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1. Introduction
Let Q2 be a bounded domain in an n-dimensional Euclidean space R" with smooth boundary
0Q). The eigenvalue problem
—Au=Au, inQ,
{u =0, on 0Q)
is called the fixed membrane problem. Let 0 < 1; < A9 < A3 <--- — +00 denote the successive

eigenvalues for (1.1), where each eigenvalue is repeated according to its multiplicity. In the case
of n =2, Payne-Pdélya-Weinberger [5] proved

(1.1)

Ao+ A
277 <. (1.2)
M
Subsequently, in 1964, Brands [2] sharpen (1.2) to
Ao+ A A
22708 54 2L (1.3)
A Ao
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In 1993, for general dimensions n = 2, Ashbaugh and Benguria [1]] proved (see the inequality
(6.10) in [1)

Ao+Ag+---+ A, A
R I 57 RO S (1.4)
A Ao

Recently, the inequality (1.4) has been extended to some Riemannian manifolds, see [6, 3] 4]
and the references therein.
In this note, we consider eigenvalue problem of the following Schriodinger operator

{(_A+V)u =Au, in(2, (1.5)

u=0, on 0Q),

where V is a continuous bounded function on Q. Using the method of Brands [2], we study
the eigenvalue problem (1.5) for general dimensions n = 2 and extend the inequality (1.4) as
follows:

Theorem. Let A; be the i-th eigenvalue of the eigenvalue problem (1.5). Then

Ao+Ag+---+ A M+1)(EBE+4M +1
2+Ag+---+ n+1Sn+( +1)(3¢ + + ), (1.6)
A E+M

where M =sup|V|/A1 and & = Aa/A4.
Q

Remark. If V =0 in (1.6), from (1.6), it is easy to see that

12+/13+---+An+1 <n+3+ﬂ
M h Ao’

(1.4) follows. Hence, (1.6) extends the inequality (1.4).

2. Proof of Theorem

Let u; be the orthonormal eigenvalue function with respect to L2 inner product corresponding
to A;, that is,

fQuiuj = 5ij, for any i,j.

We choose rectangular coordinates x!,%2,...,%" of the Euclidean space R” by taking as origin

the center of gravity of () with mass-distribution u% such that

f%iu%:O, for i =1,2,---,n. (2.1)
Q
Defining an n x n-matrix B as follows:

B :=(bij;)
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where b;; = fQ Fuqu j+1. Using the orthogonalization of Gram and Schmidt, we know that there
exist an upper triangle matrix R = (R;;) and an orthogonal matrix € =(q;;) such that R = @B,
that is,

n n
R;j= Zqikbkj:f Y quFuiu;=0, 2<j<is<n. (2.2)
k=1 kp=1
. n .
Setting x' = Y q;;x’/. From (2.1) and (2.2), we arrive at
j=1
fxiuluj:O, forl<j<i<n. 2.3)
Q

Let ¢; =x;u1. Then ¢; =0 on 02 and

f(piuj:O, forl<j<i<n.
Q

One gets from Rayleigh-Ritz inequality that

(=A+V)p;
Ay < fQ @il . )i . (2.4)
Ja®;
Note that
(-A+ V)(pi = /11xiu1 - 2u1,xi 5
where w1y, = 0u1/0x;. It follows that
f Pi(=A+V)p; =f pi(A1xiur —2u ;)
Q Q
=7l1f w?—2f XiUU
Q Q
:AI‘/‘ (P?—f xi(u%),xi (2.5)
Q Q
:Alf (p?+f u?
Q Q
:ﬂlf (/)l2 +1.
Q
(2.5) combining with (2.4) yields
-1
Air1sA+ (fg(xiul)z) : (2.6)

By integration by parts, it holds that

Jus7 == [ 5§ =@+ D [ Guows e,
Q Q ¢
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For a > 1/2, it follows from the Cauchy-Schwarz inequality that

2
(f “*1) @+ 1) (f(xlulxul u1x1>)
Q

<(a+1)? f (i)’ f @ Tup )2
Q Q

_(a+1)2f 2f 2a-1
= oa—1 (xLLLl) Q(ul ),xiul,xi

—(a+1)2
= 20 -1 f(xlul)zf 2a- lul,xixi-

Thus

(f (xiju )2)_1 < _(a+1)2 fQ u2“ 1u1’xixi
o ! T 2a-1 (fQu‘f“)z '
Applying (2.7) to (2.6), one gets

Agt Azt t Anna <n+(a+1)2A(a)su (1—K)
Al B 20 -1 Qp 1
12
<n+(M+1)(“ )1A()

where A(a) = [ou2%/(fqu ‘”1) :
In the following, we will find an upper bound of

(a+1)?

2a 1 4@

Define
p=uf —ulf u‘f“,for a>1.
Q

Then we have

fQ<pu1:0.

This means that
Jap(=A+V)¢
Ja®? .

afgu‘f_IIVull —ful( Nuq

f (A1~ VIus,

Ao <

Note that

a1 [ w2V = | wd it

= f (A1 —V)u2®
Q
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and
(~A+V)p = —ala—Dud2|Vui 2 +(ad; — aV + V)ud - /llulf uftl,
Q

Hence, we have

2 2 2
a (a—1)
“A+V)p = 1 200 _ fV 20(_/1 (f a+1)
js.)qb( V9 201 lfgul 2a—1 Jo 1 ™

) ) ) (2.11)
-1
s( @ Ll )M)/llf u%a—xl(f u‘f“).
20—1 2a-1 Q Q
From (2.10) and (2.11), we arrive at
2 _12
o [E
Ar _\22-1 2a- (2.12)

A A(a)-1

Again, by using the Cauchy-Schwarz inequality, one gets

2 2
Q Q Q Q Q

This means that A(a) > 1 for a > 1. If a is restricted to the condition

f—( a? (a—1)2

+ M)>O,
20—1 2a-1

that is

a<(M+€)+\/(M+€)(<f—1). 2.13)

M+1
Then (2.12) is equivalent to
&-1
a? (@—1)2
- +
20—-1 2a-1

1<

A(a) < (2.14)

b

S

where ¢ = A9/A1. Inserting (2.14) into (2.8)) yields

/12+A3+"'+/1n+1
M

sn+M+1(E-1)f(a), (2.15)

where

(a+1)>2
Qa-1)é—-[a2+(a-1)2M]1"

fla)=

The minimum of f(a) as a function of « in the range (2.13) is

(M+1)3E+4M +1)
E+M)E-1)
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and this is attained at

20 +2M
ad=——————.
E+2M +1

Hence, (2.15) yields

/12+13+---+/1n+1
M

sn+(M+1)(cf—1)f( 2 +2M )

E+2M+1
+(M+1)(3£+4M+ 1)
E+M '

This concludes the proof of theorem.
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