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Abstract. The aim of this paper is to introduce the dual forms of the Mersenne, Jacobsthal and
Jacobsthal-Lucas numbers which are called dual Mersenne, dual Jacobsthal and dual Jacobsthal-
Lucas numbers. We give the widely known identities like, Binet to generalize these sequences, Catalan,
and Cassini identities along with some useful properties of these dual sequences. We also show that
identities of the dual forms of these sequences have a strong relation with their identities in their
normal forms. We added the negative subscripts of dual Mersenne numbers. Finally, we show the
relation of dual Mersenne numbers with dual Jacobsthal and dual Jacobsthal-Lucas numbers.
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1. Introduction

In 1873, M. A. Clifford [3]] introduced us the dual numbers which has many applications ranges
from mechanic systems to screw systems. A dual unit is shown as ¢ which €2 =0, £ #0. Dual

numbers are the extension of the real numbers in the form of
d=a+ea”.
The D set is defined as

D={d=a+ea”|a,a* €R}.
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The algebra of dual set which is the two dimensional commutative associative over real numbers

is a ring with addition and multiplication operations defined as:
(a+ea”™)+(b+eb*)=(a+b)+el@™ +b")

and
(a+ea”)-(b+eb*)=ab+e(adb™ +a™b).

Fibonacci and Lucas sequences have been widely studied and their dual forms have been
introduced [7]. Other sequences are also the subject of several authors, like the Mersenne

sequence. In the paper, [2], authors have worked on the properties of Mersenne sequence.
Some properties of Mersenne sequences can be found as:

M,.1=2M,+1, (1.1)
where My =0 and M7 = 1. With putting n + 1 in the place of n, we get

M,io=2M,1+1. (1.2)
Using these two equations, one can easily see that

M, i2=3M,1—-2M, (1.3)
is a new way to show the sequence of Mersenne numbers where My =0 and M = 1.

If we look at the roots of the last equation, 7> —3r+2=0 are r; =2 and rg = 1, we get the

nth Mersenne number in the form of
M,=2"-1, neN' (1.4)
is called Binet formula for Mersenne numbers [2].
Recall that the Jacobsthal numbers (recurrence of the second order form) are given by
Jniro = Jni1+2dy, (1.5)
where the initial conditions are Jy =0 and J; = 1.

Similar to Jacobsthal numbers, Jacobsthal-Lucas numbers (again in the recurrence of the
second form) are given by
.jn+2:.jn+1+2jn (1.6)
with the initial conditions jo =2 and j; =1.
Binet formulas for these two sequences is known as
2" —(=1)"

J, = — (1.7)

and
Jn=2"+(-1D". (1.8)

For more information about these subjects are covered in [5,/6].
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We also know from [2]] that Mersenne numbers, Jacobsthal numbers and Jacobsthal-Lucas
numbers are related in the forms of

3Jp, k is even,
M, = (1.9)
3J,—2, kisodd;

Jr—2, kiseven,
M, = (1.10)
Jk, k is odd.

Mersenne numbers are a popular topic for researchers in number theory and cryptosystems in
computer science who are looking for prime numbers in the Mersenne sequence [1-3]. These

numbers are called Mersenne primes.

While the dual forms of Fibonacci and Lucas numbers has been identified [8]], as the best
of our knowledge, there is a missing part for the dual Mersenne numbers, dual Jacobshtal
numbers, and dual Jacobsthal-Lucas numbers. The main purpose of this paper is to introduce
the work on these sequences. The definition and some properties of the dual forms of Mersenne,

Jacobsthal and Jacobsthal-Lucas numbers, are given in this paper.

2. Dual Mersenne Numbers

The sequence of Mersenne numbers and some of the properties have been mentioned above.

We define the dual Mersenne numbers as:

M,=M,+eMy.1. (2.1)
Some of the members of dual Mersenne numbers are

£,1+36,3+7¢,7T+15¢,15+31¢,...

with the initial condition as M, =¢.

Theorem 2.1. Let M, » be a dual Mersenne number. Then, the followings are hold:
() Mpi1=2M,+1+¢,
(i) Mpio=3My1—2M,.

Proof. (i) From equation (2.1)),
Mn+1 =M1 +eMp.o

=2M, +1+e@2M,,1+1)

=oM,+1+e¢.

(ii) By using equations (1.1) and (2.1),
Mn+2 =Mpio+eMp 3
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=3My+1-2My, +eBMy12—2Mp 1)
= 3]T[n+1 - 2Z"\jn . O
Lemma 2.2. Let M, » and M, n—r be dual Mersenne numbers, then
M, - M,_, =2""M.(M; - My)

holds when n=r.

Proof.
My, —M, r=My+eMyi1—(Mp_p+My_ri1)
=M,-M,r+eMp+1—Mpi1-+)
— 9" T M, + 2" M,
= 2" M,(1+2¢)
= 2" M (M1 — My). O

Theorem 2.3. Let M, be a dual Mersenne number than Binet formula for dual Mersenne

numbers can be written as
M, = a(a2" - 1),

where a =1+¢.

Proof.
Mn =M, +eM, 1

=@2"-1)+e@" 1 -1)
=(1+&)2™1+e)—1)
=a(a2" -1). O

Theorem 2.4. Let M,, be a dual Mersenne number, then limit of ratio of consecutive quotients is

. Mn+1
lim —=rq,
n—oo M,

. M
where r1 = lim 52t
n—oo n

which is shown in [2].

Proof.
lim Hn+1 — lim My 1+eMyi2
n—oo Mn n—co M, +eMy+1
. (Mn+1 + gMn+2) (Mn - 5Mn+1)
= lim

n—o0 (Mn+8Mn+1) '(Mn_EMn+1)
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Myi1-M,, —eM,-M,.2 _Mn+12)

= lim

n—oo an
. My . My -Mpyio—Myiq?
= lim + & lim
n—o0 n n—oo an
on
=ri —EJLIEIOW
= r].' D

Corollary 2.5. When M, n and M, na1 are two serial dual Mersenne numbers, then

. M, 1
lim — =—
"m0 Myl r1

holds.

Theorem 2.6. Let M,, and M,, be dual Mersenne numbers, then d’Ocagne’s identity for dual

Mersenne numbers can be identified as

~ o~

M, M, 1 _Hm+1Hn = 2an—n 'Hl .

Proof.
=(Mp+eMpy )My i1 +EMyi0)— (Mpyi1+ M py0)(My, + €My 1 1)
=M, M1 -My 1My +eMpy i 1Myy1 =My oMy + My My 0 — Mp, 1M, 11)
="M+ 2" Mpi1-n + 2" M py_p_1)
=2"M,,_, +e(2"(3.M,,,_,))
=2"M - M. O

Recall that for Mersenne numbers M,,, M,,_, and M, ,, Catalan’s identity is

Mn—rMn+r _ Mn2 — 2n+1 _gn-r _gntr.

Theorem 2.7. If M, s M, n and M, nir are dual Mersenne numbers, then the following holds
My M, ,—M? =2"+1 _Qn=r _ontr _geon=rpr2

Proof.
(i) M/n—rﬂn-i—r =My—r+eMp_ri1) (Mpir +eMpyri1)

=My Myir+eMy—ri1Mpir+ My Myiri1)
(ii) M2 =(M, +eMp.1)* = M,%+2eM, M, 1

(i)—(@i) = MMy — an + E(Mn—r+1Mn+r +MprMpiri1— 2]Mn]un+l)
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(D)= (i) = 2" =277 = 2"+ (M s1Mpsr + My Mipsr 1 = 2MpMp41)
(i)—-(@i)=A+eB.
In B part of the equation add and subtract M,,_,.1 M,
B=M, My,ri1—-My i 1Myr+2M;, 1My —2M, M, 11
to use d’Ocagne’s identity.
For m*=n—r and n* =n +r, dOcagne’s identity:
My My 1= My s1Mpe = 2" M,
My Myiri1—Mp_ri 1My =2"""M_,.
Then B part becomes (A = 2"+1 —2n—7 _ 9n+T)
B=2""M_g, +2(Mp_rs1Mp+r — M, Mp41)
= 9T Mg+ (27T 1)(@7T — 1) — (27 — 12" — 1)
—gn-r _ontr _gn-r+2 _gn+r+l g on
=3.2"2-2"-27")
=3.2"(M_,.M,)
=2V M2,
Then, we get
My M, —M? =2"*1 QN7 _on*r _geon=rp2
Proposition 2.8 (Cassini’s identity). For r = 1, in the Catalan’s identity;
M, 1M, —M?=2m"1_gn"1_ontl_geon-lpr2
Since M1=1,
M, 1M1 — M2 =-2""1(1+3¢),
M, 1My —M? = -2""Y(M,).
Definition 2.9. For the negative subscripts, dual Mersenne numbers are defined as
M_,=M_,+eM_g,.1).
Say M_, =G, then we get
Gn=M_, =Gy +eGpy1.
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(2.2)
(2.3)



Some Identities of Dual Mersenne Numbers: S. K. Nukran and I. Giirgil 1135

How to get the first member of dual Mersenne with negative subscripts numbers and first

few members are shown as

M_1:G1+8G2
M M
= —lie-2
2 4
_ (2M1+£M2)
B 4
1 3
=—-———°¢.
2 4

For the negative indices, dual Mersenne sequence has the members of

1 3 3 7 7 15 15 31
————f,————£,————€,—— — —F¢,....
2 4 4 8 8 16 16 32
Proposition 2.10. Let én =M _n be a negative indexed dual Mersenne number and ]Tfn isa

dual Mersenne number, then
~ 1 —
G, = —W(Mn +M,)
holds.

Proof. From [4, equation (19)],
~ Mn Mn+1
Gn = _2_n+€_ on+1
(2Mn +€Mn+1)
- on+1
_ (Mn +£Mn+1) Mn
- on+l1 " on+l
M, M,
" on+l B on+l
1

:_W(Hn"‘Mn)- L]

Theorem 2.11. Let @n_r, én and én+r be three dual Mersenne numbers with negative subscripts,

then
~ ~ ~ 1
Gn—r : Gn+r - Gi =(1- 5)(Gn—r 'Gn+r - G;Zl) +e(2- 2_”) .
Proof.
G" G' _G‘“z _ _2Mn—r+£Mn—r+1 _2Mn+r+£Mn+r+1 _ _2Mn +£Mn+1 2
n-r-Un+r n— on-r+1 : gn+r+l gn+1

_ (4Mn—r ) Mn+r + 2‘c«']un—r+1 + 2fz‘ln+r+1 + 52Mn—r+1Mn+r+1)
- 92n+2

AM? +4eM M, 1 +€2M?

n+1

22n+2
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_ 4(Mn—rMn+r _M;%) " 2£Mn—r+1 +Mn+r+1 _2MnMn+1

22n+2 92n+2
_o2r—ortlyeq gntlyorigr_3
- on+r te on

1
=(Gn—r-Gnir— Gi) —&(Gnr-Grir— G?L) + £ (2 - 2_n)

=(1-e)Gnr-Gnir—G%)+¢

7)

2——|. O
2n

Proposition 2.12. When we use as r =1 at Catalan’s identity for dual Mersenne numbers with

negative subscripts, we get the Cassini’s identity as

~ ~ ~ 1
Gno1-Gra1 =Gy =~y = 26Ginsa.

3. Dual Jacobsthal and Dual Jacobsthal-Lucas Numbers

Binet formulas for Jacobsthal and Jacobsthal-Lucas numbers are given in (1.7) and (1.8),

respectively.

3.1 Dual Jacobsthal Numbers
We define the dual Jacobsthal numbers as
Jn=p+edni1. (3.1)
From the equation above, one can easily see that the terms of the dual Jacobsthal sequence are
Jo=¢,dJ1=1+¢,do=1+3¢, J3=3+5¢,....
Theorem 3.1 (Binet’s formula). Let J,, be a dual Jacobsthal number, then
Jp=d2 Iy +(=1D)"-dJp.
Proof.
C’]vn =dJp+edpi1

~ on _(_1)n . 2n+1 _(_1)n+1

€
3 3
2% _(=1)"
:(1+g)2-—; X e
=J2 -y +(=1)".Jp. O

Theorem 3.2. Let o9, Jyr1 and J,, three serial dual Jacobsthal numbers, then

Jni2 = jn+1 +2€7n
holds.
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Proof.
Jns1= i1 +edns2, (3.2)

Iy =y +Ednsi1. (3.3)
When we sum (3.2) and twice the (3.3)),
Ini1+ 20y = Ipi1+ 2y + e(pi2+2J,41)

=dJdn+2 +‘C»'Jn+3

= Jn+2. O

Recall that Cassini-Like identities for Jacobsthal numbers are known as

o1 Jn-1- Jy% = (_1)n : 2n—1 .

Theorem 3.3 (Cassini-Like identities). Let J,_1, J, and J,+1 be dual Jacobsthal numbers,

Cassini-Like identity for dual Jacobsthal numbers is

JIn+1In-1 —j,% =(-1"-2" 1. g

Proof.
i1 In-1—d2=(Jps1+ e pr2)(n1 +edn) = (Jy + ey 11)?
= i1 Ino1 =2+ e(Jnse - Ino1— i1 Jp)

2n+2 _ (_1)n+2 2n—1 _ (_1)n—1 2n+1 _ (_1)n+1 on — (—1)"
3 3 - 3 3

=(-1)"-2"1 +€(

—(_1\*.on-1 l(n_ ng)

=(-1)"-2 +eg 2™ 1)2

=2""1(-1)"(1+¢)

=(-1"-2" 1. ;. 0

Definition 3.4. For the dual Jacobsthal numbers with negative subscripts, we define
I on=d pn+ed_(ni1).

Say J_,, = H,, then we get
H,=dJ ,=H,+eHy,1.

Negative subscripted dual Jacobsthal sequence are shown, with the help of [5]], as

~ J .
J_l :H1+€H2=?1+8—Zz
_ (2J1—¢ed?)

4
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=———¢c.
2 4

The negative indexed dual Mersenne sequence has the members of
1 1 1 N 3 3 b5 5 N 11
2 149717898 167 16 327
Lemma 3.5. Let H,,,H,_1 be two dual Jacobsthal numbers with negative subscripts, then

1

2n+1(1 + jl)

ﬁn - ﬁn—l =
holds.

Proof.
ﬁn _ﬁn—l = (Hn +EI_IrH—l)_(I_In—l +£Hn)

:(Hn_Hn—1)+5(Hn+1 _Hn)

1 1
=—+€&——
on 2n+1

1

2n+1(1+c71). 0

3.2 Dual Jacobsthal-Lucas numbers

We define the dual Jacobsthal-Lucas numbers as

Jn :jn + 8jn+1-
The terms of the dual Jacobsthal-Lucas numbers are as

2+¢€,1+b5e,5+7e,7+17¢,17+ 31e,...

with using the same initial conditions for Jacobsthal-Lucas numbers ([2]).

Theorem 3.6 (Binet’s Formula). Let J,, be a Jacobsthal-Lucas number, Binet’s formula for this

sequence can be written as

J, =2M(1+2e)+(-1)™(1—¢).

Proof.

Jn=Jnt+En+1
:zn+(_1)n+g(2n+l+(_1)n+l)

=2"(1+2e)+(-1)"(1 -e). O

Theorem 3.7. When jn+2,jn+1, and J, are serial dual Jacobsthal-Lucas numbers, then

Jni2 = jn+1 +2€7n
holds.
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Proof.

Jni2 = jn+2 + Ejn+3
:jn+1 + 2.]n + 5(jn+2 +2jn+1)
= ~n+1+2:7n. ]

Definition 3.8. The negative subscripts for Jacobsthal-Lucas numbers are defined as
I = jon+Ej—(n+1)-
Say j_, =1,, then we get

I,=d ,=I,+€l,.1.

Some of the members of this negative indexed Jacobsthal-Lucas sequence are

1 55 7 7 17
__+£—’——€—,——+€—,....
2 44 8 8 16

Lemma 3.9. Let I, and I,,_1 be two dual Jacobsthal-Lucas numbers with negative subscripts,

then

~ o~ 3 =~
I,+1, 1= o+l 0-

Proof.
fn +Tn—1 =(Ip+elp1)+ U1 +e€ly)

:(In +In—1)+5(In+1+In)
3 3
2_n+82n+1

3 -
= gn+l JO'

O]

Theorem 3.10. Let ZT/fn, J, and J, are the numbers of dual Mersenne, Jacobsthal and
Jacobsthal-Lucas, then

o~ 3¢7n —2¢e, niseven,
W M,= ~ .
3J,—-2, nisodd
and
— jn -2, niseven,
(i) M,=1 .
J,—2¢e, nisodd
holds.

Proof. For first part of the condition (i), assume n = 2k then

My, = Moy +eMop 41
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= 3Jor +€(3Jop+1—2)
= 3(Jar, +eap+1) — 2¢
= 3oy, — 2¢.
Second part of (i) can be shown with the same way with the help of the equation (1.9).
For second part of the condition (ii), assume n = 2k + 1 then,
Mop1 = Maps1 +eMajs
=Jor+1t€(2r+2—2)
= Jok+1+EJop 10— 2€
= Jjok+1 —2€.

First part of the equation can be derived with similar way with the help of the eq. (1.10). [

4. Conclusion

We defined a new version of Dual numbers using Mersenne sequence’s numbers. With similar
approaches, we introduced the Dual formats of the Jacobsthal and Jacobsthal-Lucas numbers.
We have given interesting results and important inequalities by using these sequences. Binet
formula, Cassine equality etc. which are widely known for Fibonacci numbers are given for
these new sequences in Dual numbers. For future reference, we are thinking of working on their

matrix forms and their properties.
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