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1. Introduction
Molecular descriptors have found applications in modelling several physicochemical properties
in QSAR and QSPR studies ([3, 8]). Many molecular descriptors are defined as functions
of the structure of the underlying molecular graph, such as the Wiener invariant [21],
the Zagreb invariant [7], and Balaban invariants [2]. Vukicević et al. [20] proved that
many of these descriptors are defined some of individual bond contributions. Among the
148 discrete Adriatic invariants studied in [20], whose predictive properties were evaluated
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against the benchmark datasets of the International Academy of Mathematical Chemistry1,
20 invariants were selected as significant predictors of physicochemical properties. One of
these useful discrete Adriatic indices is symmetric division degree (SDD) invariant which is

defined as SDD(Γ) = ∑
xy∈E(Γ)

(
λΓ(x)
λΓ(y) + λΓ(y)

λΓ(x)

)
, where λΓ(x) and λΓ(y) are the degrees of vertices x

and y, respectively. Among all the existing molecular descriptors, SDD invariant has the best
correlating ability for predicting the total surface area of polychlorobiphenys [20]. Vasilev [19]
provided the different types of lower and upper bounds of symmetric division deg invariant in
some classes of graphs and determined the corresponding extremal graphs. Palacios [13] found a
new upper bound for the symmetric division deg invariant of a graph Γ with n vertices, in terms
of the inverse degree invariant,that is attained by all regular,all complete multipartite graphs,
Kb1,b2,...,bl , and all (s−1, t)-regular graphs of order s, where 1= t < s−1. Several papers have
been appeared in literature addressing the mathematical aspects of this descriptor (e.g., see
[1,5,6,10,11]). In this article, we present on bounds of SDD invariant of join total graph and
SDD invariant of mid graphs.

2. Preliminaries
Let Γ be a finite simple connected graph with vertex set V (Γ) and edge set E(Γ). We denote by δ
and ∆ the minimum and maximum vertex degrees of Γ, respectively.

Line graph is defined as the line graph L(Γ) of G is the graph in which the vertex set
is the edge set of Γ, and there is an edge between two vertices of L(Γ) if and only if their
corresponding edges are incident in Γ.

The Zagreb invariants are among the oldest topological invariants introduced by Gutman
and Trinajstic in 1972 [7]. These indices have since been used to study molecular complexity,
chirality, ZE-isomerism and hetero-systems. They are defined as M1(Γ)= ∑

xy∈E(Γ)
(λΓ(x)+λΓ(y))

and M2(Γ)= ∑
xy∈E(Γ)

(λΓ(x)λΓ(y)). Randić [16] proposed a structure descriptor, based on the end

-vertex degrees of edges in a graph, called branching invariant that later became the well-known
Randić connectivity invariant. The Randić invariant of Γ is defined as R(Γ)= ∑

xy∈E(Γ)

1p
λΓ(x)λΓ(y)

.

It gave rise to a number of generalizations. The most common one arises by varying the
exponent α in the edge contribution (λΓ(x)λΓ(y))α. The α-Randić invariant is then defined as
Rα(Γ)= ∑

xy∈E(Γ)
(λΓ(x)λΓ(y))α.

The F-invariant and multiplicative F-invariant of a connected graph Γ are respectively,
defined as F(Γ)= ∑

xy∈E(Γ)
(λΓ(x)2+λΓ(y)2) and F∗(Γ)= ∏

xy∈E(Γ)
(λΓ(x)2+λΓ(y)2). The α-F -invariant

of Γ is defined as Fα(Γ) = ∑
xy∈E(Γ)

(λΓ(x)2 +λΓ(y)2)α. Inverse degree index defined by ID(Γ) =

1Milano Chemometrics and QSAR Research Group, Molecular descriptors dataset, Department of Earth and
Environmental Sciences, University of Milano-Bicocca, Italy, accessed: 18.04.14, URL: https://michem.unimib.it/.

Communications in Mathematics and Applications, Vol. 14, No. 1, pp. 105–115, 2023

https://michem.unimib.it/


Symmetric Division Degree Invariants of Join Total and Mid Graphs: P. Murugarajan 107

∑
v∈V (Γ)

1
λΓ(v) , Harmonic index =H(Γ) = ∑

xy∈E(Γ)

2
λΓ(x)+λΓ(y) , Hyper Zagreb index = HM(Γ) =∑

xy∈E(Γ)
(λΓ(x)+λΓ(y))2, General sum connectivity index = χα(Γ) = ∑

xy∈E(Γ)
(λΓ(x)+λΓ(y))α, put

α=−2 we get χ−2(Γ) = ∑
xy∈E(Γ)

(λΓ(x)+λΓ(y))−2. We introduce the new invariant called as

Samundi invariant and it is denoted by D1(Γ)= ∑
xy∈E(Γ)

λΓ(x)2+λΓ(y)2
λΓ(x)+λΓ(y) .

3. Join Total Graph

The join of Γ1 and Γ2 denoted by Γ1+Γ2, is the union Γ1∪Γ2 together with all the edges joining
V (Γ1) and V (Γ2). Total graph T(Γ) of Γ is obtained by inserting a new vertex corresponding to
each edge of G, then join it to the end vertices of the corresponding edge and join those pairs
of new vertices such that their respective edges share a common vertex in Γ. Let I(Γ1) be the
collection of all new vertices those are inserted to Γ1. The join total graph of Γ1, Γ2 and Γ3 is
the graph derived from T(Γ1), Γ2 and Γ3 by connecting every vertex of Γ1 to every vertex of Γ2

and every vertex of I(Γ1) to every vertex of Γ2.

Lemma 3.1 (Jensen’s Inequality). Let T be a convex function on an interval J and x1, x2, . . . , xn ∈
J . Then T

( x1+x2+...+xn
n

)≤ T(x1)+T(x2)+...T(xn)
n , with equality if and only if x1 = x2 = . . .= xn.

Theorem 3.2. Let Γi be a graph with si vertices and mi edges, i ∈ {1,2,3}. Then SDD(Γ1 +T

(Γ2,Γ3))≤
9∑

i=1

αi
16 , where

α1 =SDD(Γ1)+SDD(Γ2)+SDD(Γ3)+SDD(L(Γ1)),

α2 = 4F(L(Γ1))
(s3 +2)2 + 16F(Γ1)

s2
2

+ 4F(Γ2)
s1

1
+ 4F(Γ3)

m2
1

,

α3 = D1(L(Γ1))
(s3 +2)

+ 2D1(Γ1)
s2

+ D1(Γ2)
s1

+ D1(Γ3)
m1

,

α4 = 8M1(L(Γ1))
(s3 +2)

+M1(Γ1)
(
4ID(Γ2)

s2
+ 4m1 +2s1s3

s1m1
+3ID(Γ3)+5

)
+

(
ID(Γ1)

2s1
+ 8s2 + s1

s1s2

)
M1(Γ2)+ m1 +8s3

s3m1
M1(Γ3),

α5 =
(
3m2 + s1s2 +

s2(s2
1 + s2

2)
2s1

+ 4s3m3 +m1 + s2
3 +m2

1

s3

)
ID(Γ1)

+
(
12m1 +2s1s2 +

(s2
1 + s2

2)ID(Γ1)
2

+ s1(s2
1 + s2

2)
s2

)
ID(Γ2)+2s3m1ID(Γ3),

α6 = (s3 +2)H(L(Γ1))+
(
8s2 +2s3

4
+ 4s2

2 + s2
3

4(s3 + s2)
+ s2

2
+ M1(Γ3)

2m1
+ 2m1 + s2

3 +m2
1

2

+ 2m1m3 + s2
3 +m2

1

2m1

)
H(Γ1)+ s1H(Γ2)+m1H(Γ3),
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α7 = 2(s3 +2)2R−1(L(Γ1))+ s2
2

2
R−1(Γ1)+2s2

1R−1(Γ2)+2m2
1R−1(Γ3),

α8 =
(
ID(Γ3)

s3
+ s2s3 +10m1

s2s3m1

)
HM(Γ1)+ (4s2

2 + s2
3)

2
χ−2(Γ1),

α9 = 3(s2
1 + s2

2 + s2
3)+3s1s2 +

(
3s3 +3m1 + 12s2

s1
+ 6m3

s3
+ 13

2

)
m1 +10m2 +10m3

+ 6m2s1

s2
+ 4m1(s2 +2s3)

s3 + s2
+ 2m1(4s2

2 + s2
3)

2s2s3
.

Proof. Consider Γ=Γ1 +T (Γ2,Γ3). By the definition of SDD invariant of the graph Γ,

SDD(Γ)= ∑
ab∈E(Γ)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
.

From the construction of join total graph, we obtain the following types of degrees:

• If a ∈V (Γ1), then λΓ(a)= 2λΓ1(a)+ s2.

• If ab = c ∈ I(Γ1), then λΓ(a)=λΓ1(a)+λΓ1(b)+ s3.

• If a ∈V (Γ2), then λΓ(a)=λΓ2(a)+ s1.

• If a ∈V (Γ3), then λΓ(a)=λΓ3(a)+m1.

Hence

SDD(Γ)= ∑
a,b∈I(Γ1)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
+ ∑

a∈V (Γ1),b∈I(Γ1)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
+ ∑

ab∈E(Γ1)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)

+ ∑
ab∈I(Γ2)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
+ ∑

a∈V (Γ1)

∑
b∈V (Γ2)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
+ ∑

ab∈E(Γ3)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)

+ ∑
a∈I(Γ1)

∑
b∈V (Γ3)

λΓ(a)2 +λΓ(b)2

λΓ(a)λΓ(b)
.

Now substituting corresponding degrees to the vertices of the graph Γ, we get

SDD(Γ)= ∑
ab,bc∈E(Γ1)

(λΓ1(a)+λΓ1(b)+ s3)2 + (λΓ1(b)+λΓ1(c)+ s3)2

(λΓ1(a)+λΓ1(b)+ s3)(λΓ1(b)+λΓ1(c)+ s3)

+ ∑
ab∈E(Γ1)

(2λΓ1(a)+ s2 +2λΓ1(b)+ s2)2 + (λΓ1(a)+λΓ1(b)+ s3)2

(2λΓ1(a)+ s2 +2λΓ1(b)+ s2)(λΓ1(a)+λΓ1(b)+ s3)

+ ∑
ab∈E(Γ1)

(2λΓ1(a)+ s2)2 + (2λΓ1(b)+ s2)2

(2λΓ1(a)+ s2)(2λΓ1(b)+ s2)
+ ∑

ab∈E(Γ2)

(λΓ2(a)+ s1)2 + (λΓ2(b)+ s1)2

(λΓ2(a)+ s1)(λΓ2(b)+ s1)

+ ∑
a∈V (Γ1)

∑
b∈V (Γ2)

(2λΓ1(a)+ s2)2 + (λΓ2(b)+ s1)2

(2λΓ1(a)+ s2)(λΓ2(b)+ s1)
+ ∑

ab∈E(Γ3)

(λΓ3(a)+m1)2 + (λΓ3(b)+m1)2

(λΓ3(a)+m1)(λΓ3(b)+m1)

+ ∑
a∈I(Γ1)

∑
b∈V (Γ3)

(λI(Γ1)(a)+ s3)2 + (λΓ3(b)+m1)2

(λI(Γ1)(a)+ s3)(λΓ3(b)+m1)
.
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First, we find the sum I1, where

I1 =
∑

ab,bc∈E(Γ1)

(λΓ1(a)+λΓ1(b)+ s3)2 + (λΓ1(b)+λΓ1(c)+ s3)2

(λΓ1(a)+λΓ1(b)+ s3)(λΓ1(b)+λΓ1(c)+ s3)

= ∑
e, f ∈L(Γ1),e=ab, f=bc

(λL(Γ1)(e)+ s3 +2)2 + (λL(Γ1)( f )+ s3 +2)2

(λL(Γ1)(e)+ s3 +2)(λL(Γ1)( f )+ s3 +2)

= ∑
e f ∈E(L(Γ1))

(λL(Γ1)(e)2 +λL(Γ1)( f )2)+2(s3 +2)2 +2(s3 +2)(λL(Γ1)(e)+λL(Γ1)( f ))
(λL(Γ1)(e)λL(Γ1)( f )+ (s3 +2)2 + (s3 +2)(λL(Γ1)( f )+λL(Γ1)( f ))

.

By Jensen’s inequality, we have

I1 ≤ 1
16

[ ∑
e f ∈E(L(Γ1))

(λL(Γ1)(e)2 +λL(Γ1)( f )2)
λL(Γ1)(e)λL(Γ1)( f )

+ ∑
e f ∈E(L(Γ1))

4(λL(Γ1)(e)2 +λL(Γ1)( f )2)
(s3 +2)2

+ ∑
e f ∈E(L(Γ1))

(λL(Γ1)(e)2 +λL(Γ1)( f )2)
(s3 +2)(λL(Γ1)( f )+λL(Γ1)( f ))

+ ∑
e f ∈E(L(Γ1))

2(s3 +2)2

(λL(Γ1)(e)λL(Γ1)( f )

+ ∑
e f ∈E(L(Γ1))

8(s3 +2)2

(s3 +2)2 + ∑
e f ∈E(L(Γ1))

2(s3 +2)2

(s3 +2)(λL(Γ1)( f )+λL(Γ1)( f ))

+ ∑
e f ∈E(L(Γ1))

2(s3 +2)(λL(Γ1)(e)+λL(Γ1)( f ))
(λL(Γ1)(e)λL(Γ1)( f )

+ ∑
e f ∈E(L(Γ1))

8(s3 +2)(λL(Γ1)(e)+λL(Γ1)( f ))
(s3 +2)2 + ∑

e f ∈E(L(Γ1))

2(s3 +2)(λL(Γ1)(e)+λL(Γ1)( f ))
(s3 +2)(λL(Γ1)( f )+λL(Γ1)( f ))

]

= 1
16

[
SDD(L(Γ1))+ 4F(L(Γ1))

(s3 +2)2 + D1(L(Γ1))
(s3 +2)

+2(s3 +2)2R−1(L(Γ1))

+10 |E(L(Γ1))|+ (s3 +2)H(L(Γ1))+2(s3 +2) |V (L(Γ1))|+ 8M1(L(Γ1))
(s3 +2)

]
.

Since if L(Γ1) is the line graph of Γ1, then |E(L(Γ1))| = M1(Γ1)
2 −m1. Hence

I1 ≤ 1
16

[
SDD(L(Γ1))+ 4F(L(Γ1))

(s3 +2)2 + K1(L(Γ1))
(s3 +2)

+2(s3 +2)2R−1(L(Γ1))

+ (s3 +2)H(L(Γ1))+ 8M1(L(Γ1))
(s3 +2)

+10
{

M1(Γ1)
2

−m1

}
+2(s3 +2)m1

]
= 1

16

[
SDD(L(Γ1))+ 4F(L(Γ1))

(s3 +2)2 + D1(L(Γ1))
(s3 +2)

+2(s3 +2)2R−1(L(Γ1))

+ (s3 +2)H(L(Γ1))+ 8M1(L(Γ1))
(s3 +2)

+5 M1(Γ1)+ (s3 −6)m1

]
.

Now, we shall obtain the sum I2, where

I2 =
∑

ab∈E(Γ1)

(2λΓ1(a)+ s2 +2λΓ1(b)+ s2)2 + (λΓ1(a)+λΓ1(b)+ s3)2

(2λΓ1(a)+ s2 +2λΓ1(b)+ s2)(λΓ1(a)+λΓ1(b)+ s3)

= ∑
ab∈E(Γ1)

5(λΓ1(a)+λΓ1(b))2 + (8s2 +2s3)(λΓ1(a)+λΓ1(b))+ (4s2
2 + s2

3)
2(λΓ1(a)+λΓ1(b))2 +2(s3 + s2)(λΓ1(a)+λΓ1(b))+2s2s3

.
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By Jensen’s inequality, we get

I2 ≤ 1
16

[ ∑
ab∈E(Γ1)

5(λΓ1(a)+λΓ1(b))2

2(λΓ1(a)+λΓ1(b))2 + ∑
ab∈E(Γ1)

5(λΓ1(a)+λΓ1(b))2

2(s3 + s2)(λΓ1(a)+λΓ1(b))

+ ∑
ab∈E(Γ1)

20(λΓ1(a)+λΓ1(b))2

2s2s3
+ ∑

ab∈E(Γ1)

(8s2 +2s3)(λΓ1(a)+λΓ1(b))
2(λΓ1(a)+λΓ1(b))2

+ ∑
ab∈E(Γ1)

(8s2 +2s3)(λΓ1(a)+λΓ1(b))
2(s3 + s2)(λΓ1(a)+λΓ1(b))

+ ∑
ab∈E(Γ1)

4(8s2 +2s3)(λΓ1(a)+λΓ1(b))
2s2s3

+ ∑
ab∈E(Γ1)

(4s2
2 + s2

3)
2(λΓ1(a)+λΓ1(b))2 + ∑

ab∈E(Γ1)

(4s2
2 + s2

3)
2(s3 + s2)(λΓ1(a)+λΓ1(b))

+ ∑
ab∈E(Γ1)

4(4s2
2 + s2

3)
2s2s3

]
= 1

16

[
5m1

2
+ 5M1(Γ1)

2(s3 + s2)
+ 20HM(Γ1)

2s2s3
+ (8s2 +2s3)H(Γ1)

4
+ (8s2 +2s3)m1

2(s3 + s2)

+ 4(8s2 +2s3)M1(Γ1)
2s2s3

+ (4s2
2 + s2

3)χ−2(Γ1)
2

+ (4s2
2 + s2

3)H(Γ1)
4(s3 + s2)

+ 4(4s2
2 + s2

3)m1

2s2s3

]
.

Here we calculate the sum I3, where

I3 =
∑

ab∈E(Γ1)

(2λΓ1(a)+ s2)2 + (2λΓ1(b)+ s2)2

(2λΓ1(a)+ s2)(2λΓ1(b)+ s2)

= ∑
ab∈E(Γ1)

4(λΓ1(a)2 +λΓ1(b)2)+4s2(λΓ1(a)+λΓ1(b))+2s2
2

4λΓ1(a)λΓ1(b)+2s2(λΓ1(a)+λΓ1(b))+ s2
2

By Jensen’s inequality, we have

I3 ≤ 1
16

[ ∑
ab∈E(Γ1)

4(λΓ1(a)2 +λΓ1(b)2)
4λΓ1(a)λΓ1(b)

+ ∑
ab∈E(Γ1)

4(λΓ1(a)2 +λΓ1(b)2)
2s2(λΓ1(a)+λΓ1(b))

+ ∑
ab∈E(Γ1)

16(λΓ1(a)2 +λΓ1(b)2)
s2

2
+ ∑

ab∈E(Γ1)

4s2(λΓ1(a)+λΓ1(b))
4λΓ1(a)λΓ1(b)

+ ∑
ab∈E(Γ1)

4s2(λΓ1(a)+λΓ1(b))
2s2(λΓ1(a)+λΓ1(b))

+ ∑
ab∈E(Γ1)

16s2(λΓ1(a)+λΓ1(b))
s2

2

+ ∑
ab∈E(Γ1)

2s2
2

4λΓ1(a)λΓ1(b)
+ ∑

ab∈E(Γ1)

2s2
2

2s2(λΓ1(a)+λΓ1(b))
+ ∑

ab∈E(Γ1)

8s2
2

s2
2

]
= 1

16

[
SDD(Γ1)+ 4D1(Γ1)

2s2
+ 16F(Γ1)

s2
2

+ s2 |V (Γ1)|+10 |E(Γ1)|+ 16M1(Γ1)
s2

+ 2s2
2R−1(Γ1)

4
+ s2H(Γ1)

2

]
.

Here we find the sum I4, where

I4 =
∑

ab∈E(Γ2)

(λΓ2(a)+ s1)2 + (λΓ2(b)+ s1)2

(λΓ2(a)+ s1)(λΓ2(b)+ s1)

Communications in Mathematics and Applications, Vol. 14, No. 1, pp. 105–115, 2023



Symmetric Division Degree Invariants of Join Total and Mid Graphs: P. Murugarajan 111

= ∑
ab∈E(Γ2)

(λΓ2(a)2 +λΓ2(b)2)+2s1(λΓ2(a)+λΓ2(b))+2s2
1

λΓ2(a)λΓ2(b)+ s1(λΓ2(a)+λΓ2(b))+ s2
1

.

By Jensen’s inequality, we have

I4 ≤ 1
16

[ ∑
ab∈E(Γ2)

(λΓ2(a)2 +λΓ2(b)2)
λΓ2(a)λΓ2(b)

+ ∑
ab∈E(Γ2)

(λΓ2(a)2 +λΓ2(b)2)
s1(λΓ2(a)+λΓ2(b))

+ ∑
ab∈E(Γ2)

4(λΓ2(a)2 +λΓ2(b)2)
s2

1
+ ∑

ab∈E(Γ2)

2s1(λΓ2(a)+λΓ2(b))
λΓ2(a)λΓ2(b)

+ ∑
ab∈E(Γ2)

2s1(λΓ2(a)+λΓ2(b))
s1(λΓ2(a)+λΓ2(b))

+ ∑
ab∈E(Γ2)

8s1(λΓ2(a)+λΓ2(b))
s2

1

+ ∑
ab∈E(Γ2)

2s2
1

λΓ2(a)λΓ2(b)
+ ∑

ab∈E(Γ2)

2s2
1

s1(λΓ2(a)+λΓ2(b))
+ ∑

ab∈E(Γ2)

8s2
1

s2
1

]
= 1

16

[
SDD(Γ2)+ D1(Γ2)

s1
+ 4F(Γ2)

s2
1

+ 8M1(Γ2)
s1

+2s2
1R−1 + s1H(Γ2)+2s1s2 +10m2

]
.

Now we obtain the sum I5, where

I5 =
∑

a∈V (Γ1)

∑
b∈V (Γ2)

(2λΓ1(a)+ s2)2 + (λΓ2(b)+ s1)2

(2λΓ1(a)+ s2)(λΓ2(b)+ s1)

= ∑
a∈V (Γ1)

∑
b∈V (Γ2)

4λΓ1(a)2 +4s2λΓ1(a)+λΓ2(b)2 +2s1λΓ2(b)+ (s2
2 + s2

1)
2λΓ1(a)λΓ2(b)+2s1dΓ1(a)+ s2λΓ2(b)+ s1s2

.

By Jensen’s inequality, we obtain

I5 ≤ 1
16

∑
a∈V (Γ1)

∑
b∈V (Γ2)

[
4λΓ1(a)2

2λΓ1(a)λΓ2(b)
+ 4λΓ1(a)2

2s1λΓ1(a)
+ 4λΓ1(a)2

s2λΓ2(b)
+ 4λΓ1(a)2

s1s2
+ 4s2λΓ1(a)

2λΓ1(a)λΓ2(b)

+ 4s2λΓ1(a)
2s1dΓ1(a)

+ 4s2λΓ1(a)
s2λΓ2(b)

+ 4s2λΓ1(a)
s1s2

+ λΓ2(b)2

2λΓ1(a)λΓ2(b)
+ λΓ2(b)2

2s1λΓ1(a)
+ λΓ2(b)2

s2λΓ2(b)

+ λΓ2(b)2

s1s2
+ 2s1λΓ2(b)

2λΓ1(a)λΓ2(b)
+ 2s1λΓ2(b)

2s1λΓ1(a)
+ 2s1λΓ2(b)

s2λΓ2(b)
+ 2s1λΓ2(b)

s1s2
+ (s2

2 + s2
1)

2λΓ1(a)λΓ2(b)

+ (s2
2 + s2

1)
2s1λΓ1(a)

+ (s2
2 + s2

1)
s2λΓ2(b)

+ (s2
2 + s2

1)
s1s2

]
= 1

16

[
4m1ID(Γ2)+ 4m1s2

s1
+ 4M1(Γ1)ID(Γ2)

s2
+ 4M1(Γ1)

s1
+2s1s2ID(Γ2)

+2s2
2 +8m1ID(Γ2)+ 8m1s2

s1
+m2ID(Γ1)+ ID(Γ1)M1(Γ2)

2s1
+ 2m2s1

s2
+ M1(Γ2)

s2

+ s1s2ID(Γ1)+2m2ID(Γ1)+2s2
1 +

4m2s1

s2
+ (s2

2 + s2
1)ID(Γ1)ID(Γ2)

2

+ (s2
2 + s2

1)s2ID(Γ1)
2s1

+ (s2
2 + s2

1)s1ID(Γ2)
s2

+ (s2
2 + s2

1)
]
.
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Here we calculate the sum I6, where

I6 =
∑

ab∈E(Γ3)

(λΓ3(a)+m1)2 + (λΓ3(b)+m1)2

(λΓ3(a)+m1)(λΓ3(b)+m1)

= ∑
ab∈E(Γ3)

(λΓ3(a)2 +λΓ3(b)2)+2s1(λΓ3(a)+λΓ3(b))+2m2
1

λΓ3(a)λΓ3(b)+m1(λΓ3(a)+λΓ3(b))+m2
1

.

By Jensen’s inequality, we have

I6 ≤ 1
16

[ ∑
ab∈E(Γ3)

(λΓ3(a)2 +λΓ3(b)2)
λΓ3(a)λΓ3(b)

+ ∑
ab∈E(Γ3)

(λΓ3(a)2 +λΓ3(b)2)
m1(λΓ3(a)+λΓ3(b))

+ ∑
ab∈E(Γ3)

4(λΓ3(a)2 +λΓ3(b)2)
m2

1
+ ∑

ab∈E(Γ3)

2m1(λΓ3(a)+λΓ3(b))
λΓ3(a)λΓ3(b)

+ ∑
ab∈E(Γ3)

2m1(λΓ3(a)+λΓ3(b))
m1(λΓ3(a)+λΓ3(b))

+ ∑
ab∈E(Γ3)

8m1(λΓ3(a)+λΓ3(b))
m2

1

+ ∑
ab∈E(Γ3)

2m2
1

λΓ3(a)λΓ3(b)
+ ∑

ab∈E(Γ3)

2m2
1

m1(λΓ3(a)+λΓ3(b))
+ ∑

ab∈E(Γ3)

8m2
1

m2
1

]
= 1

16

[
SDD(Γ3)+ D1(Γ3)

m1
+ 4F(Γ3)

m2
1

+ 8M1(Γ3)
m1

+2m2
1R−1 +m1H(Γ3)+2m1s3 +10m3

]
.

Finally, we obtain the sum I7, where

I7 =
∑

a∈I(Γ1)

∑
b∈V (Γ3)

(λI(Γ1)(a)+ s3)2 + (λΓ3(b)+m1)2

(λI(Γ1)(a)+ s3)(λΓ3(b)+m1)

= ∑
ab∈E(Γ1)

∑
a∈V (Γ3)

(λΓ1(a)+λΓ1(b)+ s3)2 + (λΓ3(a)+m1)2

(λΓ1(a)+λΓ1(b)+ s3)(λΓ3(a)+m1)

= ∑
ab∈E(Γ1)

∑
a∈V (Γ3)

(λΓ1(a)+λΓ1(b))2+2s3(λΓ1(a)+λΓ1(b))+λΓ3(a)2+2m1λΓ3(a)+(s2
3+m2

1)
(λΓ1(a)+λΓ1(b))λΓ3(a)+m1(λΓ1(a)+λΓ1(b))+s3λΓ3(a)+s3m1

.

By Jensen’s inequality, we get

I7 ≤ 1
16

∑
ab∈E(Γ1)

∑
a∈V (Γ3)

[
(λΓ1(a)+λΓ1(b))2

(λΓ1(a)+λΓ1(b))λΓ3(a)
+ (λΓ1(a)+λΓ1(b))2

m1(λΓ1(a)+λΓ1(b))

+ (λΓ1(a)+λΓ1(b))2

s3λΓ3(a)
+ (λΓ1(a)+λΓ1(b))2

s3m1
+ 2s3(λΓ1(a)+λΓ1(b))

(λΓ1(a)+λΓ1(b))λΓ3(a)

+ 2s3(λΓ1(a)+λΓ1(b))
m1(λΓ1(a)+λΓ1(b))

+ 2s3(λΓ1(a)+λΓ1(b))
s3λΓ3(a)

+ 2s3(λΓ1(a)+λΓ1(b))
s3m1

+ λΓ3(a)2

(λΓ1(a)+λΓ1(b))λΓ3(a)
+ λΓ3(a)2

m1(λΓ1(a)+λΓ1(b))
+ λΓ3(a)2

s3λΓ3(a)
+ λΓ3(a)2

s3m1

+ 2m1λΓ3(a)
(λΓ1(a)+λΓ1(b))λΓ3(a)

+ 2m1dΓ3(a)
m1(λΓ1(a)

+ 2m1λΓ3(a)
s3λΓ3(a)

+ 2m1λΓ3(a)
s3m1

+ (s2
3 +m2

1)
(λΓ1(a)+λΓ1(b))λΓ3(a)

+ (s2
3 +m2

1)
m1(λΓ1(a)+λΓ1(b))

+ (s2
3 +m2

1)
s3λΓ3(a)

+ (s2
3 +m2

1)
s3m1

]
= 1

16

[(
3ID(Γ3)+ 2s3

m1

)
M1(Γ1)+

(
ID(Γ3)

s3
+ 1

m1

)
HM(Γ1)
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+
(

M1(Γ3)
2m1

+ (2m1 + (s2
3 +m2

1))
2

+ 2m1m3 + (s2
3 +m2

1)
2m1

)
H(Γ1)

+
(4s3m3 +m1 + (s2

3 +m2
1)

s3

)
ID(Γ1)

+2s3m1ID(Γ3)+ M1(Γ3)
s3

+ 6m1m3)
s3

+3(s2
3 +m3

1)
]
.

Adding the sums I1 to I7, we get the desired upper bounds.

4. The Mid Graph

The mid graph Z(Γ) of a given graph Γ is a graph which is obtained by subdividing each edge of
Γ exactly once and joining all the non-adjacent vertices Γ in Z(Γ). If Γ is a graph with s vertices
and m edges, then we observe that |V (Z(Γ))| = |V (S(Γ))| = s+m and |E(Z(Γ))| = |E(S(Γ))|∪|{xix j |
xix j ∉ E(Γ)}| = s(s−1)

2 +m. Now, we find the exact value of SDD invariant of mid graphs.

Theorem 4.1. For the (s,m) graph Γ, SDD(Z(Γ))= s(s−1)−m+ m(s2−2s+5)
s−1 .

Proof. Let xi and x j be adjacent in Γ. Then there is a pair of incident edges in Z(Γ), that is, xixi j

and x jxi j are incident edges in Z(Γ). Therefore every pair of incident edges in Γ, we have two
incident edges in Z(Γ) and total number of them is 2m. Moreover, the total number of remaining
incident edges of Z(Γ) are the number of non-adjacent edges in Γ, that is, 1

2
∑

xi∈V (G)
(s−λΓ(xi)−1)

edges are non-adjacent in Γ. Hence by the definition of SDD invariant, we have

SDD(Z(Γ))= ∑
xi x j∈E(Z(Γ))

λZ(Γ)(xi)2 +λZ(Γ)(x j)2

λZ(Γ)(xi)λZ(Γ)(x j)

= ∑
xi x j∈E(Γ)

λZ(Γ)(xi)2 +λZ(Γ)(x j)2

λZ(Γ)(xi)λZ(Γ)(x j)
+ ∑

xi xi j∈E(S(Γ))

λZ(Γ)(xi)2 +λZ(Γ)(xi j)2

λZ(Γ)(xi)λZ(Γ)(xi j)

= ∑
xi∈V (Γ)

(
s−λΓ(xi)−1

2

)(
2(s−1)2

(s−1)2

)
+ ∑

xi xi j∈E(S(Γ))

22 + (s−1)2

2(s−1)

= 2(s−1)2

(s−1)2

(
s(s−1)

2

)
− ∑

xi∈V (Γ)

λΓ(xi)
2

+2m
(

s2 −2s+5
2(s−1)

)
= s(s−1)−m+ m(s2 −2s+5)

s−1
.

5. Conclusion
We obtain the bounds for SDD invariant of join total graph using Jensen’s inequality and SDD
invariant of mid graphs.
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