,b9,b3), p = p(t,x) denote respectively the
unknown velocity, the magnetic field and the pressure of the fluid at the point (¢,x) € R* x R3.
The viscosity of fluid is v =1. Reels @ >0 and f > 0 denote the parameters of the damping term
and u° = (u(l)(x), u(z)(x), ug(x)) is an initial given velocity. If u° is quite regular, the divergence free
condition determines the pressure p. About magnetohydrodynamic equations without damping
terms, the paper ([5]) is one of the most complete references in the literature. Here, our purpose
is to study the well-posedness of the magnetohydrodynamic system with exponential damping
a(eP"” — 1)u. To the best of our knowledge, this model has not yet a physical motivation.
However, it is a challenging mathematical model that may be have applications in the future, as
for many mathematical models that were considered first by mathematicians and that turned
to be of importance for scientists and engineers later on. We will show that the Cauchy problem
(S) has a global in time weak solution and a global in time unique strong solutions, for any
a, B €(0,00). The proofs are based on energy methods and use compactness argument for the
existence results, and Gronwall lemma for the uniqueness. First, we introduce the following
functional spaces:

€5 =1{f :R" xR? — Rmeasurable; (/" —1)|f2 € L\(R* x R?)}
and
Fs={feep; 7 —DIVFR, PITIVIFR2 e L' R xR,

Our main results are the following two theorems.

Theorem 1.1. Let u?,5° € L2(R3) be divergence free vectors fields. Then, there is a global solution
of (S); (u,b) € L2(R*,L2R3) N CR*,H 1(R3)) N L2(R*, H(R3)). Moreover, u € £g and for all t =0,
we have

t t
I, DX, +2 [ 1V, D2, + 20 [ 1 = Diull < 10,01, (L.1)
0 0

Theorem 1.2. Let u°,6° € HY(R3) be divergence free vectors fields, such that ||(u°,5%)| 41 < co for
some positif constant cq. Then, there is a unique solution of the system (S); (u,b) € L®(R*, H(R?)
NC(R*,L2(R3)) n L2(R*, H2(R®)). Moreover, u € Jp and for all t € R*, we have

t t
I, BYB)IIZ 5 +2 fo IV, b)II2, +2a fo 1P E ~ DlulPi < 1w, 6012, (1.2)
and
t t t
(e, DY Z, + fo IV, D)7 +a fo 1P — D)IVul?l 1 +ap fo 1P P IV < 1w, 6012,
(1.3)

In the following three subsections, we will prove respectively the existence of a global in time
weak solution, the existence of the global in time strong solution and finally the uniqueness of
such strong solution.
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2. Proof of Main Results
2.1 Existence of a Global Weak Solution
For R >0, let Bg = {x € R3; |x| < R} and the Friedrichs operator ([1]), Jr defined by
Jr(D)f =F (1p,OF).

Let us consider the approximate system of nonlinear ordinary differential equations, where
(t,x)eR* xR3 and n e N:

Optt = AJtin + Tn(Tntin -V ptin) + Jn(Tnbp - Velnby) + ad[(Prn — )] = ~Vpy,

0tby — Adybp + Jn(Jnbyn - Vpun) — Jn(Jpun - Vel by) = 0,

divu, =0, divb, =0,

un(0,x) = Ju’(x), ,(0,x) = J,b°(x).

The unknown pressure is given in terms of the velocity and the magnetic field; this is a standard

(Sn)

procedure based on applying the divergence operator and using the incompressibility condition,
to obtain

P = (=N Aivd(Tntin - Vlptin + Jnbp - Vlby) + adived, [P — 1), 1u,]).
System (S},) has the following form:

atUn = Hn(Un), Un(O) = U,(.Z = (Jnuo, ano),
where H, is locally Lipschitzienne. Then, by ordinary differential equation theory, we get
a unique maximal solution of (S,); U, = (u,,b,) € Cl([O,T,’:),Lz(R3)). By the divergence-free
properties (divu, =0, divb, =0) and the facts J,u, =u,, J,b, = b,, while taking the inner
product in L?, we obtain

1d

2dt
Integrating with respect to time, it holds that

2
U112, + VUL I3, + all(ePr " = Diu, *l,: < 0. (2.1)

t t 9
U7, +2 fo IVUI12,d7 +2a fo 1P = Djun Pl adr < 1U°)2,.

Following ideas in (|3]]), this energy estimate allows to perform a compactness argument
based on Ascoli’s theorem, the Cantor diagonal process. For n tends to infinity, we obtain the
solution subject of Theorem This classical compactness argument is frequently used in ([1]]).
Continuity in time of the solution can be proved in a standard way as in ([4]]), for example.

2.2 Existence of the Global Strong Solution

Now, we turn to the proof of Theorem Taking the derivative of the system of equations (S;,)
with respect to the variable x; and taking the dot product with d;U,, then summing up with
respect to index j, we obtain

1d 2 2 4
= — VU112, + AU 12, + all(eP“" = 1)V, 11 + aBlleP ™ |VIw, PPl < Y I,
2dt L L ~
J:
where

3
I, = Z<aj(unvun)/ajun>L2 )

j=1
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@b - Vb0 un) 2
1

Iz,n = ’

3
J=

’

3
I3, = Z <6_](uann)/ann>L2
i1

and
3
Iyp= <6j(bn-Vun)/6jbn)L2 .

1

J
By definition, we have

I p =upVun/Auy) el

Using Cauchy-Schwarz inequality, we obtain
Ip < llunVupllpellAupllze.
Classical Sobolev product laws imply that
It n = Cllunllg IVunll gzl Aupllze.
By definition of Sobolev norms, it comes that
I1n < ClIVun 1331 Aun 33
By interpolation inequality, we have
Inn < Cllunl 5 IVun 3 1A, 17
Using Sobolev embedding, we obtain
Iy < Cillunli gl Auyll?,.
As U, =(u,,b,), we deduce that
110 < CIUL N IAU, 1.
Proceeding as in the case of I ,, it holds that
I9n =bn-Von/Aun)pel
<16n-Vbullp2llAuy g2
= ClbullgnIVoull gzl Auplle
S ClURIN g IVU Rl gz | AU |l 2
< CIVUI3ZIAU, 133

< CIU I ZIVU I ZIAU, 12,

< ClUllgn 1AU, 13, .

Moreover,

3

I3,n = Z <6j(uann)/ajbn>L2
j=1

=Ku,Vb,/Aby) 2l
< unVbyulig2llAbyllz2
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< Cllunll g1 1V0, g 1AL, I 2
< ClUll g1 VUl a2 1AU 2
< ClUn N IAU, 112,
and

Iin < ClIUL N IAU, 7.
It follows that

2
57 tIIVU 2, 1AULI2, + @l — 1)[Vu, Pl + aBlle? ™ 191w, 2 2] 1

<4C|Uplign ”AUn”Lz'
Summing up inequality above with the L? energy estimate , we get
1d
2dt
<4C|Upll g IIAU, ”Lz

We suppose that co €(0,1/8C). As

N2+ IVUR N2+ all @ — 1)V, 21+ aleP ™ 191w, 2211+ all @ — Dy 1

1
ACIUC 1 < 4C U g1 < 1= U1 < U g1 < — c

and by continuity of the function (¢ — [|U,(¢)ll 1), we get

1 1
tn—sup{t>0/ ”U ||L°°([0t]H1)< (”U ||H1+4C)}€(O,OO]

As, 21U + ) € (IU° N g1, 25). Then, for ¢ €[0,t,), we have
1d
2dt

0 2
< 4C§(IIU e + E)IIAUnIILz

N2+ IVUR N2+ all @ = 1)V, 21+ apleP ™ 191w, 221+ all @ — Djuy 110

Then, for ¢ € [0,t,), we have

t t 9
IUn(®1Z +2(1-4CIU° g11) fo IVU, 12, +2a fo 1P — DI, Pl

t 2 t 2
+2ap f 1?40l 1V 220 + a fo 1P 1) Pl
< 1U°13,,

which gives ¢, = oo and for ¢ € [0,00), we have, under the condition 4C|U?| m <1/2,

t t 9
10O+ [ VUL + 2 [ 1P = D19, Bl

+2ap | e T 201 + i P~ Dl g < T2
This implies tha(‘z (U,) is bounded in "
LR, H'®*)n CR",LARY) n LAR" ,H*R*) N Epn Fp.
As for the week solution above, following ideas in ([;3]), this energy estimate allows to perform a
classical compactness argument ([1]) in order to finish the proof of the existence of the strong
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solution, in theorem that satisfies the energy estimate:

t t 9
DO+ [ 1901, +2a [ 167 - DIVl

¢ 2 ¢ 2
+2aﬁfo P! |V|u|2|2||L1+af0 1P = Dl < 1U°13,.

Continuity in time of the solution can be proved in a standard way, see for example ([4]]).

2.3 Uniqueness of the Global Strong Solution
Now, we will prove the uniqueness of the strong solution to the system (S). To do so, let
U = (u,b) be a solution given by the precedent subsection, and let V = (v, ¢) be an other solution
of (S) having the same initial data. We take the difference of the corresponding systems, we
denote w =u —v, d =b—c, where p is the pressure term corresponding to U and ¢ is the one
corresponding to V. Thus, we get for (¢,x) € R* x R3,
6tw—Aw+w-Vu+v-Vw+al-Vb+c-V0l+a(e‘5|”'2 —1)u—a(eﬁ|“|2 -Dv=-V(p—q)
0;[d—Ad+d-Vu+c-Vw—-w-Vb—v-Vd =0
divw =0, divd =0
w(0,x)=0, d(0,x)=0,

(68)

Taking the L2-scalar product of the first equation with w and the L2-scalar product of the
second equation with d, we obtain

5%(”“’”%2 +1d12,) + IVwl2, + 1V 12, a(eP™” — Du - ae?" -~ 1)v,w)
+(w -Vu,w)r2 —(d-Vb,w)r2 +(d-Vu,d);2 —(w-Vb,d);2 = 0.
In fact, by the divergence free condition, we have
(V(p—q),w)2 =0,
(v-Vw,w)r2 =0,
(-Vd,d)p2=0.
Also, since
(c-Vd,w)r2+{c-Vw,d)r2 =(c-V(d +w),(d +w))r2—{(c-Vd,d)2 — (c-Vw,w);2,

it vanishes thanks to the divergence free condition.
It holds that

1d

5 g7 IwIze + IdIZ0) + 1 VwlZ, + Va2, ale”™’ - Du - ae?? - v, w)
<Kw-Vu,w)r2|+1{d-Vb,w)2| + {d - Vu,d) 2|+ [{w-Vd,d) 2|

As for the exponential damping term, in the left hand side, we recall the following lemma from

([2m.

Lemma 2.1. If >0, then, for all x,y € R?, we have

((eﬁ|x|2 — D — (PP - Dy)-(x—y)= %[(eﬁlxlz 1)+ (PP - D]lx - y12.
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This lemma allows to control the difference of damping terms in the right hand side, by a
positive lower bound. Thus, we obtain

1d
5 77 IWIZz +1d17) +1Vw]Z; + 1V,

< Kw-Vu,w) 2|+ [(d - Vb,w) 2|+ {d - Vu,d) 2] + [(w - Vb, dyp 2.

By the divergence free condition, Iy := [{d - Vb,w) 2| = [{d ® b, Vw);2|. Using Cauchy-Schwarz
inequality, it holds that I < ([|d 1161dx) V2| Vw|| 2. By Holder inequality, we have [Ig <

IdlizslIblizellVwllzz. Since |bliz6 < Cllbll 1, it comes that [b]zs < Co, where Co = C|l(wo,b0)llg1,
according to the energy estimate in the existence theorem. That is I3 < Cylld|lzs|Vwlzz2. As,
HY2(R3) — L3(R3), it comes that Iy < C’ Idll 12l Vwlg2. Interpolation inequality leads to

Iy < ColldlfFIdly2 lwlg < Cou(w DIF N, 5.

By Young’s product inequality xy < x + i y*3 we obtain

I < Cyliw,d)|2; + Zn(w,d)ni,l
Similarly, we obtain
Is:=Kd-Vu,d);2|
<l dlizsllullLsIVdlga
<2Clld ;3113

! 2 2
SCOIIdIIL2+—IIdII 71

< Chllw, D)2, ||<w DI,

Ii:={w-Vu,w)r2|

1/2 3/2
<2Colwll 5wl
<C/ 2 1 2
= Collwlly 2 + Z”w”Hl

1
< Collwlizs + 1@, g,

and
Iy:=(w-Vb,d)2|
< llwligsblliLs IVl L2
< Collwl Fllwl 3 dll g1
< Collw, I F I w, IS
< Cyllw, )2, + Zn(w,d)nip
Then,

d
271w, DI + 1@, Dl gy < 4CIw, DI

Since ||(w,d )(O)II%2 =0, then Gronwall lemma gives the uniqueness.
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