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1. Introduction

Many problems in several branches of mathematics are well known to be transformed into
invariant point problems in the form Tx = x for self mapping 7. Ran and Reurings [10]
investigated the existence of invariant point in partially ordered sets. This study was continued
by Bhaskar and Lakshmikantham in [[3]]. In partially ordered metric space, they proved some
interesting coupled invariant point theorems. The idea of tripled invariant point for nonlinear
mapping in partially ordered complete metric spaces was introduced by Berinde and Borcut [2].

Bernfeld et al. [[1]], on the other hand, presented the idea of PPF (Past-Present-Future)
dependent invariant point which is one form of invariant points for nonself mapping. In 2007,
Drici et al. [5] developed invariant point theorems of a nonlinear operator, in which the domain
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space is different from range space. Eg = Clla,bl,E] is the domain space and E is the range,
which is partial order metric space. After that, they further extend the results of invariant point
with PPF dependence in coupled invariant point with PPF dependence in [6].

In this article, we extend and generalize the outcomes of Dric et al. 6], and Vasile Berinde
and Marin Borcut [2] and we will prove the results for existence and uniqueness of triple
invariant point with PPF dependence in Partially ordered complete metric spaces.

2. Preliminaries

Here, we provide the relevant definitions and findings for different spaces that will be helpful
for further explanation.

Definition 2.1 ([2]). A point ¢ € E is said to be PPF dependent invariant point or an invariant
point with PPF dependence of a nonself mapping 7': Ey — E if T'(¢p) = ¢(c) for some ce I.

Definition 2.2 ([6]). Assume H : Eg x Eqg — E is such that H(¢,¢) = T¢, where ¢ € Ey. If for

¢1,¢2 € Eo, H(p1,y) < H(¢p2,) whenever ¢1 < ¢g, and for y1,v3 € Eo, H(p,v1) = H(P,v2)
whenever 11 <9, we say that H has the mixed monotone property.

Definition 2.3 ([6]). Let H : Eg x Eg — E. An element (¢p*,yv*) € Eg x E is said to be a coupled
invariant point with PPF dependence of H if H(¢*,v*) = ¢*(c) and H(y*,¢*) = ¢*(c) for some
for some ce I.

Now, we mention the existence outcomes in [6]].

Theorem 2.4 ([6]). Suppose H : EgxEq — E is a continuous mapping having the mixed monotone
property.
Assume that there exist a k €[0,1) with dIH(¢p,v),H(y,p)] < kdo(p,w).
If there exist ag,Bo € E¢ such that
ao(c) < H(ap, Bo) and Po(c) = H(Bo, xp)

then there exist ¢*,w* € E¢ such that ¢*(c) =H (", ¢v*) and w*(c)=H(y*,d").

Theorem 2.5 ([6]). Assume that H : Eq x Eq — E is a mapping having the mixed monotone
property. If there exist a k €[0,1) with d[H(¢p,v),H(w,p)] < kdo(p,v) and ag,Po € Eq such that

ao(c) = H(ap, Bo) and Polc) = H(Po,ao).

Suppose further that Eqg x Ey has the following property:
(Pn,vn) is a sequence in Eg x E¢ such that ¢, is a nondecreasing and converges to ¢ and vy, is
a non increasing and converges to ¥ implies ¢, < ¢, v <y, for all n. Then H has a coupled

invariant point.

Theorem 2.6 ([6]). In addition to the assumption of Theorem [2.4 or Theorem suppose that
every pair of elements in Ey x E has either an upper bound or a lower bound, i.e., for every
(P1,v1),(Pp2,w2) € Eg x E there exist a (y1,Y2) € Eq x Eg which is comparable to the given vectors.
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Furthermore, if
¢ do(p, ™)) [ d(p(c),¢p™(c)
() (u/)e ° (do(u/,u/*)) (d(w(c),w*((:)))’

where (fz) is a coupled invariant point of H, then (fz) is the only coupled invariant point of H

in Qo(J).).

3. Main Results

Consider the partially ordered metric space (E,d). Suppose Eg = Clla,b],E] is the set of all
continuous from [a,b] to E. Let T be a non self mapping from E( to E. Then the term “invariant
point of T” refers to a point ¢ € £y where T'¢ = ¢p(c) for some c € [a,b]. Consider on the product
space Ey x Ey x E( the following partial order hold:

For (¢,y,8),(f,g,h) e EgxEgx E),

(f,g,h)<(p,y,¢) < ¢p=f,v<g,E=h.

Definition 3.1. Consider (E,b) is a partially ordered metric space and H : Eg xEoxE¢g— E
where

H(p,p,0)=T¢, PpekEy.
As any ()ba’VI?E €E07
¢1,p2 € Eo, if ¢p1 < pg then H(p1,v,E) < H(pe, v, <),
v1,W2 €Ky, if y1 <y then H(¢p,y1,8) = H(P,w2,8)
and
1,62 € Eo, if {1 =¢9 then H(¢p,v,81) < H(¢,v,82)
then we say that H has the mixed monotone property.
(p*
Definition 3.2. Let H: E¢gxEgxEy— E. An element | ¢* | is called a triple invariant point
6*
with PPF dependence of H if
H(*,w*, &) =¢"(c), Hy", ¢, ") =y"(c) and H(E",y*,p*)=E"(c) for some c € [a,b].
Theorem 3.3. Consider (E,d) is a partially ordered complete metric space. T is a non self

mapping from Eq to E. Suppose H:EqxEgx Ey— E. Assume that
(i) H is continuous

(i1) H satisfies the mixed monotone property
(i1i) 3 constants j,k,l €[0,1) pleasing j+k +1 <1 for which
d(H(p,y,$),H(f,g,h)) < jd(P(c), f(c) +kd(y(c),g(c)) +1d(S(c), h(c)),
Vo=f,w<g,E=h. (3.1)
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(iv) If 3 ¢po,v0,¢0 € Eqg such that
¢po(c) < H(po,v0,¢0), wolc) = H(wo,dpo,vo) and Eole) < H(Eo,wo,Po).

Then, 3 ¢o,v0,¢0€ Eg as in
¢*(c)=H(p", ", &), w*(e)=HW",¢",v*) and & (c)=H(E",yw*,¢p") for some c€[a,bl.

Proof. Suppose T'¢pg = ¢p1(c), c €[a,b] for any ¢ € Ey.
Let us denote

$1(c) = H(po,¥o0,50) = T'ho = po(c),
wi(e) = H(yo,Po,v0) = Two < yolc),
and
¢1(c) =H(So,v0,¢0) = Téo = Eo(c).
For n =1, denote
$n(c) = H(pn-1,¥n-1,6n-1), ¥nl(€) =HWn-1,Pn-1,¥n-1) and ¢n(c) =H(n-1,¥n-1,Pn-1). (3.2)
Due to the mixed monotone property we can easily show that
¢p2(c) = H(p1,v1,¢1) = H(po,¥0,60) = ¢p1(c),
Yale) = H(y1,¢1,v1) < H(yo,Po,vo) = pi(c),
wolc) =H(1,v1,¢1) <H(o,wo,P0) =<¢1(c).
Then, we obtain the following conditions
dolc)=pi(c)=...<Pplc) =...,
vole)zywi(e)=...2y,(0)<...,
fole)s&i(e)s...<&(0)<....
For simplification we denote
D} = d(@n-1(0),¢n(e)), Dy = dWp-1(c),yn(e)), Dy =d(En-1(€),&n(0)).
By inequality we have
DY = d(¢p1(c), pa(c)) = d(H (o, Wo,E0), (P1,¥1,E1)
< jd(po(c), pole)) +kd(yole),wi(c)) +1d(Eolc),1(c))
= jD{+kDY +1D5.
Similarly, we obtain
DY <(j+ DY +kDY +0.DS,
D} < jD{+kDY +1D?
and
D? < (2 + k2 +1)DY +(2jk +2k1)DY +2j1D%,
DY < (kl+2jR)DY +((+1)? +k*)DY + kDS,
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D < @2jl +k*D{ +2jk +2k1)DY +(j% +1%)DS.

To make writing easier, suppose

Jj k1
A=k j+1 O
I k
X1 Y1 21
represented by |1 vi wi|and
s1 Y1 b

JP+E2+12 2jk+2k1 21
A?2=| RI+2jE (G+D%2+E%2 Rl
2jl+k%2  2jk+2kl  j2+12

X2 Y2 22
=luz2 V2 w2,
Sg y2 2

where x9 + Yo + 29 =S89+ yo + to = g + Vg + W9 :(j+k+l)2 <1 because j+k+1 <1, and then by
mathematical induction we will show that

Xn Yn 2n
A=lu, v, w, ,

Sn Yn tln
where
Xn+yYnteZn=Upn+Up+wWn=8Sp+yn+t,=G+Ek+1)"<1. (3.3)
For this, if inequality (3.3) holds for n, then
An+1:AnA
Xn Yn Zn\(J k 1
=lu, v, wyl|lk j+IL O
Sn Yn ta)\l Rk j
JXn+hkyn+lz, kxp+(G+Dy,+kz, lx,+jz,
=|jup+kv,+lw, ku,+(G+Dv,+kw, lu,+jw,|.
JSnthky,+lt, ksp,+(G+Dy,+Ekt, ls,+jt,
We have

Xn+1+ Yn+1+2Znt1=%nJ + Yk +zpl +xpk+ypj+zok +xpl +yl +2,)
=x,G+E+D+y,G+E+D)+2z,(j+E+])
=@p+ynt+z))J+E+1)
=(+R+D"G+E+D)
=(j+k+)"
<j+k+Il<1.

Likewise, we have

. +1 .
un+]_+vn+]_+wn+1:Sn+1+yn+1+tn+1:(J+k+l)n <J+k+l<]_.
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Hence, we get

¢ : ¢
D, .4 Jok YD
D' |=|k j+i o||DY

n+1

D,..) \. k& JJ\D;
that is
Dfﬂ < an¢ + yan + an"r (3.4)
DY | <u,D?Y+v,D¥ +w,D;, (3.5)
D¢ <s,DY+y,D¥ +¢,D5. (3.6)

By using these three inequalities, it is simple to prove that ¢,, ¥, and ¢,, are Cauchy sequences.
For m > n we have

d((pm’(;bn)5d(¢m,¢m—1)+---+d(¢n+1,¢n)

:D¢ +D¢ 1t +D¢

v ¢ v ¢ v ¢
< Xm— 1D +Ym-1D{ +2Zm- 1D +xm-2D{ +ym-2D{ +2Zm- 2D1+ A xp D] +ynD{ +2,D]
= (xp, +xn+1+...+xm_1)D1 + (Vn +yn+1+...+ym_1)D1 +(z,, +zn+1+...+zm_1)Di
<(B"+ B+ DY+ (B4 B 4+ DY (B + B L+ HDY
_ 1 -1 ¢
=(B"+ " .+ DY + DY + DY)

1 ﬁm n

e 5 —— X __(0?+D?+D?),

where f=j+Fk +l <1, which implies ¢, is a Cauchy sequence.
On the same way we can show that v, and ¢, are also Cauchy sequences.
Due to the completeness of E(, there exist ¢, v, € Eg such that

Lim ¢, =, lim g, =y, lim &, =¢ (3.7
and

hm T(,bn hm (,bn+1 =¢(c), hm Twn hm Wn+1 =w(c), hm Té, = hm €n+1 =&(e).
Now, we cla1m that

¢(c) = H(p,v,$), ywlc)=H(y,p,v) and {(c) = H(E,yp,P).
Let € > 0. Because of continuity of H at (¢,v,¢) for a given §>0, 3 a § >0 such that

d(p(e),f(e))+d(y(e),g(c))+dé(c),h(c)) <6 = d(H(p,v,E),H(f,g,h)) < E.

Then by (3.7) it follows that for { = min (§
§ =80 we get
d(Ppn(c),P(e)) <, d(yyle),y(c)) <, d(x(c),é(e)) <.

Now let tg = max(qg,70,S0).

s, 3) there exist qg, 79,50 such that for g = qq, r =7y,

For any n =t(, we have

d(H(p,y,¢),¢(c)) = dH(p,y,), Pn+1(c)) + d(Pn+1(c), P(c))

Commaunications in Mathematics and Applications, Vol. 13, No. 3, pp.[1047H1059, 2022



Triple Invariant Point Theorems with PPF Dependence for Contractive Type. .. : S. Rathee and N. Kumari 1053

= d(H((P, w’ é),H((pn, 1//n, én)) + d(¢n+1(c), ([)(C))

< g +({<e.
Hence H(¢p,v,¢) = ¢p(c). Similarly, we can prove that y(c) = H(y,¢,y) and {(c) =H(,v,¢p). O
Theorem 3.4. Consider (E,d) is a partially ordered complete metric space and T is a continuous

mapping from Eq to E. Suppose H :Eogx Eqgx Eq— E. Assume that
(1) H satisfies the mixed monotone property.

(i1)) Assume that E( possesses the following characteristics:
(a) for a nondecreasing sequence {¢pp} — P, ¢ <, V neN,
(b) for a non increasing sequence {v,} — v, v, =w, ¥V neN.
(iii) 3 constants j,k,l €[0,1) where j+k+1 <1 as well as
d(H(p,v,$),H(f,8,h)) < jd(P(c), () + kd(y(c),g(c)) +1d({(c), h(c)),
Vo=f,w<g,{=h. (3.8)

(iv) If there exist ¢po,wo,¢0 € E¢ such that
$o(c) = H(do,wo0,$0), wole)=H(ypo,po,wo) and §olc) <H(So,¥o,Po).

Then there exist ¢o,wo,¢0 € E¢ such that
¢ (c)=Hp",w*,&"), v (c)=HW",p*,w*) and &*(c)=H(E*,w*,¢p") for some c € [a,b].

Proof. For this theorem, we only have to prove ¢(c) = H(¢p,v,¢), w(c) = Hy,p,w) and
§(c)=H(&,vw,P).

Let € > 0. Since
Jim H™(¢o,0,60) = Ple), lim H"(yo,Po,yo) =y(c), lim H™(Eo,0,Po) = E(c).
There exist ni,n9,n3 €N for some n,m,p such that n=n1, m =n9, p =ng, we have
d(H"(¢po,0,¢0),P(c)) < Z, d(H™(yo,p0,¥0),p(c) < Z, d(HP(&o,v0,P0),&(c)) < Z
Take n ={n1,n9,ns} and by using
H"™ (o, ¥0,$0) < Pp(c), H"(wo,Po,w0) = wlc), H" (o, ¥0,Po,¢(c) <<,
we get
d(H (¢, y,6),$(0)) < dH(p,y,E), H" (o, 0,E0) + dH™ (o, 90,0), p(0))
= d(H(¢p,v,$),HH" (¢o,wo0,$0), (H" (o, Po,v0), (H" (o, W0, $0))
+d(H" (o, 0,0, $(0))
< jd(¢(c), H"(po,¥0,$0)) + kd(w(c), H" (yo, Po, wo)) +1d(¢(c),H" (&0, W0, Po))
+d(p(e), H" (o, ¥0,¢0))
< d(Pp(c), H" (¢po,w0,$0)) + d(w(c), H" (wo,Po, wo)) + d(&(c), H" ($o,¥0,P0))
+d(p(e), H™ (o, ¥0,£0))
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This implies that H(p,y,&) = ¢(c).
On the same way we can prove that d(y(c),H(y,d,y)) <e and d({(c), H(,yv,P)) <e.
Hence H(y,¢,v) = y(c) and H(,w,p) =E(c). O

Now we can prove that tripled PPF dependent invariant point is unique by adding some
extra property in above two Theorems.

Theorem 3.5. With the hypothesis of Theorem let us suppose the following condition:
For every (¢,v,8),(p1,w1,1) e EgxEqgxEg, 3a (f,g,h) e Eg x Eg x Eg that is comparable to
(p,v,¢) and (¢p1,w1,E1), we find the uniqueness of triple PPF dependent invariant point of H.

Proof. If possible consider (¢*,¢*,{*) € Eqg x Eg x Eq is any other tripled PPF dependent
invariant point of H. For this we will prove d((¢(c),w(c),(c)),(d*(c),yv*(c),E*(c))) = 0.
By previous theorem

Jim H™($o,90,60) = Ple), lim H"(yo,¢o,y0) =y(c), lim H"(Eo,0,Po) = E(c).
Two cases are considered:
Case (a). If (¢p,y,¢) is comparable to (¢p*,y*¢(*) as regards the ordering in Eg x Eg x Ej
then for all n = 0,1,2,..., H*(¢p,v,$),H" (yv,d,v),H "¢, w,p) = (,y,{) is comparable to
HM* 0, &), HM (w*, ¢, u*), H' (& w*, %) = (¢, 0, €%).
Also
d((¢p(c),p(c),&(c)), (@™ (), p™(c), & (c))
=d(¢p(e), ¢ () +d(y(c),y™ () +d(&(c), & (¢))
=dH" (), v, ), H (", " ,EN+dH" (y,p,v), H (W ,¢" . ¢+ dH" &, p,p), H' (", ¢, ¢"))
= a"[d(¢p(c), ™ () +d(y(e),y™(c) + d(&(e),E*(e))]
= a"d((p(c),w(c), (), (d™ (), ™ (c),E"(c))),
where a=j+K+[<1.
Hence d((¢p(c),w(c),&(e)), (" (e),y*(c),E(e)) = 0.

Case (b). If (¢, v, ¢) is not comparable to (¢p*,y*E*), then there exists a lower bound or an upper
bound f,g,h of (¢,y,¢) and (¢*,¢*,{*). Then V n=0,1,2,...,

(H"(f,8,h),H"(8,f,8),H"(h,8,f))

is comparable to

(H™ (), v, ), H" (w,p, ), H"(C, 9, ) = (¢, ,8)

and
H™ (", ™, ) H (@™, ¢", ™), H" (& ,y",d") = (", ¢, ).
P(c)) [(¢*(c) H™ (¢p,w,0)\ (H™ (", ", ")
d '(,U(C) , 'l//*(c) <d H"(W,¢,1//) s Hn(‘//*:(,b*,w*)
ée)) \&*(e) H"¢,w,¢p)) \H"(*,v",¢p")
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H™(¢,v,0)\ (H"(f,g,h) H"(f,g,h)\ (H"(¢",¥",$")
<d||H"w,p,p)|,|H (g,f.& || +d||H"(@g.f,&) |, |H (", ¢*,y")
H"¢,y,¢)) \H"(h,g,f) H"(h,g,f)) \H"(*,y",¢")
< a"[d(¢(c), f(c)) +d(y(c),g(c)) + d(&(c), h(c))]
+[d(f(c),p" () +d(g(c),y*(c)) +d(h(c), & ()]

which — oo when n — oco.

P(e)) (P*(c)
So,d||w(e)|,|v*)]]|=0. O
ée)) \ &% (o)

Theorem 3.6. With the hypothesis of Theorem 3.3 or (Theorem let us consider every triple
elements of E¢ has a lower bound or an upper bound in Ey. Then ¢ =y =¢.

Proof. For proving this, we consider two cases:
Case (a). If ¢,y,¢ are comparable then
¢(c) = H(p,y,8), w(c)=Hy,p,y), {(c)=HE, v, )
are comparable and we get
d(¢(c),&(e)) = d(H(p,w,8), H(E, v, d)
< jd(¢(c),§(c) + k.0 +1d((c),¢p(c))
< +k+Dd(d(c),é(c)
<d(¢(c),&(c))

that means d(¢(c),¢(c)) =0.
So,

Pp(c)=¢(c) Vcela,bl]
that is ¢ =¢.
d(¢(c),&(c)) = d(H(p,w, ), H(y,d,w))
=d(H($,v,$), H(y,d,y))
< jd(¢(e),y(c)) +kd(y(c),p(c)) + Ld(p(c),w(c))
=(J+E+Dd(p(c),p(c))
<d(¢(c),p(c)).

That means d(¢(c),&(c)) =0.
So,

¢(c)=w(c) Y cela,bl
Hence, ¢ =y. So, p =v =¢.

Case (b). If ¢, v, ¢ are not comparable then ¢,y,¢ have a lower bound or an upper bound.
So, there exist a function f € H comparable to ¢,v,¢.
Let us suppose that p < f, w < f, £ < f hold.
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Then, we have

H(p,w,O) <H(f,y,), Hy,,w)=2H(y,f,v) and H(,yv,p)<H(,y,f),

H(f,y,0)<H(f,y.f), H(p,y,p)<H(f,y,f) and H(,y,f)<H(f,y,f),

H(f,y,f)=H(y,f,p).

This implies that

H(¢,y,8) = HH(p,w,E), Hy,¢,9), HE, w,$))
<HH(f,y,),H(y,f,w),HE,y,P))
= H(f,y,8)

that means H2(¢, v, &) < HA(f,w,¢)

H(y,¢,9) = HHp,$,9), H$,y,$), Hy,d, )
>HHW,f,v),H(f,v,f),Hw,f,y)
=H(y,f,y)

that means H2(y, ¢, w) = H?(y, f,v)

H&y,¢) = HHE,y,¢), Hy, &), Hp, w,6)
<HHGEC,y,f),Hwy,{,v),H(f,y,$))
= H*¢, v, f)

that means H2(¢, v, ¢) < H2(E, v, f)

H(f,y,&) =HH(f,v,0),Hy, f,w),HE,w,f))
<HH,w,)),Hw,f,v),H(f,y,f))
=H(f,v.f)

that means H2(f,1/1,f) < Hz(f,u/,f)

H*&y,f) = HHEy, ), Hy, &), H(f,p,6)
<HH(f,y,),Hw,f,v),H(f,v,f))
=H(f,y.f)

that means H2(&, v, f) < HX(f,v,f)

H*(¢,y,¢) = HH(p,y,$), Hy,d,9), H,y,p))
<HH(f,y,)),Hw,f,v),H(f,v,[))
= H(f,v.f)

that means H2(¢, v, $) < HX(f, v, ).
By mathematical induction we get that this relation applies for n > 2 as well.
Now,

d(e(e),w(c))
= dH"" ¢, v,O), H Ny, p,9))
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=d[HH"(¢p,v,O),H" (y,,w),H" (&, y,p)), HH" (y,p,v), H" (¢, v, p), H" (v, p,¥))]
< d[HH"($,y,5),H" (y,¢,9), H" &y, o), HEH"(f,w,O), H"(y, f,y), H" 9, f))]
+dHH"(f,w,),H"(y, f,9), H* &, w, ), HH"(f, 9, ), H*(y, f,y), H* (f, 9, )]
+d[HH"(y, ¢, 9), H (), y, ), H" (w,p, ), HH" (., f ,w), H*(f 9, ), H"(, f ,y))]
+dHH"(y, f,9), H"(f, 9, ), H" "y, f,y), HH"(f,y, ), H"(y, f,9), H*(f 9, ).
Because of contractive condition of H, we have
d(p(0),y(e)) < jAH" (b, v, ), H™(f,,)) + kdH" (y,,9), H"(y, f , 1))
+IdH" Ew, ), H & p, )+ ...+ IdH (yp, f,v), H (f,v,§)).
On the same way, we finally get
d(p(e),y(e)) < @™ Hd(g(e), f(e) +d(wlc), f(e) +d(E(e), f(e))]
which — 0 as n — co.
So, d(¢(c),w(c)) =0.

Similarly d(¢(c),¢(c)) =0 and d(w(c),E(c)) =0.
So,

$(c) =y(c) and y(c) = ¢(c)
which implies that

P(c)=w(c)=¢&) Y cela,bl.
Hence ¢ =y =¢. O
Theorem 3.7. With the hypothesis of Theorem let us suppose that ¢, v,¢0 € Eo are
comparable. Then ¢ =y =¢.
Proof. Here ¢g,v0,¢o € E¢ are such that

¢(c) = H(po,¥0,%0), wole) =2 H(yo,po,¥0), Solc) <H(So,¥0,p0).
Now we will show that if ¢¢ < ¢ and {o < o then

¢n<wv, and {, <y, VnelN.
Because of mixed monotone property of H,

¢1(c) = H(po,wo,¢0) < H(wo, o, wo) = ypi(c)
and

y1(c) = H(So,wo,¢P0) < H(wo,Po,wo) = w1(c).
Now suppose that

$n<yn and § <Y, Vn.
Then

Pn+1(0) = H™ (o, 0,0

= H(H"(¢po,¥0,$0), (H" (wo,Po, o), (H" (S0, ¥0,$0))
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= H((pnﬂ//n,‘fn)
<HWn,n,¥n)=9¥nsi1(c)

and similarly for &, .

Now

d(¢(c), w(c)) < d(p(e), H" (o, wo,£0)) + dw(e), H* (o, wo,0))
=< d((c), H" (o, wo, o)) + dH™ (o, wo,0), H M wo, o, w0))
+d(w(c), H" (w0, $o, o))
= d(p(e), H" (o, wo,£0)) + dLHH (o, w0, E0), H™ (wo, do, wo), H" (0,0, ¢0)),
H(H™ (w0, b0, w0), H (Ppo, w0, Po), H™ (wo, o, wo)] + d(w(c), H"  (wo, o, wo))
< d(¢(c), H" (o, w0,E0)) + @ L d(o(c), wo(e)) + d(o(c), Eo(e))]
+dw(e), H  (wo, o, o))

which — 0 as n — oo, which implies that d(¢(c),w(c)) =0.

So,

¢(c)=w(c) VY cela,bl

Hence ¢ =v.

Similarly, we have d(¢(c),¢(c)) =0 and d(y(c),&(c)) =0.

On the same way we can prove other cases for ¢, v ¢,<o.

Hence ¢ =y =¢. O
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