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1. Introduction

The notion of partial metric space (shortly PMS) was introduced by Matthews [8] in 1994 and is
an expansion of metric space. In PMS, the condition d(a, a) need not to be zero and the condition
d(a,a)=0 is replaced by the condition d(a, @) < d(a, 8). PMS play vital role in framing models
in the theory of computation and to study the data flow networks. Many researchers proved
different results in PMS e.g. [2[], [3], [[7] and [8]].

In the recent past, many investigations have been conducted on the possibility of generalizing
current metric fixed point theorems to partial metric spaces. Jungck [4] developed the concept
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of compatible mappings that are weaker than the weakly commuting mappings in 1986.
Jungck and Rhoades [6] also expanded the compatibility criteria to include weakly compatible
mappings. Jungck and Rhoades [5] have developed the concept of occasionally weakly compatible
mappings that are weaker than weakly compatible mappings.

The notion of subcompatible and subsequentially continuous mappings was introduced by
Bouhadjera and Godeti-ThobieE] in 2009 and which is weaker than compatible and reciprocally
continuous mappings. In this research article, we deal with two common fixed point theorems
for four self-maps using subcompatible, subsequentially continuous, compatible and reciprocally
continuous mappings.

2. Preliminaries

Definition 2.1. Suppose y is a nonempty set and let p : y x y — [0,00) satisfy
(PM1) s=tifand only if p(s,s) = p(¢,t) = p(s,t),

(PM2) p(s,s) < p(s,?),
(PM3) p(s,t)=p(t,s),

(PM4) p(S,t) Sp(S,r)+p(r, t) _p(r7r)>
for all s,¢ and r € y. Then (y, p) is said to be a partial metric space, and p is considered a metric
on y.

Definition 2.2. Suppose (y, p) is a PMS, then a sequence {u,}
(i) converges to u € y if and only if p(u,u) = p(u,u,) as n — oo;
(i) is known to be Cauchy sequence if and only if p(u,,,u,) as m,n — oo exists;

(iii) is known to be (y, p) complete if every Cauchy sequence {u,} in it converges.

Remark 2.1. In partial metric space (y, p), the following are true.
(a) If p(s,t) =0 then s =t¢.

(b) If s #¢ then p(s,t) > 0.

Definition 2.3 ([4]). The mappings £ and F of a PMS (y,p) defined as compatible if
{EFu,}={FEu,} as n — co whenever sequence {u,} in y such that {Eu,} and {Fu,} converges
to & as n — oo for some 6 € y.

Definition 2.4 ([9]). The mappings E and F' of a PMS (y, p) defined reciprocally continuous if
{EFu,}=E6 and {FEu,}=FJ as n — oo whenever {u,} in y such that {Eu,}, {Fu,} converges
to 6 as n — oo for some 6 € y.

Definition 2.5 (). The mappings E and F of a PMS (x,p) are defined as subcompatible if and
only if there exists a sequence {u,} in y such that {Eu,}={Fu,}=6 as n — o0, § € y and which
satisfy {EFu,}={FEu,} as n — co.

IH. Bouhadjera and C. Godet-Thobie, Common fixed point theorems for pairs of subcompatible maps, (2009),
https://arxiv.org/abs/0906.3159|[math.FA].
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It is clear that two occasionally weakly compatible mappings are subcompatible but two
subcompatible mappings are not occasionally weakly compatible mappings. For this, we give an
example.

Example 2.1. Let y =[0,00) be endue with PMS p(x,y) = max{x, y}, V x,y € y. Define £ and F
as follows

5x—4, if0=sx<1,

x+1, ifl<x<oo.

x2, ifo<x<1,
Ex= ]
3x—1, ifl<x<oo,

and Fx= {
Consider a sequence {u,} by u, =1- %, forn=>1,

1 2
lim Eu, = lim (1——) =1

n—oo n—oo 2n
and
. ) 1 . 5
lim Fu, = lim 5(1——)—4: lim (1——):1.
n—oo n—o0o 2n n—o0 2n
Now
. . 5 . 5 )2
lim EFu,=limE(l-—|=1lim |1-—] =1
n—o0 n—oo 2n n—o00 2n
and
12 12
lim FEu, = lim F(l——) = lim 5(1——) —-4=1.
n—o0 n—o0 2n n—oo 2n
Thus,

lim FEu, = lim EFu,

n—oo n—oo

implies that E and F' are subcompatible but £ and F' are not occasionally weakly compatible
mappings as,

E(1)=2=F(1) and EF(1)=E(2)=5#FE(1)=F(2)=3.

Definition 2.6 ([9]). Two mappings E and F of a PMS (y,p) are said to be reciprocally
continuous if {EFu,} = E6 and {FEu,} = F6 as n — co whenever {u,} in y such that
{Eun},{Fu,} converges to 6 as n — oo for some 6 € y.

Definition 2.7 @). Two mappings E and F of a PMS (x,p) are said to be subsequentially
continuous if and only if there exists a sequence {u,} in y such that {Eu,}={Fu,}=6 as n — oo
for some 6 € y and satisfy {EFu,}=E) and {FEu,}=F§ as n — co.

It can be observed that if £ and F' are both continuous or reciprocally continuous then they
are subsequentially continuous; however, the converse need not be true. For this, we give an
example to show that subsequentially continuous mappings are not reciprocally continuous
mappings.
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Example 2.2. Let y =[0,00) be endue with PMS p(x,y) =max x,y}, V x,y € y and E, F defined
as

{x+3, if x €0,6), {—x+3, if x € [0, 6],
Ex=

) and Px = .
2x, if x €[6,12], 3x—3, ifxe(6,12].

Let the sequence {u,} be defined as u, = %, n=12,3,.... Then

lim Eu, = lim (3+1):3: lim Pu, = lim (3—1).

n—oo n—oo n n—oo n—oo n
Now
. . 1 ) 3
lim EPu, = lim E(3——|=1lim [6—-—]|=6=E(3)
n—oo n—oo n n—oo n
and
. . 1 ) 3
lim PEu, = lim P|3+—|=lim |6+ —| =6 =P(3).
n—oo n—o0 n n—oo n

Thus, E and P are subsequentially continuous.

Consider other sequence {u,} be defined as u, =3+ %, n=123,.... Then

2 3
lim Eu, = lim (6+—):6: lim Pu, = lim (9+——3).

n—oo n—oo n n—oo n—oo n
Also
. . 2 ) 6
lim PEu, = lim P (6+ —) = lim (15+ —) =15=P(6)
n—oo n—oo n n—oo n
and
. . 3 ) 6
lim EPu, = lim E (6 + —) = lim (12 + —) =12 = E(6).
n—oo n—o00 n n—oo n

Thus, E and F are not reciprocally continuous mappings.

Now we will move on to our main results, which generalize and extend the existing theorem
proved on compatible mappings in [7].

3. Main Results

Theorem 3.1. Suppose E, F, P and Q are self-mappings of a complete PMS (x, p) into itself
with E(x) < Q(y) and F(x) < P(y). If there exists h€[0,1) such that

p(Ex,Fy) < ho(x,y), (3.1
for any x,y € x, where,

1
p(x,y) = maX{p(Ex,Px),p(Fy,Qy), p(Px,Qy), 3 [p(Ex,Qy) +p(Fy,Px)]} . (3.2)

The couple {E,P} and {F,Q} are subcompatible and reciprocally continuous. Then the mappings
E, F, P and Q have a unique common fixed point.
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Proof. Let ug be any point in y, using the condition E(y) c @(y) gives such that Eug=Qu; for
some u1 € y and also from the condition F(y) < P(y), for u; € y and Fu1 € P(y), there exist ug € y
such that Fu; = Pug. In general, ug,+1 € y is chosen such that Eug, = Qua,+1 and ug,2 € x
such that Fug, 1 = Pug,+2, we obtain a sequence {u,} in y such that

ugn =Eugn =Quans1, Uzns1 =Fugni1=Pugyi2, wheren =0. (3.3)

Next we show that {u,} is a cauchy sequence.
By (3.1) and using (3.3), we observe

P(U2r41,U2r+2) = P(QU2,+1,PU2,+2)
=pEugy,Fusni1)
< hip(uon, Uon+1), (3.4)

where

(p(u2nau2n+1):maX{p(Eu2n>Pu2n)ap(Fu2n+1,Qu2n+1),p(Pu2n7Qu2n+l),

1
§[p(Eu2naQu2n+l) +p(Fu2n+1,Pu2n)]}

Using (3.3), we observe
@(ugn, U2, +1) = max {p(Eu2n,Fu2n—1)7p(Fu2n+17Eu2n)7p(Fu2n—1,Eu2n),

1
é[p(Eu2n,Eu2n)+p(Fu2n+1,Fu2n—1)]}- (3.5)

From the definition (PM4), we observe

pPFugn-1,Fugni1)+pEugy,Eugn) < p(Fugn-1,Eugn) + p(Fugn+1,Eun). (3.6)
From (3.5) and (3.6), we observe

P(ugn,u2n+1) =max{p(Eug, Fusn—1),p(Fusni1,Eugy)}. (3.7
But if @(ugn,usn+1) = p(Fugn+1,Eusy,) then by (3.4), we observe

p(Fugni1,Eug,) < hp(Fugni1,Eug,), 0=<h<l, (3.8)

this g‘ives that p(Eu2n+1,Eu2n) =0. Thus, (p(ugn,ugn+1) = p(Fugn_l,Euzn) and from 1’ we
get

p(Fugni1,Eug,) < hp(Fug,—1,Eugy,), (3.9)
which gives

p(uon+2,u2n+1) < hp(ugni1,uap), forall h=0.
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After simple calculation, noting 0 < A < 1, we conclude that {u,} as a Cauchy sequence.
However (y, p) being complete, this implies {«,} converges to some point § € y. Consequently,
the subsequences

{Eugy,}, (Quaon+1), {Fugn+1), {Pugn+2} also converges to d € y. (3.10)

Since the pair (¥, P) is subcompatible then there exists a sequence {u,} such that {Eu,}, {Pu,}
converges to a as n — oo for some «a € y and satisfy

{EPu,}={PEu,} as n— oo (3.11)

and also the pair (E,P) is reciprocally continuous then {EPu,} = Ea and

{PEu,}=Pa 3.12)
as n — oo.
Using (3.11)) and (3.12), we have

Ea=Pa. (3.13)

Similarly the couple (F,®) is subcompatible and reciprocally continuous then there exists a
sequence {v,} such that {Fv,}={Quv,} = as n — oo for some f € y and which satisfy

{FQu,}={QFv,} (3.14)
and

{FQu,}=Fp and {QFuv,}=Qp. (3.15)
Therefore, using and (3.15), we have

FB=Qp. (3.16)

From (3.13) and (3.16), we can observe that « is a coincidence point of the couple (E,P) and 8
is a coincidence point of the couple (F,Q).

Now we have to show that a = §.

If possible suppose that a # . Then put x =u,,y =v, in (3.1), we get
p(Eun,Fop) < h(un,vn) (3.17)
where
¢(un,vy) =max {p(Eun,Pun),p(Fvn,Qvn),p(Pun,Qvn), % [p(Eun,Qu,) +p(Fvn,Pun)]} .
Letting n — oo using {Fu,}={Pu,}=a and {Fv,} ={Qu,} = B, we observe
lim ¢(un,v,) = max {p(a,a),p(ﬁ,ﬁ),l’(a,ﬁ)é [p(a,ﬁ”p(ﬁ,a)]}
=max{p(a,a), p(B, B),p(a, ), p(a, f)}

=p(a,p). (3.18)
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From (3.17) and (3.18) together on letting n — oo gives
lim p(Eu,,Fv,)< hr}im @(un,vp)
—00

n—oo

implies that p(a, B) < hp(a, B), since he[0,1).
This gives that a = 8. Therefore from (3.16), we have

Fa=Qua. (3.19)

Now we prove that Ea = a. If possible suppose that Ea # a, then from the condition (3.1)), on
letting x = a and y =v,, we have

p(Ea,Fv,) < hp(a,v,) (3.20)
where
p(a,v,) = max{p(Ea,Pa),p(Fvn,Qvn),p(Pa,Qvn), % [p(Ea,Quy) +p(Fvn,Pa)]} .

Letting n — oo using (3.13) and {Fv,}={Qu,} =B, we get

1
lim @(a,v,) = max{p(Ea,Ea),p(ﬁ,ﬁ),p(Ea,ﬁ), 2 [p(Ea, )+ p(Fv,,Ea)] }

=max{p(Ea,Ea),p(B,p),p(Ea, p),p(Ea, f)}
=pEa,p)
=pEa,a). 3.21)

From and together on letting n — co gives
lim p(Ea,p) < h lim ¢(a,v,)

implies that
pEa,a)<hp(Ea,a),

since h €[0,1). This gives that Ea = a.

Therefore
Ea=Pa=a. (3.22)

Now we prove that Fa = a. If possible let F'a # a then using condition (3.1) with x = u,, and
y =a, we have

p(Eup,Fa)<hp(up,a) (3.23)

where

P(un,a)= max{p(Eun,Pun),p(Fa,Qa),p(Pun,Qa), % [p(Eu,,Qa) +p(Fa,Pun)]}.
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Letting n — oo and using (3.19) and {Eu,} ={Pu,} = a, we get

r}ilglo¢(un, a)= max{p(a, a),p(Fa,Fa),p(a,Fa), %[p(a,Foc) +pFa, a)]}

=max{p(a,a),p(Fa,Fa),p(a,Fa),p(Fa,a)}
=p(a,Fa). (3.24)

From (3.23) and (3.24) together on letting n — oo gives
lim p(Eu,,Fa)<h lim p(u,,a)
n—.oo n—oo

implies that
pla,Fa)<hp(a,Fa)

which is not possible since A € [0, 1[. This gives p(a,Fa)=0 and implies that Fa = a.
Therefore, Fa =Qa = a.
Hence, Ea =Pa=Fa=Qa = «a. This shows that a isa CFPof E, F, P and Q.

To prove a is unique CFP, if possible suppose that there is another CFP g of E, F, P and Q.
Then by using (3.1), on letting x = a,y = 8, we get

p(a,p)=pEa,Fp) < ho(a, p),

where

1
o(a, ) = max{p(Ea,Pm,p(Fﬁ,Qm,p(Pa,Qﬁ), . [p<Ea,Qﬁ>+p<Fﬁ,Pa>]}

1
= max {p(a, a),p(B, P), p(a, B), 5[19(06, B+ p(p, “)]}
= p(a, p).

Thus p(a,p) < hp(a,p), 0 <h<1 and provide that @ = . So, a is becoming unique CFP of E, F,
P and Q. O

Example 3.1. Let y =[0,4] and p : y x y — [0,00) be define by p(x,y) = max{x,y}, V x,y € y.
Then (y, p) is a complete PMS. E,F,P,Q : y — y are defined by

z if x € [0,2 -1 if x € [0,2
Ex=Fx=1% 1 rel0,2), and Px=Qx= x2 ’ 1 xel0,2),
3x—4, ifxe[2,4], x* -2, ifxel[2,4].

We have E(y) c Q(y) and F(y) < P(y). Consider the sequence {u,} by u, =2+ %, for n = 1. Then

3 1)2
lim Eu, = lim (2+—):2: lim Pu, = lim (2+—) -2.

n—oo n—o0o n n—o00 n—oo n

Also,

1)2 1)2
hmEPun:hmE{(2+—) —2}:lim {3(2+—) —6—4}:2:E(2)
n n

n—oo n—oo n—oo
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and

3
lim PEu, = lim P (2+ —) = lim (
n—.oo

n—oo n n—oo

3 2
24— —2):2:P(2).
n

Therefore the pair (E, P) is subcompatible and reciprocally continuous.

Consider the other sequence {u,} by u, =2— %, for n=1,2,3,.... Then

1 1
lim Eu, = lim (1——):1: lim Pu, = lim (1——).

n—oo n—oo 2n n—oo n—oo n

Now
) . 1 . 1
lim PEu, = lim P(l——) = lim (1———1) =0=P(1)
n—o0 n—o0 2n n—o0 2n
and
1 1 1 1
lim EPu, = lim E (1 - —) = lim (— - —) =—=FK(1).
n—o0 n—oo n n—oo\2 2n 2

Thus lim EPu, = E(1) and lim PEu, = P(1) but lim PEu, # lim EPu,, which shows that
h—00 h—00 n—oo n—oo

the pair (E,P) is reciprocally continuous but not subcompatible. The contractive condition (3.1

holds for the value of 72 €[0,1). we observe that 2 is the unique CFP of maps E, F', P and Q.

Now we generate another theorem on PMS using subsequentially continuous and compatible
mappings.

Theorem 3.2. Suppose (y,p) is a complete PMS and E, F, P and Q are self-mappings on y,
with E(x) € Q(y) and F(x) < P(y). If there exists a he€[0,1) such that

p(Ex,Fy) < hop(x,y), (3.25)

for any x,y € y, where

1
p(x,y) = maX{p(Ex,Px),p(F ¥,Qy),p(Px,Qy), 2 [p(Ex,Qy) +p(Fy,Px)]} : (3.26)

The couple {E,P} and {F,Q} are subsequentially continuous and compatible. Then the mappings
E, F, P and Q have one and only one common fixed point.

Proof. Since the couple (E,P) is subsequentially continuous and compatible, there exists a
sequence {u,} in y such that

lim Eu, = lim Fu, =a, forsomeacy (3.27)
n—oo n—00

and
lim EPu,=Ea and lim PEu,=Pa and lim PEu, = lim EPu,. (3.28)
n—oo n—oo n—oo n—oo
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This implies that
Ea=Pa. (3.29)

Similarly the pair (F',Q) is subsequentially continuous and compatible, there exists a sequence
{v,} in x such that

nle Fu, = ,}Lm Qu, =p, forsome ey, (3.30)
lim FTv,=Fp and lim Q@Bv, =@ and lim FQu, = lim QFuv,. (3.31)
n—.oo n—.-oo n—oo n—.oo

This gives that
FB=QB. (3.32)

Thus from (3.29) and (3.32), Ea = Pa and Ff = Q. This shows that the pair (E,P) has
coincidence point @ whereas the pair (/,Q) has coincidence point .

The rest of the proof of this theorem can be done easily as Theorem O

We justify the above theorem with the following example:

Example 3.2. Let y =[0,5] and p: y x y — [0,00) is define by p(x,y) = max{x,y} for all x,y € y.
Then (y, p) is a complete PMS. E,F,P,Q : y — y are defined by

z, if x € [0,1], z if x € [0,1],
Ex=Fx= .75C+4 lx [ ] and P.’)CZQ.’)C: i+3 lx [ ]
£, if x € (1,5], 5, ifxe€(01,5].

We have E(y) cQ(y) and F(y) < P(y).
Consider a sequence {u,} by u, = %, where n=1,2,3,..., then

1
lim Eu, = lim (—) =0
n—oo n—oo\5n

and
lim Fu, = lim (—) =0.
n—oo n—oo\4n
Next,
. . 1
lim EFu, = lim E (—) = lim (—) =0=E(0)
n—o0 n—oo 4n n—oo\ 20n
and

1 1
lim FEu, = lim F(—) = lim (W) =0=F(0).

n—oo n—oo Bn

Therefore, E and F' are subsequentially continuous and are compatible.
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Consider another sequence {u,} by u, =1+ %, forn=1,2,3,.... Then
. ) ) 1
lim Eu, = lim lim (1+ —) =1
n—oo n—o00n—00 5n
and
. ) 1
lim Fu, = lim (1 + —) =1.
n—o0 n—o0 4n
Also
. . 1 ) 1
lim EFu,=limE[(l1+—|=1lim (1+—|=1#E(1)
n—oo n—oo 4n n—o0 20n
and

1 1
lim FEun:r}im F(1+5—): lim (1+W):1¢F(1)'

n—oo n n—oo

Thus, E and F' are not reciprocally continuous.

Also, the contractive condition (3.1) holds for the value of /& € [0,1). We observe that 0 is the

unique common fixed point of maps E, F', P and Q.

4. Conclusion

In this research article, we generate two results. In the first result, two pairs are assumed

to be subcompatible and reciprocally continuous and in the second result, two pairs are
subsequentially continuous and compatible mappings. Further, these results are justified
with appropriate examples. Thus, we assert our results generalized and extend the results

proved in [7].
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