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1. Introduction

In this paper, we consider only simple undirected connected graphs. As well known, a graph
whose vertices have equal degrees is said to be regular. Then, a graph in which all the vertices
do not have equal degrees can be viewed as somehow deviating from regularity. In mathematical
literature, several measures of such ‘irregularity’ were proposed [3]] [6] [5]] [4]. A measure of
‘irregularity’ was put forward by Albertson [2]]. Albertson defines irregularity of G as
irr(G)= ) |degg(u)—degg(v)l. (1.1)
uveE(G)
The most investigated irregularity measure is the Total Irregularity of a graph. It is found
by Abdo et al. in [1]], as:

1
irrd @ == Y ldgw)—dg®)I. (1.2)
u,veV(G)
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In this paper, we focus on two types of totally segregated bicyclic graphs on n vertices with
maximum total irregularity. The notion of totally segregated graph is defined in [7]. A connected
graph G is said to be totally segregated, if uv € E(G), degg(u) # degg(v). Three types of bicyclic
graphs are introduced in [9]].

Minimum total irregularity of totally segregated oo bicyclic graph is found in [8]. In this
paper we find maximum total irregularity of two types of totally segregated bicyclic graphs on

n vertices.

2. Totally Segregated Extended Bicyclic Graphs

A bicyclic graph is a simple connected graph in which the number of edges is exactly one more
than the number of vertices. Here our focus is on extended bicyclic graph. Extended oo bicyclic
graph is a bicyclic graph constructed by attaching trees to the basic bicycle denoted by co(p, q,1)
(see Figure|[I), is obtained from two vertex-disjoint cycles C, and C, by connecting one vertex
of C}, and one vertex of C, with a path P; of length / -1 (I = 2), where p,q = 3; and O-bicyclic
graph, is a bicyclic graph constructed by attaching trees to the basic bicycle denoted by 6(p,q,1)
(see Figure , is a graph on p + g — [ vertices with the two cycles C,, and C, having / common
vertices, where p,q =3 and [ = 2.
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Figure 2. The graph 6(p,q,l) with p=3,¢g=3 and [ =2

In Figure (1] let w1 be the common vertex of P; and C, and let w5 be the common vertex of
Py and Cy. Let we € V(Cp) \{w1}, w3z € V(Cy) \{ws} and wy € V(P)) \{w1,ws} if [ = 3.

Commaunications in Mathematics and Applications, Vol. 13, No. 3, pp. , 2022



Maximum Total Irregularity of Totally Segregated Extended Bicyclic Graphs: T.F. Jorry 879

In Figure 2] let w1 = 21, wa € {x1,%2,*+ ,%p 1}, wa € {22, -+, 211} if 1 23, w3 € {y1,¥2," "+, ¥¢-1},
and ws = z;. Let P,,, C,, and S,, be the path, cycle, and star on n vertices, respectively. A rooted
graph has one of its vertices, called the root, distinguished from the others. Root of the star
S, is its central vertex. Let G and G2 be two graphs: v € V(G1) and vge € V(G2). The graph
G =(G1,v1)o(G2,v2) denote the resultant graph by identifying v with ve. Let x € V(co(p, q,1))
and v be the root of the rooted tree T'. Take oco(p,q,l,xoT) = (co(p,q,l,x))o(T,v). In this case
we say that tree T is attached to the graph oo(p,q,l) at x (for example, see Figure |3).

Figure 3. The graph co(p,q,l,x08S5)

Remark 2.1. Let S,, be a star on n vertices. If a star Sy is attached to co(p,q,l) (p =3, q = 3)
at wg, the resultant graph G is denoted by co(p,q,l,w90S5).
Note that O(p,q,l,w1oT)=0O(p,q,l,ws°T),(p=3,q=3,1=2).

The set denoted by B;(Cp, 0 T1,Cy 0 T5) is the set of those graphs each of which is an co*-
bicyclic graph such that a tree is attached to at least one vertex (say ws) in V(C,) \ {w1} and
a tree is attached to at least one vertex (say w3) in V(Cy) \ {ws}, where w1,ws, w3, w5 are as
defined in Figure

A totally segregated extended oo bicyclic graph is a extended oo bicyclic graph which is
totally segregated (see Figure [4).

o e

Figure 4. Totally segregated oo™ bicyclic graph with, basic bicycle co(3,3,3)

The extended bicyclic graph with basic bicycle co(p,q,1), (p =3,q = 3,1 = 2) is called co™-
bicyclic graph in short and the bicyclic graph with basic bicycle O(p,q,l), (p =3,q=3,1=2) is
called ®-bicyclic graph in short.

Remark 2.2. For n <9, a totally segregated oco*-bicyclic graph of order n does not exist.
For n <4, a totally segregated ©®-bicyclic graph of order n does not exist.

Proposition 2.1. If G is totally segregated oo™ -bicyclic graph of order n, (n = 10), then
AG)<n-6.
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Proof. Let G be a totally segregated oo™ -bicyclic graph on n vertices. Let C,, and Cy (p 23, ¢ = 3)
be two cycles in G and let P;, [ =2 be the path connecting one vertex of C}, and one vertex of
C4 of length [ —1 where [ = 2.

Delete one edge e of P; and get two components C; and Co. Then each component has
at least 5 vertices and V(G)=V(C1)uV(Csy), E(G)=E(C1)UE(Cy)U{e}. Let u be a vertex of
maximum degree in G. If u € V(C1), u is not adjacent to at least 4 vertices of V(C2) and one
vertex of V(C1) in G. In similar manner, if u € V(Cy), u is not adjacent to at least 5 vertices of
G. Hence A(G)<n —-6. O

Totally segregated oo’ bicyclic graph G of order n with basic bicycle oo(3,3,2) and
A(G) =n -6 for n = 11 is presented in Figure

Figure 5. Totally segregated co* graph G with, basic bicycle co(3,3,2) and A(G)=n—6 for n =11

Proposition 2.2. If G is a totally segregated ©O-bicyclic graph of order n, (n = 5), then
AG)<n-1.

Proof. For any graph G, A(G) <n — 1. There exists a totally segregated bicyclic graph G with
basic bicycle 6(p,q,1), (p =3, ¢ = 3,1 =2) and A(G) =n —1 (see Figure6).

Figure 6. TSB graph G of order n with, basic bicycle 6(3,3,2) and A(G)=n—-1for n="7

O

3. Maximum Total Irregularity of Totally Segregated Extended Bicyclic
Graphs
Definition 3.1 (a-Transformation [9]). Let G = (V,E) be a bicyclic graph with basic bicycle
oo(p,q,l) (I =1), or O(p,q,l) (I =2) with rooted trees T'1,---, T} (k = 1) attached and let u € V be
one of the maximal degree vertices of G and let w be any pendant vertex of G which is adjacent
to vertex y(y # u). Let G’ be the graph obtained from G by deleting the pendant edge yw and
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adding a pendant edge uw. The transformation from G to G’ is a a-transformation on G (for
example, see Figure[7).

Note that in Figure (7, the edge yw € E(T;) and u € V(T;). In fact, yw € E(T;) for any
je{1,2,--- k).

Figure 7. a-transformation

Lemma 3.1 ([9]). Let G =(V,E) be a oco* bicyclic graph with basic bicycle oo(p,q,l) (I =2) or
O(p,q,l) (I =2) with k(= 1) rooted trees T1,Ts, -+, T}, attached and let G' be the graph obtained
from G by a-transformation. Then irr{(G) <irry(G').

Definition 3.2 (8; and Ba-transformation). Let G = (V,E) be a bicyclic graph, with basic
bicycle oco(p,q,l)(I = 1), such that all trees attached to the basic bicycle are Sy except 7' where
TeS*UPS* and Ss-s are attached to vertex x, x € V(G) \ {w1,ws}.

Let u € V be a vertex of maximal degree and let wi,ug,---,u; (¢t = 1) be the pendant
vertices adjacent to u. Let G’ be the graph obtained from G by deleting the pendant
edges uui,uus, --,uu; and adding the pendant edges wiui,wiug, --,wiu;. We call the
transformation from G to G' a B1-transformation on G (for example, see Figure .

Let u € V be the vertex of maximal degree which is the root of the rooted star S* (= S;;1) and
ui,ug, - ,u; (t=2) be the pendant vertices adjacent to u. Let G” be the graph obtained from
G by deleting the pendant edges uus,- - ,uu; (except one edge) and adding the pendant edges
wiug, - ,wius. We call the transformation from G to G” a Ba-transformation on G (for example,
see Figure[9).

Figure 8. §;-transformation on oco*-bicyclic graph with two Sg-s and T'€ S* are attached
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Figure 9. B3-Transformation on co*-bicyclic graph with one Sg and T'€ S* are attached

By Lemma [3.1]and by Definition we have the following result.

Lemma 3.2. Let G =(V,E) be a totally segregated oo*-bicyclic graph on n vertices
(a) Let G1 = (V,E") € B;;(Cp 0T1,Cq 0 T3) be the graph obtained from G by repeating a-
transformation until one cannot get a new graph belongs to B} (C,oT1,C40T5) from

G1. Then there exists some rooted tree T such that
G1=00(p,q,l,woT,wz082,w3083), or G1 =oo(p,q,l,waoT,w30S3), or
G1=00(p,q,l,wg08S2,w3zoT),

where T € S* UPS*, w € V(P)), wy and ws are as defined in Figure [1| and also
irri(G) <irry{(Gq).

(b) In case (a), let u be a vertex of T and let u1,uq,--- ,u; be the pendant vertices adjacent to u.
Then

degg, u>degg, x, forallxeV.

Lemma 3.3. Let G be a oo™ -bicyclic graph on n vertices obtained as in Lemma That is G is
a oot -bicyclic graph and G Zoco(p,q,l,woT,we0S9,wz08S2) or G = oo(p,q,l,wesoT,w308Ss) or
G Zoo(p,q,l,wgoS9,wgoT).

Let T € PS* and let v be the root of the rooted tree T. Let u be a vertex of maximal degree and let
ui,ug, - ,ui(t =1) be the pendant vertices adjacent to u. If G' is the graph obtained from G by
p1 transformation (Figure |8) then, irry(G) <irr (G’).

Proof. Let G =(V,E). Note that the root v of the rooted tree is not necessarily different from
w1. Clearly, we know that only the degrees of vertices v and w; have been changed after the
B1-transformation; namely degg u =1, degy w1 = degg w1 +degg u —1 and degg x = degg x
for any vertex x € V\{u,w1}. Let U =V \{u,w1}.

It is given that the vertex u is one of the maximal degree vertices of G; namely, degg u = deggy x
for any vertex x € V. Then

IdegGr u-— degGr LU1| - IdegG u-— degG LU1| = 2degG wi— 2, (31)
Y |degg u—degg x|— ) |degg u—degg x| =2 ) degg x —(n—2)(degg u +1). (3.2)
xeU xeU xeU

Now, we discuss Z |degq w1 —degg x| — Z |degg w1 — degg x| as follows:
xeU xeU
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Case 1: 1 = 2.
Here t = 2, since u is one of the maximal degree vertices of G. As,
-2, ifv=ws;
deg; w1 —degg ws —|degg w1 —degg ws| = .
0, ifv#ws,
and deg; wi = degg x for any x € U \ {ws},

Z IdegG/ wi— degG/xI - Z IdegG wi-— degG .X'|
xeU xeU

= Z (degG wi+ degG u—1- degG x)— Z (degG wi-— degG x)
xeU\{ws} xeU\{ws}

+(degg w1 +degg u—1—-degg ws) — |degg w1 —degg ws|
=(n—2)(degg u—1)+(degg w1 —degg ws) — |degg w1 —degg wsl
>(n—2)(deggu—1)—2.
Then, we have

Y |degq w1 —degg x| — ) |degg w1 —degg x| = (n—2)(degg u—1)—2. (3.3)
xeU xeU

By equations (3.1)), (3.2), (3.3) and since degg; w1 =3 and degg x =1 for any x € U, we have

irrd(G") —irry(G) = |degg u —degg w1l + ) |degq u —degg x|+ Y |degq w1 —degg x|
xeU xeU

— | ldegg u —degg w1l + ) |degg u —degg x| + ) |degg w1 — degg «l

xeU xeU
>2degg w1 —2+2 ) degg x—(n—2)(degg u+1)+(n—2)degg u—1)—2
xeU
=2 ) deggx
xeU
>0.
It follows the result. O

Lemma 3.4. Let G be the oo*-bicyclic graph obtained as in Lemma and G = oo(p,q,l,uoc
T, w9089,wz0S9) where u € V(P;),l =2 and w1,we,ws,ws are as defined in Figure|l| Let T € S*
and u be the root of the rooted tree T and ui,us,---,u; be the pendant vertices adjacent to
u, u #wy and degg(u) = degg(x), for all x € V(G). If G' is the graph obtained from G by 1
transformation (Figure|8) then,

(1) G'Zoo(p,q,l,w1oT,we0S9,wz08Ss),

(1) irry(G) <irri/(G') and equality holds if and only if u = ws.
Proof. It is given that u # w1. By the definition of f;-transformation, result[(i)|is obvious. Now
we show that result [(i1) holds.

If u = ws, then G and G’ have the same degree sequence. Thus, they have the same total
irregularity, i.e.,

irrd(G) = irri(G).
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Hence, we assume u # ws. Note that the degrees of vertices u and w; have been changed after
B1-transformation as follows:

degy u =2, degg w1 = degg wi+degg u—2 and degy x = degg x, for any vertex x € V\{u,w1}.
Hence degree sequence of G is ((¢ + 2)1 3% on—t=7 11+2) gnd degree sequence of G’ is
(¢ +3)!,33 27176 1t+2)
Then by equation (1.2) we have
irrd(G") =irry(G) + 8.
It follows that
irrd(G) <irri(G'). O

Lemma 3.5. Let G be a oo™ -bicyclic graph and G = oco(p,q,l,weoT,w308S39) or G = oo(p,q,l,wso
So,wgzoT), | =2, where T € S*. Let T = S;11 and u € {we, w3} be a vertex of maximal degree
which is the root of the rooted tree T and ui,us, - ,u; (t = 2) be the pendant vertices adjacent to
u. If G' is the graph obtained from G by g transformation (Figure @) then

(i) G'=0c0"(p,q,l,w108,wg08Ss,w308s),

(1) irry(G) =irry(G).

Proof. By the definition of fa-transformation (Definition result|(1)|is obvious. Now, we show
that result[(i1)| holds. Note that only the degrees of vertices u and w; have been changed after the
PBa-transformation; namely, degy u = 3, deggy w1 = degg w1 +degg u — 3, and degy x =degg x
for any vertex x € V\ {u,w1}. Let U =V \ {u,w1}. Note that ¢ = 2.

The vertex u is one of the maximal degree vertices of G; namely, deg; u = deggy x for any
vertex x € V and degg w1 = degg x for any x € U, degy u = degg x for any vertex x € U and
degg w1 = degg x for any x € U. Then

|degq u —degg w1l —|degg u —degg w1l =2degg w1 -6, (3.4)
Z |degq w1 —deggr x| — Z |degg w1 —degg x| =(n—-2)(t-1), (3.5)
xeU xeU

Y |degg u—degg x|— ) |degg u —degg x| =(n—2)(1-1¢). (3.6)
xeU xeU

By equations (3.4), (3.5), (3.6) and since degg w1 =3, t =2 and degy u —3 =1, we have
irrt(G') —irrt(G) = IdegG/ u —degG/ wil+ Z IdegG/ u-— degG/ x|+ Z IdegG/ wi1— degG/ x|

xeU xeU
—[ldegg u —degg wil+ )_ |degg u—degg x|+ )_ |degg w1 —degg ]
xeU xeU
=2degg w1 —-6+(n—-2)¢t-1)+(n-2)(1-1¢)=0. (3.7
since degs wi = 3. It follows the result. O

By Lemmas and [3.4] we obtain:
If p, q(= 3) are given, then

max{irry(G):G € B,(CpoT1,CyoTo) =irry(co(p,q,1,wi08,,we0S2,w3z0S3)),
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where r=n—(p +q), and
if p, (= 3), 1(= 2) are given, then

max{irr;(G): G EB;(CP 0T1,Cqo T} =irryoo(p,q,l,w108,,ws08S2,w3z083)),
wherer=n—-(p+qg+1)+1.
Remark 3.1. The oo™ -bicyclic graphs co(p,q,l,w10S,,we0S9,w30S3) and co(p, q,l,w50S,,wgo

So,w308S9) have same degree sequence and hence same total irregularity (w1,ws,ws,ws are as
defined in Figure (1).

In the following theorem, the totally segregated co™-bicyclic graph with the maximum total
irregularity is determined.

Let n = 10 be a positive integer and p,q,[ be positive integers with p >3,¢g >3,/ =2 and
p+q+l+r—1=nand G =o0,(p,q,l,ws0S9,w3z0S9,w108;) or G =o00,(p,q,l,we0S9,w3z0S9,ws50
S,). Clearly, the degree sequence of G is ((r +2)!,33,2P+2+1=6 17+1) By simple calculation, by
eq. we have

irriG)=(p+q+1-6)2r+4)+(r+1)(r+1)+9r+3. (3.8)
Lemma 3.6. Let n,p,q,l,r be positive integers with p=3, ¢q=3, [=2, r=2and n=p+q+I1+r—1.
(a) If p =4, then
irri(oon(p,q,l,wa082,w30S2,w108,)) <irrioo,(p—1,q,l,wz0S2,w3083,w108,))
<irryoop(p—1,q,l,wg0S2,w3082,w108,:1)).
(b) If g = 4, then
irrt(oon(p,q,l;wzOSZ,w3°SZ,w1°Sr)) < irrt(oon(p,q - 1’l,w2 OSZ,w?) OS3,w1 OSI"))
<irryoon(p,q —1,l,wg0S2,w3082,w108,:1)).
(c) If 1 =3, then
irry(oon(p,q,l,wg0Sg,w30S2,w108,)) <irrfoon(p,q,l —1,wgoSg,w3083,w108S;))

<irryoon(p,q,l —1,wg08S9,w30S2,w108,41)).

Proof. Clearly, proofs of the results and [(c)] are similar and hence we prove only the

result [(a)l
Given the positive integers n,p,q,r,l with p>3,9q=3,l=22, r=2and p+q+Il+r—-1=n.

Let
G =oon(p,q,l,wg08S2,wgoSa,w108,),
Gi1=o00,(p—1,q,l,wg0S9,w30S3,w108S,), and
Ga2=o00,(p—1,q9,l,wa0S2, w3082, w10S,41).

G1 is obtained from G by contracting any edge different from wijwsy of C, and adding
one pendant edge at ws. G2 is obtained from G by contracting any edge different from
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wiwg of C, and adding one pendant edge at w;. Clearly, the degree sequence of G is
((r+ 2)1,33,2p+q+l—6, 1r+1).

Degree sequence of G1 is ((r + 2)1,41,32,2P+a+1-7 17+2),

Degree sequence of Gy is ((r +3)1,33,2P+a+1=7 17+2),

By simple calculation, by equation (1.2) we have
irridG)=(p+q+1-6)2r+4)+(r+1)(r+1)+9r+3,
irry(G1) =irry(G)+2(p+q +1 —6) + 4,
irri(Go) =irry(G)+2(p +q+1-6) +6.

Hence the result. 0

Theorem 3.7. If n = 10 is a positive integer and G is a totally segregated oo™ -bicyclic graph
on n vertices with basic bicycle co(p,q,l) (p =3, ¢q=3,[=22and p=3, ¢ =3, | =2 does
not hold simultaneously), then irr/(G) < n?+n —46 and the equality holds if and only if
G= oon(3,3,2,w1 OSn_g,WQ 082,11)3 OS3).

Proof. Let G be the given totally segregated oo™ -bicyclic graph with basic bicycle oo(p,q,1),
p=3,q9q=3,1=2on n vertices where p+q+I1+r—-1=n.
Since G is totally segregated there exists a vertices

w2 € V(Cp)\{w1} with degwg >3
and
w3z € V(Cy) \{ws} with degwsz=3.

We prove this theorem in two stages. In the first stage, we obtain bicyclic graph G’ =
ooy (p,q,l,wgoSq,wzo0Se,wi08S,) from totally segregated bicyclic graph G, by repeating «,
B1, B2 transformations until a new graph which belongs to B, (Cp, 0 T1,C,0T9,l) cannot be
obtained from G’ by these transformations. Then, by Lemmas we know that
irri(G) <irry(G).

In the second stage we obtain totally segregated bicyclic graph G” = 00(3,3,2,w208S2,w30S3, w10
Sp-g) from G’ by repeating replacement of edges until the lengths of the cycles C,, C, and path
P; cannot be reduced. By Lemma irr(G') < irr/(G"), where G” is totally segregated oo}
bicyclic graph.

Stage 1:

Let G1 be the graph obtained from G by repeating a-transformation until we cannot get a
new graph which belongs to B;(Cp, o T1,Cq0Tg,l) from G1 by a-transformation. Then G; =
oon(p,q,l,we0S9,wsoT) or G1 = oco,(p,q,l,weoT,ws0Ss) or G1 = 00,(p,q,l,we0S9,wsoSe,ucT),
ueV(P;) where Te S*UPS™ and irry(G) <irr;(G1) by Lemma 3.1
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Case 1: G1 Zoo(p,q,l,wg0S9,w3zoT where T € S™).
In this case, we can get a new graph G = 00,(p,q,l,w0S2,w30S9,w108,) by Po-transformation
on G and irry(G1) <irry{(Gg) by Lemma 3.5

Case 2: G1 Zo0o(p,q,l,we0S9,w3zoT) where T e PS*

Let v be a vertex of T' such that the pendant vertices are adjacent to v and u be the root of
rooted tree. If dg,(u,v) =1, let Gg be the graph obtained from G by f-transformation. Then
Go=o0o(p,q,l,ws0S9,wzoS9,wi08,) and irry,(G1) <irr{(Ge) by Lemma (3.3

If dg,(u,v) > 1, let G2 be the graph obtained from G by f;-transformation and let G3 be the
graph obtained from Gg by repeating a-transformation until a new graph which belongs to
B (CpoT1,Cyq0Ts,l) cannot be obtained from G by a-transformation. Then the resulting graph
is G3 Zoo(p,q,l,wg0S9,w30S2,w108S,). By Lemmas and [3.3]irr(G1) <irr(Gg) <irr(Gs).

Case 3: G1 Zo0o(p,q,l,weoT,w30S9) where T e PS*US"*
The proof is similar to the proof of Cases 1 and 2 and thus we omit it.

Case 4: G1 Zo0o(p,q,l,we0S9,w3zoS9,uoT) where T € PS* and u € V(P))

Let v be a vertex of T' such that the pendant vertices are adjacent to v and u be the root of the
rooted tree. If dg,(u,v) =1, let G2 be the graph obtained from G1 by f-transformation. Then
Go=o0o(p,q,l,ws0S9,wzoS9,wi08;) and irry,(G1) <irry(Ge) by Lemma (3.3

If dg,(u,v) > 1, let G2 be the graph obtained from G by Bi-transformation and let G3
be the graph obtained from G9 by repeating a-transformation until we cannot get a new
graph which belongs to B} (Cp,oT1,Cq0To,l) from Gg by a-transformation. We know that
G3 Z00,(p,q,l,we0S9,wz0S9,wq108,). Then irr;(G1) <irr/(Ge) <irry(Gs).

Case 5: G1 Zo0o(p,q,l,we0S9,w3zoS9,uoT), where T € S* and u € V(P; \ {w1}))

In this case, if u # w5 we can get a new graph Gg = co(p,q,l,wa0Sg,wsoSg,w108S,) by B1-
transformation on G1. Thus irr;(G1) <irry(Gg2) by Lemma [3.4] If u = ws, G1 and G2 have same
degree sequence. Hence irry/(G1) = irry(Go).

Case 6: G1 Zo0o(p,q,l,wg0S2,w3zoSq,w10T) where T € S*

Then G1 = oo(p,q,l,we0S9,wgoSe,w108,).

Combining the above arguments, we get a oo™ bicyclic graph G’ = co(p, q,1,w20S9,w30S2,w10S,)
and irry(G) <irr(G") = (p+q +1-6)2r +4) +(r +1)2 +9r + 3.

Stage 2

Given that p=4orq=4orl=3.

Let G1 = oco(p,q,l,wa0S9,wgoS9,w10S,)and p=4(org=4orl=3)
Here we use two types of edge replacements.

Type A. Contract an edge of C}, which is different from wiwz (or contract an edge of C; which
is different from wsws or contract an edge of path P; ) and add a pendant edge to w1. In this

case p is reduced to p —1 and r is increased to r + 1.
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Type B. Contract an edge of the cycle C, which is different from wqws ( or contract an edge of
C, which is different from wsws3 or contract an edge of path P; ) and add a pendant edge to ws.
Let G, and G be the bicyclic graphs obtained from G1 by applying edge replacements type A
and type B, respectively. By Lemma we have

irrt(G'z) > irri(Ge), irrt(G'Z') >irri(G1)
and
irrt(G'Z) —irry(G1) > irrt(Gg) —irri(Gq).

Hence first we apply type A-edge replacement on G1 maximum possible times and then ¢type B.
Let p =4 and let G¢ be the bicyclic graph obtained from G by repeating type A-edge replacement
until length of the cycle C), is 4, length of the cycle C, is 3 and length of the path P; is 2, since
further application of type A-edge replacement will lead to a non-totally segregated bicyclic
graph. (If p =3, g = 4, let G2 be the bicyclic graph obtained from G by repeating type A-edge
replacement until length of the cycle C, is 4 and length of the path P; is 2;if p=3,¢=31>3
let G2 be the bicyclic graph obtained from G by repeating type A-edge replacement until length
of the path P; is 3). Then

irrt(Gl) < irrt(GZ) = irrt(OOn(4,3,2,LU2 082,1,()3 0S2,LU1 OSn—S)), lfp = 4

or
irry(G1) <irry(Gs) = irry(0o(3,4,2,we 089, w3089, w108,-8)), ifp=3, qg=4
or
irri(G1) <irrf(Gg) =irri(co(3,3,3,we0Sg,wgoSe,w10S,-8)), ifp=3,¢g=3,1=3.
Then
G2 =00(4,3,2,wz08S2,w3oSa,w10S,-8)
or
Go=00(3,4,2,wg0S9,w3z0Sge,w108,_8)
or

G2 =00(3,3,3,wz082,w30S2,w108,-3).

Let G3 be the totally segregated oo} bicyclic graph obtained from G4 by applying type B edge
replacement till we cannot get a new totally segregated oo, bicyclic graph from G3.
G3=00,(3,3,2,wg0S9, w3083, wq08,_g) and irr;(Go) <irr;(Gs).

Degree sequence of Gg is ((n —6)',41,32,22,1"76) and irr/(Gs) =n% +n—46. O

Theorem 3.8. If G is a totally segregated oo*-bicyclic graph with basic bicycle 0o(3,3,2) on n
vertices, then irr(G) < n? + n — 46 and equality holds if and only if G = 00,(3,3,2,w1 08 ,_8, w90
Sg,w30S3).
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Proof. Let G be a totally segregated co*-bicyclic graph with basic bicycle co(3,3,2) (Figure [10).
Since G is totally segregated, at least 3 trees are attached to x where x € V(C,)UV(Cy). Let
wiwsx and wswsy be two cycles and wiws be the edge joining these two cycles. Since G is
totally segregated, it satisfies the following conditions:

For the edge xwo, degx = 3 or degws = 3. Let degws = 3. For the edge yws, degy =3 or
deg w3 = 3. Let deg ws = 3. For the edge wiws, deg wi =4 or deg ws = 4.

Case 1. T is not attached to ws. Then,
degwi =4, degws =4, degwsy =3, degx =2, degy=2. (3.9

Let G1 be the graph obtained from G by repeating a-transformation till a new graph cannot be
obtained from G1 by a-transformation so that it satisfies the required degree condition in (3.9).
Then there exists a rooted tree T attached to one of the five vertices (w1,we,ws,x,y) where
TeS*uUPS* and irry(G) <irr;(G1) by Lemma Let u be the root of the rooted tree.

Let TeS™.

If u =wi, then G1 =00(8,3,2,w908S9,w3083,wi08,_g) and irryG) <irry(G1) = n? +n —46.

If u=x or y, we can get a new graph Gg = 00(3,3,2,wg 0 Se,w3 0 S3,w10S,-8) by Bi-
transformation on G1 and irr,(G1) <irry(Go) = n? + n —46.

If u = w9, we can get a new graph Ga = 00(3,3,2,wsS2,w30S3,w108,-8) by B2-transformation
on G1 and irry(G1) <irry(Gs) =n? +n —46.

If u = w3, we can get a new graph Gg = 00(3,3,2,w90S9,w30S3,w108S,_g) by deleting all
pendant edges from w3 except two and attaching to wy and irr{(G1) = irry(Gs) = n? + n — 46.
IfTePS*.

Let v be vertex of T such that pendant vertices are adjacent to v. If dg,(u,v) =1, let G2 be the
graph obtained from G by B;-transformation. Then Gg = 00(3,3,2,wg0S9,w30S3,wi10S,_3)
and irr(G1) <irr{(Gg) = n? +n—46 by Lemma If dg,(u,v) > 1, let G2 be the graph obtained
from G; by Bi-transformation and let G3 be the graph obtained from G2 by repeating a-
transformation until we cannot get a new graph from GG3, which satisfies the degree condition
B9). G3=00(3,3,2,w9089,ws0S3,w1 ©S,_g). Then irry(G1) <irr/(Gs) <irr:(Gs)=n?+n —46.

Case 2: T is not attached to w1
The proof is similar to the proof of Case 1. In this case we get G3 = 00(3,3,2,w90S3,wgoSe,wso0
Sn—8)-

Case 3: T is attached to w1 and ws
Since deg w1 # deg ws, let deg w1 > deg ws. Then
degwi =5, degws =4, degws =3, degwg =3, degx =2, degy=2. (3.10)

Let G be the graph obtained from G by repeating a-transformation till a new graph from G,
cannot be obtained by a-transformation so that it satisfies the required degree condition (3.10).
Then in G there exists a rooted tree T' attached to one of the six vertices where T'e S* UPS™
and irry(G) <irr;(G1) by Lemma [3.1] Let u be the root of the rooted tree.
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If TeS* and u =wq, then
G1=00(3,3,2,wg 089, wz082,ws082,wi08™),

G2 be the TS graph obtained from G by deleting the pendant edge from w5 and attaching to
ws. Then G and G2 have same degree sequence. Gg = 00(3,3,2,w20S9,w3z0S3,w108S,-g) and
irrd(G1) = irry(Gg) = n?+n —486.

If TeS* and u =x or y, we can get a new graph Gg = 00(3,3,2,wg0S9,w3oSe,w50S9,w108S™)
by pi-transformation on G; and Ggs be the TS graph obtained from Gy by deleting the
pendant edge from ws and attaching to ws. Here G2 and G3 have same degree sequence.
Gs = 00(3,3,2,ws9089,ws 083, w1 08,_8) and irr (G1) <irry(Ge) = irry(Gs) = n? + n — 486.
IfTeS* and u = we or u =wg, we can get a new graph Go = 00(3,3,2,w90S9,w30Se, w5089, w10
S*) by Be-transformation on G; and G3 be the totally segregated graph obtained from Gy by
deleting the pendant edge from w5 and attaching to w3. Gg = 00(3,3,2,w9089,w30S3,w108,_8)
and irry(G1) <irr(Ge) = irr(Gs) = n® + n — 46.

Let Te PS*.

Let v be a vertex of T such that the pendant vertices are adjacent to v.

If dg,(u,v) = 1, let G2 be the graph obtained from Gi by fi-transformation. Then Gg =
00(3,3,2,wg 0S92, wzoSg,w508S9,w10S*) and G3 be the TS graph obtained from Gg by deleting
the pendant edge from ws and attaching to ws. Gg = 00(3,3,2,wg0S9,w30S3,w108,_g) and
irri(G1) <irry(Gg) = irry(Gs) = n? +n — 46.

If dg,(u,v) > 1, let G2 be the graph obtained from G by fi-transformation and let G3 be
the graph obtained from Gy by repeating a-transformation until Gg = 00(3,3,2,w9 0S99, wg o
Sgo,w5089,w108*). G4 be the TS graph obtained from G4 by deleting the pendant edge from w5
and attaching to w3. G3 = 00(3,3,2,w108,_g,w20S9,wz0S3) and irr;(G) <irr;(G1) <irri(Go) <
irry(Gs3) =irry{(G4) = n? +n —46.

Combining the above arguments, we complete the proof. O

Theorem 3.9. If n = 10 is a positive integer and G is a totally segregated oo™ -bicyclic graph,
with basic bicycle co(p,q,l) (p =3, ¢ 23, 1 =2), on n vertices, then irr/(G) < n?+n —46 and the
equality holds if and only if G = 00,(3,3,2,w10S,_8,w20S2,w30S3) (Figure|10).

Figure 10. The graph 0o(3,3,2,wg 0Sg2,ws oS3, wi0S,_g)

Proof. Combining Theorem [3.7 and Theorem we complete the proof. O
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Theorem 3.10 ([9]]). Let n =4 be a positive integer and let G be a O-bicyclic graph on n vertices.
Then irr«(G) < n? +n—16 and the equality holds if and only if G = 60(3,3,2,w108,_3) (Figure .
Clearly, 06(3,3,2,w10S,-3) £60(3,3,2,ws0S,_3).

Figure 11. The graph 6(3,3,2,w10S,-3,wsoS3,w1°S,-g)

Theorem 3.11. If n = 4 is a positive integer and G is a totally segregated ©-bicyclic graph on n
vertices, then irr,(G) < n?+n — 16 and the equality holds if and only if G =60(3,3,2,w1 08 ,_3).

Proof. By Theorem we have ifG is a ©-bicyclic graph on n vertices, irr;(G) <n?+n —16
and the equality holds if and only if G £6(3,3,2,w10S,_3).
Clearly, G =6(3,3,2,w10S,_3) is a totally segregated bicyclic graph. Hence the result. O

Denote by %, the set of all totally segregated bicyclic graphs on n vertices. Obviously, %,
consists of two types of graphs: first type denoted by %, is the set of those graphs each of which
is a totally segregated co*-bicyclic graph and second type denoted by %, is the set of those
graphs each of which is a totally segregated ©@-bicyclic graph. Then

B =By VBT
By Theorem [3.9|we have if G € ', irr/(G) < n? +n —46.
By Theorem we have if G € ', irr(G) <n?+n - 16.

Theorem 3.12. If n =4 is a positive integer and G € %, is a totally segregated bicyclic graph on
n vertices, then, irr:(G) < n®+n—16 and the equality holds if and only if G = 6(3,3,2,w108,_3).
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