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1. Introduction

Molecular descriptors have found applications in modelling several physicochemical properties
in @SAR and QSPR studies ([3,[8]). Many molecular descriptors are defined as functions
of the structure of the underlying molecular graph, such as the Wiener invariant [21],
the Zagreb invariant [[7], and Balaban invariants [2]. Vukicevié¢ et al. [20] proved that
many of these descriptors are defined some of individual bond contributions. Among the

148 discrete Adriatic invariants studied in [20], whose predictive properties were evaluated
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against the benchmark datasets of the International Academy of Mathematical Chemistry[]
20 invariants were selected as significant predictors of physicochemical properties. One of

these useful discrete Adriatic indices is symmetric division degree (SDD) invariant which is

defined as SDD(I') = (ﬁ—gi + i;g ;), where Ar(x) and Ar(y) are the degrees of vertices x
xy€eE(T)

and y, respectively. Among all the existing molecular descriptors, SDD invariant has the best

correlating ability for predicting the total surface area of polychlorobiphenys [20]. Vasilev [[19]
provided the different types of lower and upper bounds of symmetric division deg invariant in
some classes of graphs and determined the corresponding extremal graphs. Palacios [13] found a
new upper bound for the symmetric division deg invariant of a graph I" with n vertices, in terms
of the inverse degree invariant,that is attained by all regular,all complete multipartite graphs,
Ky, b,,..,, and all (s —1,t)-regular graphs of order s, where 1 =% <s—1. Several papers have
been appeared in literature addressing the mathematical aspects of this descriptor (e.g., see
[1,5,6,10,11]). In this article, we present on bounds of SDD invariant of join total graph and
SDD invariant of mid graphs.

2. Preliminaries
Let I' be a finite simple connected graph with vertex set V(I') and edge set E(I'). We denote by 6

and A the minimum and maximum vertex degrees of I', respectively.

Line graph is defined as the line graph L(I') of G is the graph in which the vertex set
is the edge set of I', and there is an edge between two vertices of L(I') if and only if their
corresponding edges are incident in I'.

The Zagreb invariants are among the oldest topological invariants introduced by Gutman
and Trinajstic in 1972 [7]]. These indices have since been used to study molecular complexity,

chirality, ZE-isomerism and hetero-systems. They are defined as M1(I')= Y (Ar(x)+Ar(y))
xyeE()

and Mo(I')= Y (Ar(x)Ar(y)). Randié¢ [16] proposed a structure descriptor, based on the end
xyeE(T)
-vertex degrees of edges in a graph, called branching invariant that later became the well-known

_ 1
xye%(r) VAr@Ar(y)”

It gave rise to a number of generalizations. The most common one arises by varying the

Randic¢ connectivity invariant. The Randi¢ invariant of I is defined as R(I') =

exponent «a in the edge contribution (Ar(x)Ar(y))*. The a-Randié¢ invariant is then defined as

R,M)= %X Ar@®)Ar(y)®.
xyeE()

The F-invariant and multiplicative F-invariant of a connected graph I' are respectively,
defined as FM) = ¥ Ar@x)?2+Ar(y)?) and F*(M) = [1 Ar(x)?+ Ar(»)?). The a-F-invariant
xyeET) xyeE(T)

of T is defined as Fo(I) = ¥ (Arx)? + Ar(»)?)?. Inverse degree index defined by ID(T') =
xyeE()

IMilano Chemometrics and QSAR Research Group, Molecular descriptors dataset, Department of Earth and
Environmental Sciences, University of Milano-Bicocca, Italy, accessed: 18.04.14, URL: https://michem.unimib.it/.
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Y 1% Harmonic index =H(I) = % m, Hyper Zagreb index = HM(I) =

veV(I) xyeE(T)

Y (Ar(x)+ Ar(y))?, General sum connectivity index = y,(I) = Y (Arx)+Ar(y)%, put
xyeE([) xyeE()
a=-2 we get y_oI) = X (Ar(x)+ Ar(y))~2. We introduce the new invariant called as

xyeE([)

3 Ar(x)2+Ar(y)?

Samundi invariant and it is denoted by D(I') = B e e
xycE(r) T

3. Join Total Graph

The join of I'1 and I'e denoted by I'1 +I'g, is the union I'y UT'y together with all the edges joining
V([I'1) and V(I'g). Total graph T'(I') of I is obtained by inserting a new vertex corresponding to
each edge of GG, then join it to the end vertices of the corresponding edge and join those pairs
of new vertices such that their respective edges share a common vertex in I'. Let I(I'1) be the
collection of all new vertices those are inserted to I';. The join total graph of I'y, I'y and I's is
the graph derived from 7'(I'y), I'e and I's by connecting every vertex of I'; to every vertex of I'e

and every vertex of I(I'1) to every vertex of I's.

Lemma 3.1 (Jensen’s Inequality). Let T' be a convex function on an interval J and x1,x9,...,%, €

J. Then T(x1+x2;...+x,,) < T(x1)+T(x;)+---T(xn)

, with equality if and only if x1 =x9=...=x,.

Theorem 3.2. Let I'; be a graph with s; vertices and m; edges, i € {1,2,3}. Then SDD(I'1 +1

9
(T'g,T3)) < 'Zl &, where
1=

a1 =SDD[T'1)+SDD(I'5)+SDD(I'3) + SDD(L(I'1)),
4F(L(T'1)) 16F(I'1) 4F(I'g) 4FI'3)
= + + ,
(sg+2)? s2 st m?2
_ D1(L(T'y)) N 2D(I'y) N D4(Tg) N Dy(T's)
"~ (s3+2) S S1 my
_ 8M1(L(F1)) 4ID(F2) + 4m1 + 28183
B (s3+2) S9 s1m1
(ID(Fl) 882 +8S1
+ +
2s1 S1S9

a2

+M1(F1)( +3ID(F3)+5)

m1+8s
)M1<r2>+ L (1),
Ssm1

32(3% + s%) . 4sgmg+mq + s?,) + m%

a5 =|3mo+s189+

)ID(Fl)
2s1 S3

(s3 +s2)ID(T'1) N s1(s3 +53)

2 S9

8s9 +2s3 433“‘3:2), sog MiTs3) 2mi+s
=(s3+2)H(L(T'1))+ + + =+ +
a6 = (53 + DHLT) ( ey 2 T .

+ (12m1 + 28189 + )ID(F2)+283m1]D(F3),

2. .9
3t my

2 2

2mims3+sg +m1)

H(Fl) + 81H(F2) + mlH(l"3),
2m1
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2
S
a7 =2s3+2)*R_1(L(T')) + EzR_l(rl) +25°R_1(T'9) + 2m3R_1(T'3),

ID(T +10 (452 +52)
as = ( 3)+8283 ml)HM(F1)+ 2% .
S3 Sas3m 2
12 6 13
ag = 3(3% + s% + s%) +3s1s9 + (383 +3m1+ 52 + 2ms + ) mi+10mg+10mg
S1 S3
6 2m1(4s3 + 53
+ moS1 +4m1(32+233) + ml( Sy 83).
S92 83+ S92 28983
Proof. Consider I' =T'1 +7(I'9,I'3). By the definition of SDD invariant of the graph I,
Ar(a)? + Ar(b)?
SDD(I) = Z r(a) r(d)

abeE@ Ar(@Ar(b)

From the construction of join total graph, we obtain the following types of degrees:

If a € V(I'1), then Ar(a) = 2Ar,(a) + s2.

If ab =ceI(Iy), then Ar(a) = Ar,(a)+ Ar, (D) +s3.

If a € V(I'9), then Ar(a) = Ar,(a) +s7.

If a € V(I'3), then Ar(a) = Ar,(a) + m1.

Hence
2 2 2 2 9 9
sppr)= Yy M@ tAr®r Ar(@? +Ar(®) | Ar(@? + Ar(b)
apeiry AT@Ar®) L eyaiieray M@Ar®d) L Gr,)  Ar(@Ar(d)
Ar(a)? + Ar(b)? 5 Ar(@)® + Ar(b)? .\ Ar(a)? + Ar(b)?

abel(Ty) AF(G)AF(b) aeV(['1)beV(Ty) ﬂr(a)/lr(b) abeET3) AF(G)AF(b)

Ar(@)? + Ar(b)?
+ 2
aelC)beViry) Ar(@)Ar(b)

Now substituting corresponding degrees to the vertices of the graph I', we get
(Ar, (@) + Ar, (b) +53)* + (Ar, (B) + Ar, (c) + 53)°
ab,bceE(T;) (/11"1((1) + Al"l(b) + 83)(7lr1(b) + Al"l(c) +53)
3 (2Ar,(@) + 82 + 241, () + 82) + (Ar, (@) + A, (b) + 53)°
abeB(ry (2Ar(@)+s2+2Ar,(6) +s2)(Ar (@) + Ar,(b) + s3)

SDD(T') =

(2Ar, (@) +52)% +(2Ar,(b) + 52)? N (Ary(@) +51)% + (Ary(b) +51)?
abeE(T7) (2/11"1((1)+32)(2A1"1(b)+32) abeE(Ty) (/1r2(a)+81)(/1r2(b)+81)
(2Ar, (@) +82)% + (A1, (b) + 51)? (Arg(@) +m1)% + (Ary(b) + m1)?

PN

aeV(I'1)beV(Ily) (2/lr1(a)+82)(ir2(b)+81) abeET3) (/1F3(a)+m1)(AF3(b)+m1)
A1y @) +83)% + (Ary(b) + m1)?

+
ael(T1)beV(Ts) (AI(Fl)(a)+33)(/1F3(b)+m1)
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First, we find the sum 11, where
(Ary(@) + Ar,(b) +83)% + (A, (B) + A, () + 53)°
abbectry  (Ari @)+ Ar,(B)+s3)(Ar, (B) + Ar,(c) + s3)

I, =

(/1L(r1)(e) +sg+ 2)2 + (/IL(rl)(f) +sg+ 2)2
e.feL(Mowab f=be  ALrp(€)+53+2)ALa)(f) +s3+2)

Aray(@)? + Ay (F)?) +2(s3 +2)% + 2(s3 + 2)(Arry)(€) + Anay(F)

efeB@ay  Aap@ALap(H) +(s3+2)% + (s3+ 2)ALay(f) + Aray(F))
By Jensen’s inequality, we have

<t ALap(@? + ALay(H)?) . 4 (@) + A (F)2)
16 | reeqayy  Auap(@Aray(f) of B (s3+2)2
ALay@)? + Arap(F)?) sz +2)2
ereB@ry) 83+ 2ALan(H+ALap(F)  orerdayy Anap@Ara)(f)
8(s3 +2) X(sg +2)2
efeB@(ry) (83+2) ’ ereB @y 63+ 2ALap(F)+ALap(F))
2(s3 +2)(Arap(e) + Apay(f))

efeE@LTY)) ALap@Ana(f)

+

+

+

8(83 + 2)(1[,(1"1)(9) + /IL(Fl)(f)) 4 2(83 + 2)(1[,(1"1)(6) + AL(Fl)(f))

efeEILT) (s3+2)? ereB@(ry) (83 +2)ALap(F)+Anay ()

4F(L(T'1))  D1(L(T'1))

2
(s3+2)2 (s3+2) +2s3+ 2V R1(LT)

SDD(L(I'1)) +

_1
16
8M(L(T

+10E(LT )| + (53 + DHELT) + 2s5+ V(L) + —(313( +(2)1)) ] ,

Since if L(I'y) is the line graph of I'y, then |E(L(I'))| = 210 ;. Hence

1 4F(L(T'1)) Kq1(L(I'1) 9
Il < 16 SDD(L(Fl)) + (83 +2)2 (33 +2) +2(83 +2) R_l(L(Fl))
+(sg+2)H(LT 1))+ —SMl(L(Fl)) + 10{ M. T — ml} +2(sg+ 2)m1]
(s3+2)
_1 4F(L(T'1)) D1(L(T'1)) 9
=16 SDD(L(T1)) + (53 122 + 53 +2) +2(s3+2)*R_1(L(T'1))
+ (83 + 2)H(L(F1)) + w + 5M1(F1) + (83 - 6)m1] .
(s3+2)

Now, we shall obtain the sum I3, where
L= Y (21, (@) + s2 + 241, (b) + 52)% + (Ar, (@) + Ar, () + s3)*
abeE(Ty (2Ar (@) +s2+2Ar,(0) +s2)(Ar, (@) + Ar, (b) + s3)
5(Ar, (@) + A, (b))% + (852 + 2s3)(Ar, (@) + Ar, (b)) + (453 + 53)
aber(ry 2(Ar(a)+ Ar,(B)? + 2(s3 + s2)(Ar, (@) + Ar, (b)) + 25283
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By Jensen’s inequality, we get
Ip< 1 y 5(Ar,(a) + Ar, (b)) N 5(Ar,(a) + Ar,(b))?
16 | 4pegry) 2(Ar, (@) + Ar,(b))? abeB(Ty) 2(83 +s2)(Ar, (@) + Ar, (b))
20(Ar, (@) + Ar, (b)) N (8sg +2s3)(Ar, (a) + Ar, (b))
abeE(Ty) 25283 abeE(Ty) 2(Ar, (@) + Ar, (b))
P Y (8sg +2s3)(Ar, (@) + A, (b)) P Y 4(8sg +2s3)(Ar;(a) + Ar,(b))
abeEry) 2(83+82)Ar, (@) +Ar, (D)) uéEry) 28983
N (433 + s%) N (433 + s%)
aber(ry) 2(Ar (@) + Ar,(b))? abeB(ry) 2(83 +s2)(Ar, (@) + Ar, (b))

4(4s3 +52)

+
abeE(r;) 25283

1 [5m1 5M.(I'y) 20HM(T1) (8sg+2s3)H(I'1) (8s9+2s3)m1

=— + + + +
16 2 2(s3+89) 25983 4 2(s3+s9)
, 485y +2s9)M1(Iy) (452 +s2)y-2(T'1) . (4s2 +s2)H(T1) N 4(4s2 + s2)m4
28983 2 4(83 +89) 2s9S3 ’

Here we calculate the sum I3, where
L= ¥ (2Ar,(a) +52)” + 2Ar, (D) + 52)°
abeEmy)  (2Ar(@)+52)(2Ar,(b) +s2)
4(Ar, (@) + Ar, (b)) + 4s2(Ar, (@) + Ar, (b)) + 283
T wblEry  AAr (@A, (b) +2s9(Ar, (@) + Ar, (b)) + 52

By Jensen’s inequality, we have

oL 5 4(Ar,(@)? + Ar,(b)?) . 4(Ar,(@)® + A, (b)?)
=16 e, AL @AL(B) s 2520, @)+ Ary (B)
16(/1r1(a)2 + ﬂrl(b)z) N 4s9(Ar,(a)+ Ar, (b))
abeE(T7) 3% abeE() 4Ar,(a)Ar, ()
4s9(Ar,(a)+ Ar, (b)) 5 16s2(Ar, (@) + Ar, (b))
abeE([T) 282(/11“1 (a) + ﬂrl(b)) abeE(([T) S%
2s2 .y 2s2 N 8s3
abeBTy) AT (@A, (0) 4y Firy) 252(Ar, (@) + Ary (D)) 43 lFir,) S5
1 4D{(y) 16F(T 16M (T
- —|SDD(y) + 1Ty | 167 1)+32|V(F1)|+10|E(1"1)|+¢
16 2s9 S% 82
2s2R_1(T1) soH(T4)
+ + .
4 2

Here we find the sum 14, where
(Ary(@) +51)% + (Ary(b) + s1)

Is=
1T sy @+ s () +s1)
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(Ary(@)? + Ary(5)?) + 251(Ary(a) + Ary (b)) + 252
abeE(Ty) Ary(@)Ar,(b) +s1(Ary(a) + Ar, (D)) + S%
By Jensen’s inequality, we have

Y (r@? + Ar,67) (Ary (@2 + A1, (0)%)
Y216 i A@ALG) i, s1An(@) + Ar(B)

4(Ar,(a)? + Ar,(b)?) N 2s1(Ary(a) + A1y (D))
abeE(Ty) 3? abeE(Ty) Ary(@)Ar,(D)

2s1(Ary(a) + Ar, (b)) 8s1(Ary(a) + Ar, (b))

o) ) z

abeETy) S1Ar (@) +Ar,(0)) 4 éEry) s1

2s2 2s2 8s7
abeE(Ty) Ary(@)Ar, () abeE(FQ)SI(AFz(a)J”le(b)) abeE(y) S%
D(T9) N 4F(T'9) . 8M1(T'2)

$1 s S1

1
= 175 |SPD(T) + +252R_1 +51H(T'9) + 25152 + 10m2].

Now we obtain the sum I5, where
L=Y Y (2Ar, (@) +52)? + (A1, (b) + 51)
aeV T beVily)  (2Ar,(a) +52)(Ary(b) +s1)

471, (@)? + 4591, (@) + Ary(B)? + 251 A1, (b) + (3 + 5%)

aeV(I)beV(Iy) Zﬂrl(a)ﬂb(b) + 231dr1(a) + 8211“2(1)) + 8182
By Jensen’s inequality, we obtain
1 42r,(a)? 4Ar,(@)? 4Ar,(@)? 4Ar(@)?  4sedr,(a)
Isr=s— ) + + + +
16 4 eV beViry) L 20, (@)Ary(8) - 2s1Ar,(a)  s2Ar,(b)  s1s2 2Ar,(@)Ar,(b)
4sgAr,(a) 4s2Ari(a) 4s2Ar,(a) Ar,(b)? Ar,(0)?  Ary(b)?
+ + + +

+ +
2s1dr,(@)  s2Ar,(b) 5182 2Ar,(@)Ary(b)  2s1Ar,(a) s2Ar,(b)
A0 | 251A1,(0)  2s1A1,(0)  2s1Ar,(0) 28141, (b) (s2+52)
s182  2Ar,(@)Ar,(b) 2s1Ar,(a@)  s2Ar,(D) 5189 2Ar,(@)Ar,(b)

(s% +s%) (s% + s%) (s% + s%)

2s1A1,(a)  s2Ar,(b)  si1s2
dm1sg N 4M1(I')ID(T'g) N 4M1(I'1)

1
= — 4m11D(F2)+ +28182[D(F2)
16 S1 S2 S1
8 IDT)M(T 2 Mq(T
+ 952 + 8mID(Tg) + o152 L 1 ID(Ty) + (') M ( 2)+ mas1 | 1(T'2)
2
S1 2s1 S92 S9
4 (s2 + s2)ID(T'1)ID(T's)
+31321D(F1)+2m21D(1"1)+2s?+ mes1 22T 5 ! 2
S92
(s2+52)s9ID(T'1) (52 +52)s1ID(T5)
+212 1+211 2(sg+s%).
231 S92
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Here we calculate the sum Ig, where
(Arg(a@) + m1)? + (Ary(b) + m1)?
abeETs) (Ars(@)+m1)(Ary(d) +m1)
(Ary(@)? + Ary(5)%) + 251(Ary (@) + Ar, (5)) + 2m?
by Ars(@Arg(0) + mi(Ar,(@) + Ay (b)) + m?

By Jensen’s inequality, we have

Ig =

Is< 1 (Arg(@)® + Ary(6)?) N (Arg(@)® + Ary(5)?)
16 | spemry) Ars(@)Ary (D) abeE(rs) M1(Ar;(a) + Ary (b))
4(Ary(@)? + Ay (0)?) N 2m1(Ars(a) + Ary (b))
abeE(3) m% abeE(3) Ary(@)Ar, (D)
2m1(Ars(a) + Ary (b)) Y 8m1(Ar;(a) + Ary(b))
abeB(ry) M1Ars(@)+Ar5(0))  pégiry) my
2m% Qm% S_m%
abe BTy A (@A (D) iy M1y (@) + Ary(B)) o lFiry) M3 ]

D,(T3) 4F(T'3) 8My(T'y)
+ +

my m? m1

1
= 75 |SPD(Ty) + +2m3iR_1 +m1H(T3)+2m1s3 + 10m3].

Finally, we obtain the sum I;, where
(A1 (@) +83)% + (Ary(b) + m1)?

fn= aclbeviry Arrp(a) +s3)(Ar, (b) +m1)
3 (Ary (@) + Ar,(B) + 83)% + (Ary(a) + m1)?
- abeET)acvy) Ari(@)+Ar (b)) +s3)(Arg(a) + m1)
vy ¥ (Ar,(@)+Ar, (0))2+2s3(Ar, (@) +Ar, (B)+Ar,(@)®+2m 1 Ar,(a)+(s3+m?)
abECacvity  Ar(@+Ar, (0)Ary(@)+mi(Ar, (@)+Ar, (b)) +s3Ar,(a)+s3my
By Jensen’s inequality, we get
Ir< 1 (Ar, (@) + Ar, (b))? (Ar, (@) + Ar, (b))?

16,21 ot | @ 1 A DM@ maChry(@ 7 A, ()

(Ar, (@) + Ar,(b))? N (Ar,(@) + Ar, (b))? N 2s3(Ar,(a) + Ar, (b))
s3hr;(@) s3m1 (Ar,(@)+ Ar, (D) Ary(a)

2s3(Ar, (@) + Ar, (b)) N 2s3(Ar, (@) + A, (b)) N 2s3(Ar, (@) + A, (b))
m1(Ar,(a) + Ar,(b)) s3Ar;(a) sS3m1

N Ary(@)? N Ary(@)? N Ary(@)? N Ary(@)?
(Ar (@) + Ar, (B)Ar;(@)  mi(Ar (@) +Ar (b))  ssArs(a)  s3mg

N 2m1Ar,(a) N 2mdr,(a) N 2miAr;(a) N 2miAr;(a)
(Ar, (@) +Ar, (D)Ar;(@)  mi(Ar (@) s3dArg(a) s3mi

. (s§+m%) . (s§+m%) . (s§+m%) N (s§+m%)]
(Ary (@) + A (B)Ar (@)  m1(Ar,(a) + Ar, (b)) s3Arg(a) sgmi

_1 [(3ID(F3) n 2E)Ml(rl) + (ID [T i)HM(rl)
16 mi

S3 mi
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(Ml(r3) (2my +(s3+m7) , 2mims + (s2+m?)

H(
om, 2 om, ) (')

dssms+mq+(s2+m?2)
( 3ms 1 3 Ny

S3

M:(T3) N 6mims)
S3 S3

Adding the sums I1 to I7, we get the desired upper bounds. O

+ 233m1[D(F3) +

+3(s + m?)]

4. The Mid Graph
The mid graph Z(I') of a given graph I' is a graph which is obtained by subdividing each edge of

I' exactly once and joining all the non-adjacent vertices I' in Z(I'). If I is a graph with s vertices
and m edges, then we observe that [V(Z(I)| = [V(ST))| = s+m and |[E(Z(I))| = [E(S(I))|Ul{x;x; |
xixj ¢ E)} = % + m. Now, we find the exact value of SDD invariant of mid graphs.

Theorem 4.1. For the (s,m) graph I', SDD(Z(T')) =s(s—1)—-m + %

Proof. Let x; and x; be adjacent in I'. Then there is a pair of incident edges in Z(I'), that is, x;x;;
and x;x;; are incident edges in Z(I'). Therefore every pair of incident edges in I', we have two

incident edges in Z(I') and total number of them is 2m. Moreover, the total number of remaining

incident edges of Z(I') are the number of non-adjacent edges in I', that is, % Y (s=Ar(x;)-1)

x€V(Q)
edges are non-adjacent in I'. Hence by the definition of SDD invariant, we have

2 2
SDD(ZT)= Y Az (x:)? + Az (x;)

x;x;€E(Z(I)) AZ(F)(xi)/lZ(F)(xj)
Aza) (i) + Aza)(x ;) N Aza) i) + Aza)(xi;)?
wxgek@  Azo@&DAzo) o sy Azo&idAza)(xi))
s—Ar(x;))—1)(2(s —1)? 22 4+ (s - 1)?
2 ( 2 )( (s—1)? ) +xixij€E(S(F)) 2(s-1)

x;€V()

20s—1)2(s(s—1) Ar(x;) s2-2s+5
A 5
(s—1) 2 w2 2s—1)
2 _
s—1

5. Conclusion
We obtain the bounds for SDD invariant of join total graph using Jensen’s inequality and SDD

invariant of mid graphs.
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