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1. Introduction
Many problems in several branches of mathematics are well known to be transformed into
invariant point problems in the form Tx = x for self mapping T . Ran and Reurings [10]
investigated the existence of invariant point in partially ordered sets. This study was continued
by Bhaskar and Lakshmikantham in [3]. In partially ordered metric space, they proved some
interesting coupled invariant point theorems. The idea of tripled invariant point for nonlinear
mapping in partially ordered complete metric spaces was introduced by Berinde and Borcut [2].

Bernfeld et al. [1], on the other hand, presented the idea of PPF (Past-Present-Future)
dependent invariant point which is one form of invariant points for nonself mapping. In 2007,
Drici et al. [5] developed invariant point theorems of a nonlinear operator, in which the domain
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space is different from range space. E0 = C[[a,b],E] is the domain space and E is the range,
which is partial order metric space. After that, they further extend the results of invariant point
with PPF dependence in coupled invariant point with PPF dependence in [6].

In this article, we extend and generalize the outcomes of Dric et al. [6], and Vasile Berinde
and Marin Borcut [2] and we will prove the results for existence and uniqueness of triple
invariant point with PPF dependence in Partially ordered complete metric spaces.

2. Preliminaries
Here, we provide the relevant definitions and findings for different spaces that will be helpful
for further explanation.

Definition 2.1 ([2]). A point φ ∈ E0 is said to be PPF dependent invariant point or an invariant
point with PPF dependence of a nonself mapping T : E0 → E if T(φ)=φ(c) for some c ∈ I .

Definition 2.2 ([6]). Assume H : E0 ×E0 → E is such that H(φ,φ) = Tφ, where φ ∈ E0. If for
φ1,φ2 ∈ E0, H(φ1,ψ) ≤ H(φ2,ψ) whenever φ1 ≤ φ2, and for ψ1,ψ2 ∈ E0, H(φ,ψ1) ≥ H(φ,ψ2)
whenever ψ1 ≤ψ2, we say that H has the mixed monotone property.

Definition 2.3 ([6]). Let H : E0 ×E0 → E. An element (φ∗,ψ∗) ∈ E0 ×E0 is said to be a coupled
invariant point with PPF dependence of H if H(φ∗,ψ∗)=φ∗(c) and H(ψ∗,φ∗)=ψ∗(c) for some
for some c ∈ I .

Now, we mention the existence outcomes in [6].

Theorem 2.4 ([6]). Suppose H : E0×E0 → E is a continuous mapping having the mixed monotone
property.
Assume that there exist a k ∈ [0,1) with d[H(φ,ψ),H(ψ,φ)]≤ kd0(φ,ψ).
If there exist α0,β0 ∈ E0 such that

α0(c)≤ H(α0,β0) and β0(c)≥ H(β0,α0)

then there exist φ∗,ψ∗ ∈ E0 such that φ∗(c)= H(φ∗,ψ∗) and ψ∗(c)= H(ψ∗,φ∗).

Theorem 2.5 ([6]). Assume that H : E0 ×E0 → E is a mapping having the mixed monotone
property. If there exist a k ∈ [0,1) with d[H(φ,ψ),H(ψ,φ)]≤ kd0(φ,ψ) and α0,β0 ∈ E0 such that

α0(c)≤ H(α0,β0) and β0(c)≥ H(β0,α0).

Suppose further that E0 ×E0 has the following property:
(φn,ψn) is a sequence in E0×E0 such that φn is a nondecreasing and converges to φ and ψn is
a non increasing and converges to ψ implies φn ≤ φ, ψ ≤ψn for all n. Then H has a coupled
invariant point.

Theorem 2.6 ([6]). In addition to the assumption of Theorem 2.4 or Theorem 2.5, suppose that
every pair of elements in E0 ×E0 has either an upper bound or a lower bound, i.e., for every
(φ1,ψ1), (φ2,ψ2) ∈ E0×E0 there exist a (γ1,γ2) ∈ E0×E0 which is comparable to the given vectors.
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Furthermore, if

Ω(φ
∗

ψ∗) =
(
φ

ψ

)
∈ E0 :

(
d0(φ,φ∗)
d0(ψ,ψ∗)

)
=

(
d(φ(c),φ∗(c))
d(ψ(c),ψ∗(c))

)
,

where
(φ∗
ψ∗

)
is a coupled invariant point of H, then

(φ∗
ψ∗

)
is the only coupled invariant point of H

in Ω0
(φ∗
ψ∗

)
.

3. Main Results
Consider the partially ordered metric space (E,d). Suppose E0 = C[[a,b],E] is the set of all
continuous from [a,b] to E. Let T be a non self mapping from E0 to E. Then the term “invariant
point of T” refers to a point φ ∈ E0 where Tφ=φ(c) for some c ∈ [a,b]. Consider on the product
space E0 ×E0 ×E0 the following partial order hold:
For (φ,ψ,ξ), ( f , g,h) ∈ E0 ×E0 ×E0,

( f , g,h)≤ (φ,ψ,ξ) ⇐⇒ φ≥ f ,ψ≤ g, ξ≥ h.

Definition 3.1. Consider (E,b) is a partially ordered metric space and H : E0 ×E0 ×E0 → E
where

H(φ,φ,φ)= Tφ, φ ∈ E0.

As any φ,ψ,ξ ∈ E0,

φ1,φ2 ∈ E0, if φ1 ≤φ2 then H(φ1,ψ,ξ)≤ H(φ2,ψ,ξ),

ψ1,ψ2 ∈ E0, if ψ1 ≤ψ2 then H(φ,ψ1,ξ)≥ H(φ,ψ2,ξ)

and

ξ1,ξ2 ∈ E0, if ξ1 ≤ ξ2 then H(φ,ψ,ξ1)≤ H(φ,ψ,ξ2)

then we say that H has the mixed monotone property.

Definition 3.2. Let H : E0 ×E0 ×E0 → E. An element

φ∗

ψ∗

ξ∗

 is called a triple invariant point

with PPF dependence of H if

H(φ∗,ψ∗,ξ∗)=φ∗(c), H(ψ∗,φ∗,ψ∗)=ψ∗(c) and H(ξ∗,ψ∗,φ∗)= ξ∗(c) for some c ∈ [a,b].

Theorem 3.3. Consider (E,d) is a partially ordered complete metric space. T is a non self
mapping from E0 to E. Suppose H : E0 ×E0 ×E0 → E. Assume that

(i) H is continuous

(ii) H satisfies the mixed monotone property

(iii) ∃ constants j,k, l ∈ [0,1) pleasing j+k+ l ≤ 1 for which

d(H(φ,ψ,ξ),H( f , g,h))≤ jd(φ(c), f (c))+kd(ψ(c), g(c))+ ld(ξ(c),h(c)),

∀ φ≥ f ,ψ≤ g, ξ≥ h. (3.1)
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(iv) If ∃ φ0,ψ0,ξ0 ∈ E0 such that

φ0(c)≤ H(φ0,ψ0,ξ0), ψ0(c)≥ H(ψ0,φ0,ψ0) and ξ0(c)≤ H(ξ0,ψ0,φ0).

Then, ∃ φ0,ψ0,ξ0 ∈ E0 as in

φ∗(c)= H(φ∗,ψ∗,ξ∗), ψ∗(c)= H(ψ∗,φ∗,ψ∗) and ξ∗(c)= H(ξ∗,ψ∗,φ∗) for some c ∈ [a,b].

Proof. Suppose Tφ0 =φ1(c), c ∈ [a,b] for any φ1 ∈ E0.
Let us denote

φ1(c)= H(φ0,ψ0,ξ0)= Tφ0 ≥φ0(c),

ψ1(c)= H(ψ0,φ0,ψ0)= Tψ0 ≤ψ0(c),

and

ξ1(c)= H(ξ0,ψ0,φ0)= Tξ0 ≥ ξ0(c).

For n ≥ 1, denote

φn(c)= H(φn−1,ψn−1,ξn−1), ψn(c)= H(ψn−1,φn−1,ψn−1) and ξn(c)= H(ξn−1,ψn−1,φn−1). (3.2)

Due to the mixed monotone property we can easily show that

φ2(c)= H(φ1,ψ1,ξ1)≥ H(φ0,ψ0,ξ0)=φ1(c),

ψ2(c)= H(ψ1,φ1,ψ1)≤ H(ψ0,φ0,ψ0)=ψ1(c),

ψ2(c)= H(ξ1,ψ1,φ1)≤ H(ξ0,ψ0,φ0)= ξ1(c).

Then, we obtain the following conditions

φ0(c)≤φ1(c)≤ . . .≤φn(c)≤ . . . ,

ψ0(c)≥ψ1(c)≥ . . .≥ψn(c)≤ . . . ,

ξ0(c)≤ ξ1(c)≤ . . .≤ ξn(c)≤ . . . .

For simplification we denote

Dφ
n = d(φn−1(c),φn(c)), Dψ

n = d(ψn−1(c),ψn(c)), Dξ
n = d(ξn−1(c),ξn(c)).

By inequality (3.1) we have

Dφ

2 = d(φ1(c),φ2(c))= d(H(φ0,ψ0,ξ0), (φ1,ψ1,ξ1))

≤ jd(φ0(c),ψ0(c))+kd(ψ0(c),ψ1(c))+ ld(ξ0(c),ξ1(c))

= jDφ

1 +kDψ

1 + lDξ
1.

Similarly, we obtain

Dψ

2 ≤ ( j+ l)Dψ

1 +kDφ

1 +0.Dξ
1,

Dξ
2 ≤ jDξ

1 +kDψ

1 + lDφ

1

and

Dφ

3 ≤ ( j2 +k2 + l2)Dφ

1 + (2 jk+2kl)Dψ

1 +2 jlDξ
1,

Dψ

3 ≤ (kl+2 jk)Dφ

1 + (( j+ l)2 +k2))Dψ

1 +klDξ
1,
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Dξ
3 ≤ (2 jl+k2)Dφ

1 + (2 jk+2kl)Dψ

1 + ( j2 + l2)Dξ
1.

To make writing easier, suppose

A =
 j k l

k j+ l 0
l k j


represented by

x1 y1 z1
u1 v1 w1
s1 y1 t1

 and

A2 =
 j2 +k2 + l2 2 jk+2kl 2 jl

kl+2 jk ( j+ l)2 +k2 kl
2 jl+k2 2 jk+2kl j2 + l2


=

x2 y2 z2
u2 v2 w2
s2 y2 t2

 ,

where x2 + y2 + z2 = s2 + y2 + t2 = u2 +v2 +w2 = ( j+k+ l)2 < 1 because j+k+ l < 1, and then by
mathematical induction we will show that

An =
xn yn zn

un vn wn
sn yn tn

 ,

where

xn + yn + zn = un +vn +wn = sn + yn + tn = ( j+k+ l)n < 1. (3.3)

For this, if inequality (3.3) holds for n, then

An+1 = An A

=
xn yn zn

un vn wn
sn yn tn

 j k l
k j+ l 0
l k j


=

 jxn +kyn + lzn kxn + ( j+ l)yn +kzn lxn + jzn
jun +kvn + lwn kun + ( j+ l)vn +kwn lun + jwn
jsn +kyn + ltn ksn + ( j+ l)yn +ktn lsn + jtn

 .

We have

xn+1 + yn+1 + zn+1 = xn j+ ynk+ znl+ xnk+ yn j+ znk+ xnl+ ynl+ zn j

= xn( j+k+ l)+ yn( j+k+ l)+ zn( j+k+ l)

= (xn + yn + zn)( j+k+ l)

= ( j+k+ l)n( j+k+ l)

= ( j+k+ l)n+1

< j+k+ l < 1.

Likewise, we have

un+1 +vn+1 +wn+1 = sn+1 + yn+1 + tn+1 = ( j+k+ l)n+1 < j+k+ l < 1.
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Hence, we getDφ

n+1
Dψ

n+1
Dξ

n+1

≤
 j k l

k j+ l 0
l k j


Dφ

1
Dψ

1
Dξ

1


that is

Dφ

n+1 ≤ xnDφ

1 + ynDψ

1 + znDξ
1, (3.4)

Dψ

n+1 ≤ unDφ

1 +vnDψ

1 +wnDξ
1, (3.5)

Dξ
n+1 ≤ snDφ

1 + ynDψ

1 + tnDξ
1. (3.6)

By using these three inequalities, it is simple to prove that φn, ψn and ξn are Cauchy sequences.
For m > n we have

d(φm,φn)≤ d(φm,φm−1)+ . . .+d(φn+1,φn)

= Dφ
m +Dφ

m−1 + . . .+Dφ

n+1

≤ xm−1Dφ

1+ym−1Dψ

1 +zm−1Dξ
1+xm−2Dφ

1+ym−2Dψ

1 +zm−2Dξ
1+. . .+ xnDφ

1+ynDψ

1 +znDξ
1

= (xn + xn+1 + . . .+ xm−1)Dφ

1 + (yn + yn+1 + . . .+ ym−1)Dψ

1 + (zn + zn+1 + . . .+ zm−1)Dξ
1

≤ (βn +βn+1 + . . .+βm−1)Dφ

1 + (βn +βn+1 + . . .+βm−1)Dψ

1 + (βn +βn+1 + . . .+βm−1)Dξ
1

= (βn +βn+1 + . . .+βm−1)(Dφ

1 +Dψ

1 +Dξ
1)

=βn 1−βm−n

1−β (Dφ

1 +Dψ

1 +Dξ
1),

where β= j+k+ l < 1, which implies φn is a Cauchy sequence.
On the same way we can show that ψn and ξn are also Cauchy sequences.
Due to the completeness of E0, there exist φ,ψ,ξ ∈ E0 such that

lim
n→∞φn =φ, lim

n→∞ψn =ψ, lim
n→∞ξn = ξ (3.7)

and

lim
n→∞Tφn = lim

n→∞φn+1 =φ(c), lim
n→∞Tψn = lim

n→∞ψn+1 =ψ(c), lim
n→∞Tξn = lim

n→∞ξn+1 = ξ(c).

Now, we claim that

φ(c)= H(φ,ψ,ξ), ψ(c)= H(ψ,φ,ψ) and ξ(c)= H(ξ,ψ,φ).

Let ϵ> 0. Because of continuity of H at (φ,ψ,ξ) for a given ϵ
3 > 0, ∃ a δ> 0 such that

d(φ(c), f (c))+d(ψ(c), g(c))+dξ(c),h(c))< δ⇒ d(H(φ,ψ,ξ),H( f , g,h))< ϵ

3
.

Then by (3.7) it follows that for ζ=min
(
ϵ
3 , δ3

)
, there exist q0, r0, s0 such that, for q ≥ q0, r ≥ r0,

s ≥ s0 we get

d(φn(c),φ(c))< ζ, d(ψn(c),ψ(c))< ζ, d(ξn(c),ξ(c))< ζ.

Now let t0 =max(q0, r0, s0).
For any n ≥ t0, we have

d(H(φ,ψ,ξ),φ(c))≤ d(H(φ,ψ,ξ),φn+1(c))+d(φn+1(c),φ(c))
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= d(H(φ,ψ,ξ),H(φn,ψn,ξn))+d(φn+1(c),φ(c))

< ϵ

3
+ζ≤ ϵ.

Hence H(φ,ψ,ξ)=φ(c). Similarly, we can prove that ψ(c)= H(ψ,φ,ψ) and ξ(c)= H(ξ,ψ,φ).

Theorem 3.4. Consider (E,d) is a partially ordered complete metric space and T is a continuous
mapping from E0 to E. Suppose H : E0 ×E0 ×E0 → E. Assume that

(i) H satisfies the mixed monotone property.

(ii) Assume that E0 possesses the following characteristics:

(a) for a nondecreasing sequence {φn}→φ, φn ≤φ, ∀ n ∈N,

(b) for a non increasing sequence {ψn}→ψ, ψn ≥ψ, ∀ n ∈N.

(iii) ∃ constants j,k, l ∈ [0,1) where j+k+ l ≤ 1 as well as

d(H(φ,ψ,ξ),H( f , g,h))≤ jd(φ(c), f (c))+kd(ψ(c), g(c))+ ld(ξ(c),h(c)),

∀ φ≥ f ,ψ≤ g, ξ≥ h. (3.8)

(iv) If there exist φ0,ψ0,ξ0 ∈ E0 such that

φ0(c)≤ H(φ0,ψ0,ξ0), ψ0(c)≥ H(ψ0,φ0,ψ0) and ξ0(c)≤ H(ξ0,ψ0,φ0).

Then there exist φ0,ψ0,ξ0 ∈ E0 such that

φ∗(c)= H(φ∗,ψ∗,ξ∗), ψ∗(c)= H(ψ∗,φ∗,ψ∗) and ξ∗(c)= H(ξ∗,ψ∗,φ∗) for some c ∈ [a,b].

Proof. For this theorem, we only have to prove φ(c) = H(φ,ψ,ξ), ψ(c) = H(ψ,φ,ψ) and
ξ(c)= H(ξ,ψ,φ).
Let ϵ> 0. Since

lim
n→∞Hn(φ0,ψ0,ξ0)=φ(c), lim

n→∞Hn(ψ0,φ0,ψ0)=ψ(c), lim
n→∞Hn(ξ0,ψ0,φ0)= ξ(c).

There exist n1,n2,n3 ∈N for some n,m, p such that n ≥ n1, m ≥ n2, p ≥ n3, we have

d(Hn(φ0,ψ0,ξ0),φ(c))< ϵ

4
, d(Hm(ψ0,φ0,ψ0),ψ(c))< ϵ

4
, d(Hp(ξ0,ψ0,φ0),ξ(c))< ϵ

4
.

Take n ≥ {n1,n2,n3} and by using

Hn(φ0,ψ0,ξ0)≤φ(c), Hn(ψ0,φ0,ψ0)≥ψ(c), Hn(ξ0,ψ0,φ0,ξ(c)≤ ξc,

we get

d(H(φ,ψ,ξ),φ(c))≤ d(H(φ,ψ,ξ),Hn+1(φ0,ψ0,ξ0))+d(Hn+1(φ0,ψ0,ξ0),φ(c))

= d(H(φ,ψ,ξ),H(Hn(φ0,ψ0,ξ0), (Hn(ψ0,φ0,ψ0), (Hn(ξ0,ψ0,φ0)))

+d(Hn+1(φ0,ψ0,ξ0),φ(c))

≤ jd(φ(c),Hn(φ0,ψ0,ξ0))+kd(ψ(c),Hn(ψ0,φ0,ψ0))+ ld(ξ(c),Hn(ξ0,ψ0,φ0))

+d(φ(c),Hn+1(φ0,ψ0,ξ0))

≤ d(φ(c),Hn(φ0,ψ0,ξ0))+d(ψ(c),Hn(ψ0,φ0,ψ0))+d(ξ(c),Hn(ξ0,ψ0,φ0))

+d(φ(c),Hn+1(φ0,ψ0,ξ0))
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< ϵ

4
+ ϵ

4
+ ϵ

4
+ ϵ

4
= ϵ.

This implies that H(φ,ψ,ξ)=φ(c).
On the same way we can prove that d(ψ(c),H(ψ,φ,ψ))< ϵ and d(ξ(c),H(ξ,ψ,φ))< ϵ.
Hence H(ψ,φ,ψ)=ψ(c) and H(ξ,ψ,φ)= ξ(c).

Now we can prove that tripled PPF dependent invariant point is unique by adding some
extra property in above two Theorems.

Theorem 3.5. With the hypothesis of Theorem 3.3 let us suppose the following condition:
For every (φ,ψ,ξ), (φ1,ψ1,ξ1) ∈ E0 ×E0 ×E0, ∃ a ( f , g,h) ∈ E0 ×E0 ×E0 that is comparable to
(φ,ψ,ξ) and (φ1,ψ1,ξ1), we find the uniqueness of triple PPF dependent invariant point of H.

Proof. If possible consider (φ∗,ψ∗,ξ∗) ∈ E0 × E0 × E0 is any other tripled PPF dependent
invariant point of H. For this we will prove d((φ(c),ψ(c),ξ(c)), (φ∗(c),ψ∗(c),ξ∗(c)))= 0.
By previous theorem

lim
n→∞Hn(φ0,ψ0,ξ0)=φ(c), lim

n→∞Hn(ψ0,φ0,ψ0)=ψ(c), lim
n→∞Hn(ξ0,ψ0,φ0)= ξ(c).

Two cases are considered:

Case (a). If (φ,ψ,ξ) is comparable to (φ∗,ψ∗ξ∗) as regards the ordering in E0 × E0 × E0

then for all n = 0,1,2, . . ., Hn(φ,ψ,ξ),Hn(ψ,φ,ψ),Hn(ξ,ψ,φ) = (φ,ψ,ξ) is comparable to
Hn(φ∗,ψ∗,ξ∗),Hn(ψ∗,φ∗,ψ∗),Hn(ξ∗,ψ∗,φ∗)= (φ∗,ψ∗,ξ∗).
Also

d((φ(c),ψ(c),ξ(c)), (φ∗(c),ψ∗(c),ξ∗(c)))

= d(φ(c),φ∗(c))+d(ψ(c),ψ∗(c))+d(ξ(c),ξ∗(c))

= d(Hn(φ,ψ,ξ),Hn(φ∗,ψ∗,ξ∗))+d(Hn(ψ,φ,ψ),Hn(ψ∗,φ∗,ψ∗))+d(Hn(ξ,ψ,φ),Hn(ξ∗,ψ∗,φ∗))

=αn[d(φ(c),φ∗(c))+d(ψ(c),ψ∗(c))+d(ξ(c),ξ∗(c))]

=αnd((φ(c),ψ(c),ξ(c)), (φ∗(c),ψ∗(c),ξ∗(c))),

where α= j+K + l < 1.
Hence d((φ(c),ψ(c),ξ(c)), (φ∗(c),ψ∗(c),ξ∗(c)))= 0.

Case (b). If (φ,ψ,ξ) is not comparable to (φ∗,ψ∗ξ∗), then there exists a lower bound or an upper
bound f , g,h of (φ,ψ,ξ) and (φ∗,ψ∗,ξ∗). Then ∀ n = 0,1,2, . . . ,

(Hn( f , g,h),Hn(g, f , g),Hn(h, g, f ))

is comparable to

(Hn(φ,ψ,ξ),Hn(ψ,φ,ψ),Hn(ξ,ψ,φ))= (φ,ψ,ξ)

and

(Hn(φ∗,ψ∗,ξ∗),Hn(ψ∗,φ∗,ψ∗),Hn(ξ∗,ψ∗,φ∗))= (φ∗,ψ∗,ξ∗).

d

φ(c)
ψ(c)
ξ(c)

 ,

φ∗(c)
ψ∗(c)
ξ∗(c)

≤ d

 Hn(φ,ψ,ξ)
Hn(ψ,φ,ψ)
Hn(ξ,ψ,φ)

 ,

 Hn(φ∗,ψ∗,ξ∗)
Hn(ψ∗,φ∗,ψ∗)
Hn(ξ∗,ψ∗,φ∗)


Communications in Mathematics and Applications, Vol. 13, No. 3, pp. 1047–1059, 2022
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≤ d

 Hn(φ,ψ,ξ)
Hn(ψ,φ,ψ)
Hn(ξ,ψ,φ)

 ,

Hn( f , g,h)
Hn(g, f , g)
Hn(h, g, f )

+d

Hn( f , g,h)
Hn(g, f , g)
Hn(h, g, f )

 ,

 Hn(φ∗,ψ∗,ξ∗)
Hn(ψ∗,φ∗,ψ∗)
Hn(ξ∗,ψ∗,φ∗)


≤αn[d(φ(c), f (c))+d(ψ(c), g(c))+d(ξ(c),h(c))]

+ [d( f (c),φ∗(c))+d(g(c),ψ∗(c))+d(h(c),ξ∗(c))]

which →∞ when n →∞.

So, d

φ(c)
ψ(c)
ξ(c)

 ,

φ∗(c)
ψ∗(c)
ξ∗(c)

= 0.

Theorem 3.6. With the hypothesis of Theorem 3.3 or (Theorem 3.4) let us consider every triple
elements of E0 has a lower bound or an upper bound in E0. Then φ=ψ= ξ.

Proof. For proving this, we consider two cases:

Case (a). If φ,ψ,ξ are comparable then

φ(c)= H(φ,ψ,ξ), ψ(c)= H(ψ,φ,ψ), ξ(c)= H(ξ,ψ,φ)

are comparable and we get

d(φ(c),ξ(c))= d(H(φ,ψ,ξ),H(ξ,ψ,φ))

≤ jd(φ(c),ξ(c))+k.0+ ld(ξ(c),φ(c))

≤ ( j+k+ l)d(φ(c),ξ(c))

< d(φ(c),ξ(c))

that means d(φ(c),ξ(c))= 0.
So,

φ(c)= ξ(c) ∀ c ∈ [a,b]

that is φ= ξ.

d(φ(c),ξ(c))= d(H(φ,ψ,ξ),H(ψ,φ,ψ))

= d(H(φ,ψ,φ),H(ψ,φ,ψ))

≤ jd(φ(c),ψ(c))+kd(ψ(c),φ(c))+ ld(φ(c),ψ(c))

= ( j+k+ l)d(φ(c),ψ(c))

< d(φ(c),ψ(c)).

That means d(φ(c),ξ(c))= 0.
So,

φ(c)=ψ(c) ∀ c ∈ [a,b].

Hence, φ=ψ. So, φ=ψ= ξ.

Case (b). If φ,ψ,ξ are not comparable then φ,ψ,ξ have a lower bound or an upper bound.
So, there exist a function f ∈ H comparable to φ,ψ,ξ.
Let us suppose that φ≤ f , ψ≤ f , ξ≤ f hold.
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Then, we have

H(φ,ψ,ξ)≤ H( f ,ψ,ξ), H(ψ,φ,ψ)≥ H(ψ, f ,ψ) and H(ξ,ψ,φ)≤ H(ξ,ψ, f ),

H( f ,ψ,ξ)≤ H( f ,ψ, f ), H(φ,ψ,φ)≤ H( f ,ψ, f ) and H(ξ,ψ, f )≤ H( f ,ψ, f ),

H( f ,ψ, f )≥ H(ψ, f ,ψ).

This implies that

H2(φ,ψ,ξ)= H(H(φ,ψ,ξ),H(ψ,φ,ψ),H(ξ,ψ,φ))

≤ H(H( f ,ψ,ξ),H(ψ, f ,ψ),H(ξ,ψ,φ))

= H2( f ,ψ,ξ)

that means H2(φ,ψ,ξ)≤ H2( f ,ψ,ξ)

H2(ψ,φ,ψ)= H(H(ψ,φ,ψ),H(φ,ψ,φ),H(ψ,φ,ψ))

≥ H(H(ψ, f ,ψ),H( f ,ψ, f ),H(ψ, f ,ψ))

= H2(ψ, f ,ψ)

that means H2(ψ,φ,ψ)≥ H2(ψ, f ,ψ)

H2(ξ,ψ,φ)= H(H(ξ,ψ,φ),H(ψ,ξ,ψ),H(φ,ψ,ξ))

≤ H(H(ξ,ψ, f ),H(ψ,ξ,ψ),H( f ,ψ,ξ))

= H2(ξ,ψ, f )

that means H2(ξ,ψ,φ)≤ H2(ξ,ψ, f )

H2( f ,ψ,ξ)= H(H( f ,ψ,ξ),H(ψ, f ,ψ),H(ξ,ψ, f ))

≤ H(H( f ,ψ, f ),H(ψ, f ,ψ),H( f ,ψ, f ))

= H2( f ,ψ, f )

that means H2( f ,ψ,ξ)≤ H2( f ,ψ, f )

H2(ξ,ψ, f )= H(H(ξ,ψ, f ),H(ψ,ξ,ψ),H( f ,ψ,ξ))

≤ H(H( f ,ψ, f ),H(ψ, f ,ψ),H( f ,ψ, f ))

= H2( f ,ψ, f )

that means H2(ξ,ψ, f )≤ H2( f ,ψ, f )

H2(φ,ψ,φ)= H(H(φ,ψ,φ),H(ψ,φ,ψ),H(φ,ψ,φ))

≤ H(H( f ,ψ, f ),H(ψ, f ,ψ),H( f ,ψ, f ))

= H2( f ,ψ, f )

that means H2(φ,ψ,φ)≤ H2( f ,ψ, f ).
By mathematical induction we get that this relation applies for n > 2 as well.
Now,

d(φ(c),ψ(c))

= d(Hn+1(φ,ψ,ξ),Hn+1(ψ,φ,ψ))
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= d[H(Hn(φ,ψ,ξ),Hn(ψ,φ,ψ),Hn(ξ,ψ,φ)),H(Hn(ψ,φ,ψ),Hn(φ,ψ,φ),Hn(ψ,φ,ψ))]

≤ d[H(Hn(φ,ψ,ξ),Hn(ψ,φ,ψ),Hn(ξ,ψ,φ)),H(Hn( f ,ψ,ξ),Hn(ψ, f ,ψ),Hn(ξ,ψ, f ))]

+d[H(Hn( f ,ψ,ξ),Hn(ψ, f ,ψ),Hn(ξ,ψ, f )),H(Hn( f ,ψ, f ),Hn(ψ, f ,ψ),Hn( f ,ψ, f ))]

+d[H(Hn(ψ,φ,ψ),Hn(φ,ψ,φ),Hn(ψ,φ,ψ)),H(Hn(ψ, f ,ψ),Hn( f ,ψ, f ),Hn(ψ, f ,ψ))]

+d[H(Hn(ψ, f ,ψ),Hn( f ,ψ, f ),Hn(ψ, f ,ψ)),H(Hn( f ,ψ, f ),Hn(ψ, f ,ψ),Hn( f ,ψ, f ))].

Because of contractive condition of H, we have

d(φ(c),ψ(c))≤ jd(Hn(φ,ψ,ξ),Hn( f ,ψ,ξ))+kd(Hn(ψ,φ,ψ),Hn(ψ, f ,ψ))

+ ld(Hn(ξ,ψ,φ),Hn(ξ,ψ, f ))+ . . .+ ld(Hn(ψ, f ,ψ),Hn( f ,ψ,ξ)).

On the same way, we finally get

d(φ(c),ψ(c))≤αn+1[d(φ(c), f (c))+d(ψ(c), f (c))+d(ξ(c), f (c))]

which → 0 as n →∞.
So, d(φ(c),ψ(c))= 0.
Similarly d(φ(c),ξ(c))= 0 and d(ψ(c),ξ(c))= 0.
So,

φ(c)=ψ(c) and ψ(c)= ξ(c)

which implies that

φ(c)=ψ(c)= ξ(c) ∀ c ∈ [a,b].

Hence φ=ψ= ξ.

Theorem 3.7. With the hypothesis of Theorem 3.3 let us suppose that φ0,ψ0,ξ0 ∈ E0 are
comparable. Then φ=ψ= ξ.

Proof. Here φ0,ψ0,ξ0 ∈ E0 are such that

φ(c)≤ H(φ0,ψ0,ξ0), ψ0(c)≥ H(ψ0,φ0,ψ0), ξ0(c)≤ H(ξ0,ψ0,φ0).

Now we will show that if φ0 ≤ψ0 and ξ0 ≤ψ0 then

φn ≤ψn and ξn ≤ψn ∀ n ∈N.

Because of mixed monotone property of H,

φ1(c)= H(φ0,ψ0,ξ0)≤ H(ψ0,φ0,ψ0)=ψ1(c)

and

ψ1(c)= H(ξ0,ψ0,φ0)≤ H(ψ0,φ0,ψ0)=ψ1(c).

Now suppose that

φn ≤ψn and ξn ≤ψn ∀ n.

Then

φn+1(c)= Hn+1(φ0,ψ0,ξ0)

= H(Hn(φ0,ψ0,ξ0), (Hn(ψ0,φ0,ψ0), (Hn(ξ0,ψ0,φ0))
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= H(φn,ψn,ξn)

≤ H(ψn,φn,ψn)=ψn+1(c)

and similarly for ξn.
Now

d(φ(c),ψ(c))≤ d(φ(c),Hn+1(φ0,ψ0,ξ0))+d(ψ(c),Hn+1(φ0,ψ0,ξ0))

≤ d(φ(c),Hn+1(φ0,ψ0,ξ0))+d(Hn+1(φ0,ψ0,ξ0),Hn+1(ψ0,φ0,ψ0))

+d(ψ(c),Hn+1(ψ0,φ0,ψ0))

= d(φ(c),Hn+1(φ0,ψ0,ξ0))+d[H(Hn(φ0,ψ0,ξ0),Hn(ψ0,φ0,ψ0),Hn(ξ0,ψ0,φ0)),

H(Hn(ψ0,φ0,ψ0),Hn(φ0,ψ0,φ0),Hn(ψ0,φ0,ψ0))]+d(ψ(c),Hn+1(ψ0,φ0,ψ0))

≤ d(φ(c),Hn+1(φ0,ψ0,ξ0))+αn+1[d(φ0(c),ψ0(c))+d(ψ0(c),ξ0(c))]

+d(ψ(c),Hn+1(ψ0,φ0,ψ0))

which → 0 as n →∞, which implies that d(φ(c),ψ(c))= 0.
So,

φ(c)=ψ(c) ∀ c ∈ [a,b].

Hence φ=ψ.
Similarly, we have d(φ(c),ξ(c))= 0 and d(ψ(c),ξ(c))= 0.
On the same way we can prove other cases for φ0,ψ0,ξ0.
Hence φ=ψ= ξ.
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[8] V. Lakshamikantham and L. Ćirić, Coupled fixed point theorems for nonlinear contractions in
partially ordered metric spaces, Nonlinear Analysis: Theory, Methods & Applications 70(12) (2009),
4341 – 4349, DOI: 10.1016/j.na.2008.09.020.

[9] N. V. Luong and N. X. Thuan, Coupled fixed points in partially ordered metric spaces and
application, Nonlinear Analysis: Theory, Methods & Applications 74(3) (2011), 983 – 992,
DOI: 10.1016/j.na.2010.09.055.

[10] A. C. M. Ran and M. C. R. Reurings, A fixed point theorems in partially ordered sets and some
applications to metric equations, Proceedings of the American Mathematical Society 132(5) (2004),
1435 – 1443, URL: https://www.jstor.org/stable/4097222.

Communications in Mathematics and Applications, Vol. 13, No. 3, pp. 1047–1059, 2022

http://doi.org/10.1016/j.na.2006.06.022
http://doi.org/10.1016/j.na.2007.05.044
http://doi.org/10.1155/2013/827205
http://doi.org/10.1016/j.na.2008.09.020
http://doi.org/10.1016/j.na.2010.09.055
https://www.jstor.org/stable/4097222

	Introduction
	Preliminaries
	Main Results
	References

