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Abstract. Pentanacci sequence is a fifth order recurrence relation and Pentanacci cubes F(n5) are
induced subgraphs of the hypercube, obtained by removing all the vertices that contain five or more
consecutive 1’s. In the present work, we give some properties related to matrix sequence of Pentanacci
numbers and Pentanacci cubes 1"515). Also, we investigate the generating function of matrix sequence

and cube polynomials of Pentanacci cubes.
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1. Introduction

Hypercubes @, are widely used as mathematical models in network analysis. The graph
of hypercube is constructed, using all binary strings of length n, as vertices and the
edges determine by the Hamming distance. Two vertices are connected by an edge if their
Hamming distance is one. Liu et al. [6] introduced a Fibonacci cube which were obtained from
hypercubes @,,. Klavzar and Mollard [|3] determine the cube polynomial of Fibonacci cubes and
Lucas cubes and also explicitly determined the zeros of cube polynomials.

Belbachir and Ould-Mohamed [1] gave some properties related to Tribonacci cubes. The main
difference between Fibonacci cubes and Tribonacci cubes, is that the vertices do not contain two
consecutive 1’s and three consecutive 1’s, respectively. They investigated the cube polynomials
of Tribonacci cubes and determined the corresponding generating function.
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Soykan [8,9] investigated the matrix sequences associated with Tribonacci and Tribonacci-
Lucas numbers. Also they determined the relation between Tribonacci and Tribonacci-Lucas
matrix sequences. Construction of the 2-Fibonacci cubes, the structure of £-Lucas cubes and
diameter of the k-Fibonacci cubes and k-Lucas cubes are studied in [2]. We are interested in
the study of the matrix sequence associated with Pentanacci numbers and cube polynomial of
Pentanacci cube motivated by the results in [4}5].

This paper is organised as follows. In Section [2| we recall the definition of Pentanacci
numbers and its extension to negative subscripts. In Section |3, we define matrix sequence of
Pentanacci numbers and some results are presented. In Sections |4| and |5, the cube polynomials
of Pentanacci cube is investigated and some enumerative properties are obtained. In the last

section, we give the definition of radius and diameter of Pentanacci cube.

2. Preliminaries
Pentanacci sequence P,, (sequence A001591), [7] is defined by the fifth-order relation
pP,=P, 1+P,, o+P,, 3+P, 4+P, 5, n=5 2.1)
with initial conditions Py =0, Py =1, Py =1, P3=2, P4 =4.

Also, this sequence can be extended to negative subscripts by defining
P_,= _P—(n—l) —P_(n_z) —P_(n_3) —P_(n_4) +P_(n_5) , n=1,223,.... (2.2)

The first few values of the Pentanacci numbers is given in Table

Table 1. Pentanacci numbers

P, |0]1]|1|2|4| 8 |16]| 31|61 | 120 | 236

We observe that
n
P,.1=< ZPi <Pnio, n=2.
=0
3. The Matrix Sequence of Pentanacci Numbers

Soykan [|8]] studied matrix sequences of Tribonacci and Tetranacci numbers and obtained the
generating function of that matrix sequence. We define the matrix sequence of Pentanacci

numbers and obtain its generating function.

Definition 3.1. For any integer n = 5, the Pentanacci matrix &, is defined by

@n:@n—1+t@n—2+¢@n—3+c@n—4+c@n—5 (3.1)
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with initial conditions

100 0 O] (1 1 1 1 1] (2 2 2 2 1]
01000 10000 11111
Py=10 01 0 0|, =010 0 0[], 2=|10 0 0 0],
00010 00100 01000
0 0 0 0 1] 0 0 0 1 0] 0 0 1 0 0]
[4 4 4 3 2] (8 8 7 6 4]
2 22 21 4 4 4 3 2
Ps=11 111 1|, 2=12 2 2 2 1|.
10000 11111
01000 10000

The Pentanacci matrix sequence &, can be extended to negative subscripts by defining

D=L (-1)~ P-(n-2)— P-(n-3)— P—-(n-9y + P—(n—5), n=12,3,....
The following theorem gives the nth term of the matrix sequence of Pentanacci numbers.

Theorem 3.1. For any integer n = 0, we have the following formulas of the matrix sequences:
FPn+1 Pn+Pn—1+Pn—2+Pn—3 Pn+Pn—1+Pn—2 Pn+Pn—1 Pn 1

Pn Pn—1+Pn—2+Pn—3+Pn—4 Pn—1+Pn—2+Pn—3 Pn—1+Pn—2 Pn—l
cgznz P,y Py o+Py3+Pyy+Py 5 Pro+Py3+Pyy Prot+tPy 3 Profl. (3.2)
Pn—2 Pn—3+Pn—4+Pn—5+Pn—6 Pn—3+Pn—4+Pn—5 Pn—3+Pn—4 Pn—3
Pn—3 Pn—4+PrL—5+Pn—6+Pn—7 Pn—4+Pn—5+Pn—6 Pn—4+Pn—5 Pn—4d

Proof. We prove this theorem by strong mathematical induction on n.

If n =0, then we have

'Pl Py+P_1+P_o9+P_g3 Py+P_1+P_o Py+P_4 Py ]
P,+Po+P 3+P 4 P 1+P 9+P 3 P 1+P o9 P4
Pos+P 3+P 4+P 5 P o+P 3g+P 4 Po+P g P o,
P3+P 4+P 5+P g P 3+P 4+P 5 P 3+P_4 P_j3
P 4+P 5+P g+P_ 7 P 4+P 5+P_¢g P_4+P_j5 P_4.

0 0O

)
o

Py =

|
w N =

Py =

coocookrH NNN

cooroO
oo

o~ oo

H o oo

0
If n =1, then we have
[ Py Pq +P0 +P_1+P_9 Pq +P0 +P_4 Pq +P() Pq ]
Pq Py+P_1+P_o9+P_g3 Py+P_1+P_o Py+P_4 Py
1@1: Py P1+P o9+P 3+P_4 P 1+P o9+P 3 P1+P o P_4|,
P, Po+P 3+P 4+P 5 P o+P 3+P 4 P o+P g Py
hP_2 P3+P 4+P 5+P g P 3g+P_4+P_5 P_3+P_4 P_3‘
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[1 1111
10000
P1=10 1 0 0 0
00100
00010

which is true. Assume that the equality holds for n < k. For n = k+1, using fifth-order recurrence

relation, we have the required results. O

Lemma 3.1. The generating function for the Pentanacci sequence {P,},>0 is

y
G(y) = .
1-y-y2-y3—yt—yP

Proof. By definition of generating function,

Gy =) Zny"
n=0

o0
= @0+<@1y+ <@2_}/2+ <@3_}13+ 94y4+ Z @ny”
n=>5

o0
= y+y2 +2y3 +4y4 + Z [Py 14+ Py o+ Py 3+ Py g+ Py s5ly"

n=>5
=y+y7+2y° +4y* + y[G(y) - y — y* - 2)°]
+y2[G(y) -y - y*1+ ¥°[G(y) - y1+ y*G(y) + Y’ G(y).
Grouping G(y), the required results are obtained. O

Theorem 3.2. The generating function for the Pentanacci matrix sequence is

(1 y+y2+y3+9% y+y%+y? y+y? y

y 1-y ¥y +y3+ oyt yi+ys ¥

y* y—y° 1-y—y° ¥4yt y?

¥ y2—y3 y=y2-y> 1-y-y*-y3 y*
e .1t y? -y v -yt y—yP -yt -yt 1-y—yP-yP -yt
Y Pyt = PP Y B S . (3.3)
g y—y2-y3-yt-y

o0
Proof. Suppose that G(y) = Y #,y" is the generating function for the Pentanacci matrix
n=0

sequence. Then using definition, we obtain

G(y): Z gznyn

n=0

)
= @0"' @1y+<@2y2+<@3y3+<@4y4+ Z gznyn
n=>5

= @0 + ﬁly-i- 92y2 + 933/3 + @43’4

+ Z(e@n—l‘F@n—2+i@n—3+t@n—4+t@n—5)yn

n=5
Gy)A-y—y2—y> —y* = y°) = Py +(P1 - Do)y +(Py— P1— Po)y®
+(Py— Py— P — Do)y +(Py— Py — Py — P1— Po)y*.

Using initial matrix sequence conditions, the required results are obtained. O
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4. Pentanacci Cube

We define a Pentanacci string of length n as a binary string a, = a1as...a, where a, does
not contain five or more consecutive 1’s. Let V,, be the set of all Pentanacci string of length
n including the empty string. The Pentanacci cube of dimension n is the graph with vertex
set V,,, where two vertices are adjacent if and only if their Hamming distance is equal to
one. The Pentanacci cube is denoted by 1"515). The Pentanacci cube can be decomposed into the
subgraphs induced by the vertices that starts with 0,10,110,1110 and 11110, respectively [1}3].
The vertices beginning with 0 constitute a graph isomorphic to Ffﬂl, the vertices beginning

with 10 constitute a graph isomorphic to I' 51532, the vertices beginning with 110 constitute a

graph isomorphic to r®

n-3°
1“(n52 4, and the vertices beginning with 11110 constitute a graph isomorphic to Ffzs. This can be

: . B) _ A1) (5) (5) (5) (5)
written symbolically as I',” =0T, + 10", + 1%5(§rn_3 +1110I°,7, + 111101, "~ .
n

the vertices beginning with 1110 constitute a graph isomorphic to

From the decomposition of Pentanacci cube I
following recurrence relation

5By — (5) (5) (5) (5) (5)
EC) = [EC® )1+ ETD ) +IET )+ ECD )1+ 1ECTP,)]

,the number of edges can be obtained by the

+P,+3P,,_1+2P,,_9+2P,_3;, n=5 4.1)
with [ECP) =0, [ECD) =1, [ECY)| =4, IECD) =12, |[ETY)| = 32.

Proposition 4.1. The generating function of the number of edges in FS‘S) is given by
y+2y*+3y° +4y* -5 —»°

ET®)|y"| = 4.2
nzZ:OI B e B B2 “2
Proof. Asin Lemma
Yy
G(y)=) P,y"= .
7;0 -y -2y oyt—yP
Let E(y) denote the generating function of the sequence E(F(,f’)).
Then, we have
E(y)=Y I[ECP)y"
n=0
= y+4y? +12y° +32y% + Y |EXTD))y"
n=5
=y+4y?+12y° +32y% + 25[|E(r;531)| +ET®,)|+|ET?P,)
n=
+IETO DI+ETD )1y" + Y [Py +3Py_1+2Py_9+2P,_3ly"
n=5
=(y +y2 +y3 +y4 +y5)E(y)+(1 +3y+ 2y2 + 2y3)G(y) —y2 +y4. O

Proposition 4.2. The weight w of a vertex u is the number of 1’s in its corresponding binary
string. For n =5, and 4<w < [@J, let SY be the set of all vertices of FE?) having weight w.
Then the number of these vertices is given by the recurrence formula below

IS =18, _11+1S5 ol +1S sl + 1S, 4 +1S; 5!, 4.3)
where

1S%=1851=1, n=0 (4.4)
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1SL|=n, n=0 (4.5)

4(2n + l)J

1S¥| =0, n=0, wz{ (4.6)

Proof. A vertex of maximum weight can be obtained by concatenating the string 11110 p times,
where p = |%| and ending with 1"~°7. Hence, a maximum weight of Pentanacci string is [@J .

The proof of (4.3) follows directly from the decomposition of FE?). O
Proposition 4.3. Pentanacci cube is a bipartite graph.

Proof. Let Fﬁf) be the Pentanacci cube. Its vertex set is classified in to two groups based on
weights. Let X = {u | weight(u) = even or zero weight} and Let Y = {v | weight(v) = odd}. Clearly,
there are no edges existing between two vertices with the same weight. We can assign colour
1 to a even weight vertex. Similarly, there are no edges existing between two vertices in Y.
Therefore, we assign colour 2 for each vertices in Y. Also there exist edges between X and Y and
which satisfy the colouring property. Hence Pentanacci cube is 2-colourable. O

5. Cube Polynomial

It is well known that the cube polynomial of hypercube is C(Q;,x) = (2 +x)" ([1,4,/5]). The cube
polynomial of Fibonacci, Lucas cube and Tribonacci cubes have already been studied and
derived from hypercube. We study the cube polynomial of Pentanacci cubes. The first few cube
polynomials are listed below

« CTP,x)=1
C(F(IS),x) =x+2
C(F(s),x) =x?+4x+4
CaY,x) = x>+ 622 +12x +8
CaP,x)=x*+8x% + 24x2 + 32x + 16

Lemma 5.1. For any n =5, the cube polynomial of T’ 515) satisfies the following recurrence relation
Cr®,0)= CO? %)+ (1 +0)CT? 1)+ (1+x)2CT? )
+ (1+0°CT® 0+ 1 +0ica®,,2)
with
CIr® x)=(x+2)", 0<n<4. (5.1)

Proof. For n<4, Fgf) isomorphic to @, then C(Ff'),x) =C(Q,,x).
For n =5, an induced k-cube in Fgle,l"fzz,l“fg,l"fz 4 and 1"2535 remains of dimension k£ in I’
The number of these hypercubes is obtained by

C(Fgl,x) + C(Ffzz,x) + C(F;533,x) " Cr(ntiz,ic +oT® _y).

n—>52

(5)
n .

Consider the following sets:
A, ={a, e VIP) | a1asasa4a5 = 11110}
B, ={a, e VI'Y) | a1asa3a4 = 1110}

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp.[603 , 2022
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Cn=1{a, e V(') |ajazas =110}
D, ={a, e VI'®) |a1as = 10}
E,={a, e VAP |a; =0}

The subgraphs 101“;532 induced by the set D, has a copy in 01“;5_)1 those two copies are joined by
perfect matching. Thus an induced k-cube in l"(n532 is of dimension £+ 1 in 1"25). The subgraphs
110F£l53 4 induced by the set C,, has a copy in 10F5L532 those two copies are joined by perfect
matching. The subgraph 11101“;53 4 induced by the set B, has a copy in 1101“;533 those two copies
are joined by perfect matching. The subgraph 111101“5:535 induced by the set A,, has a copy in

11101“;53 4 those two copies are joined by perfect matching. Also, The subgraph 1101"(5)

by the set C,, has a copy in 0F§l531. Then an induced k-cube in F(5)3 is of dimension £ +2 in
Similarly the subgraph 11101“;52 4 induced by the set B, has a copy in 101“;5_)2. The subgraph

111101“;525 induced by the set A,, has a copy in 1101“;5). O

73 induced
F(5)
"

Theorem 5.1. The Generating function of the cube polynomial C(Ff),x) is

Y Cr®, %) 1+(1+x)y+1+x)2y2 + (1 +x)3y3 + (1 +x)*y*
=0 1—y—(1+x)y2—(1+ac)2 3 (1+x)Byt—(1+x)4y>’

Proof. Let F(x,y) denote the generating function of the sequence C(st),x)
F(x,y) =Y COT® x)y"

n=0
= i Cr® x)y"+ Y Cr® x)y"
= 1_+ 2+x)y+(2 +r3Lc)§y2 +(2 +x)3y3 +(2 +x)4y4 + Z C(F;s),x)y”
Using Lemma "

F,y)=1+2+2)y+2+x)2%y2+2+x)3y3 +(2+x)ty?
+y[F(x,y)—1-2+x)y - (2+2)%y? - (2+x)%y%]
+(1+x)y%[F(x,y)—1—(2+x)y — (2 +x)2y?]
+(1+x)2y3[F(x,y)—1—(2+x)y]
+(1+x)3y* F(x,y) - 11+ (1 +x)*y5F(x, y).
Grouping F'(x,y), we get the required results. O

6. Radius and Diameter

Now, we redraw the hybercube based on their weight. In Initial level we place the vertex having
zero weight. The next level placed with vertices having weight one. Clearly, there is no edges
between vertices having same weight and there exist n edges between initial level say level 0
and next level say level 1. In the third row having the vertices of weight 2 and so on. Clearly,
each vertex in first row is adjacent to n — 1 vertices in row 2. The total edges between each level
is increased atleast [ | level. The last row having the vertices of maximum weight %J .
From this construction easily we observe that radius and diameter of the Pentanacci cube.
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1110,...,0

-~

,0 101,...,0
,0 010,...,0
7. Conclusion

The study of hypercubes related to Fibonacci like number sequences has applications both
computer science and theoretical chemistry. We present some enumerative properties related to
matrix sequence of Pentanacci numbers and Pentanacci cubes. Also, we propose to investigate
the application of Pentanacci matrices to coding theory.

110,.

100,. .. 001,...,0 000,...,1

000,...,0
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