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1. Introduction

The core area of present research in analysis is fixed point theory. These results will be applicable
in science and engineering. One hotspot area in fixed point theory apart from metric and fuzzy
space is Menger space, coined by Menger [6]]. He interpreted the distance of two points by
probabilistic notion through distribution function and introduced the theory of probabilistic
metric (PM) space. Gahler [3] introduced the idea of 2-metric space as generalization of metric
space. These concepts are developed in the formation of probabilistic 2-metric space introduced
by Golet [4]. Further, these metric spaces improved through topological ideas by Schweizer
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and Sklar [1]]. Mishra [7]] introduced the compatible notion in Menger space, which channelizes
to prove new results in probabilistic spaces. Singh and Jain [11]] using the concept of weakly
compatible mappings and obtained some results in menger space, which are attracted by many
researchers. Recently, Gupta et al. [5] employed the weakly compatible property in 2-Menger
space generated some results. Al-Thagafi and Shahzad [2] generalized the concept of weakly
compatibility as occasionally weakly compatible mappings and produced some results in this
area. Patel et al. [9] initiated the theme of conditionally sequential absorbing maps in metric
space and obtained some results. Some more results can be witnessed by using the concepts like
reciprocal continuous, sub sequentially continuous and semi compatible mappings in Menger
space ([8], [10]).

2. Preliminaries
Definition 2.1. 5 : R — R* is distribution function [5] if it is
(i) non-decreasing
(i) continuous from left
(iii) infi¥(@):aeR}=0
iv) sup{F(a):aeR}=1.

The letter £ is used to refer to a collection of all distribution functions.

Definition 2.2. A probabilistic 2-metric space (2-PM space) [5] ia a pair (2,F) withT :
2x02x0Q — L here L stands as the set of all distribution functions and the F value at
(e,f,8) € 2 x 2 x2is written as F, ¢ , and fulfill the following properties:

(@) Ferg(0)=0,

(b) 3 ge 2 suchthat F,r(t)<1,foralle,feQ,e#f,for some t. >0,
(c) Fergt)=1,foralltc>0ife=f=gore=forf=gore=g,

(d) Fergt)=TFrgeltc)=TFgrete),

(@) TFefat)=Trgety)=TFgret)=1= Forqatr+t,+t;)=1.

Definition 2.3. The mapping ¢, :[0,1]*> —[0,1] is a ¢- norm [5] it has the properties:
(1) t-(0,0,0)=0,
(i) ¢.(v,1,1)=v,
(iii) tc(ao,bo,co) =tc(bo,co,a0) =t (co,a0,b0),
(iv) t(d,e,f)=t(d1,e1,f1) ford=di,ezeq, f2f1,
(v) tc(t(ao,bo,co)),r,s) =t(ao,t(bo,co,r),s) =t(ao,bo,t(co,r,s)).
Definition 2.4. A Menger probabilistic 2-metric space [5] is a triplet (2,F,¢.), where (2,5) is a
2-PM space and ¢t is a t-norm having triangle inequality

Fupwls+ty+t2) 2 tFyp pE),Fupw(ty),Fpow(ts)), for allw,p,v,u € Q and ty,t,,¢, = 0.
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Definition 2.5. A sequence (p,) in 2-Menger space (2,7,¢) [5]
(i) converges to B if for each €>0,t.>0,3 N(e)e N = JF}, p4(¢)>1-t., for alla € Q and
n=N(e);

(ii) Cauchy if for each € >0, t. >0, 3 N(e) e N = F, p,.qal€) >1—t., for all @ € Q and
n,m = N(e);

(iii) if each Cauchy sequence converges in 2 then it is mentioned as complete 2-Menger space.

Definition 2.6. Self-mappings P, S in 2-Menger space (2,7,¢.) are known as

(a) Compatible [5]| if Fpsy, spPx,.o(B) — 1, for all @ € 2 and >0 whenever a sequence (x,) € 2
such that Px,,Sx, — 0 where 0 is some element of 2 as n — co.

(b) Weakly compatible [5], [11] if commute at their coincidence points.

(c) Occasionally Weakly Compatible (OWC) [2] if there is a coincidence point at which maps

are commuting.

Example 2.1. Define V ¢, €[0,1]

te .
—— 1t >0
Foprte) = { o e @.1)

0, if t.=0
V v, B and fixed y =0, ¢. > 0.
By considering Q2 = (—o00,00) and d is usual distance on Q2 then by (2,3,t.) forms 2-Menger
space.
The mappings P,S : 2 — 2 are defined as
P(a)=a+3 forallaeQ (2.2)

2
S@="3" fraleco. (2.3)

From (2.2) and (2.3) a = —3,—2 are coincidence points for the mappings P, S.
Ata=-3

P(-3)=S(-3)=0, (2.4)
PS(-3)=P(0)=3, (2.5)
SP(-3)=S(0)=9. (2.6)

From (2.4), (2.5) and (2.6).

Resulting that the maps P, S are owc mappings however not weakly compatible.
Definition 2.7. Self-mappings P, S in 2-Menger space (2,J,t.) are termed as Conditionally
sequentially absorbing [9] if whenever the sequence (c,,) satisfying

{(cm): lim Pc,, = lim Scm} £

m—o0 m—oo

then there exists another sequence (e;,) in 2 with

lim Pe,, = lim Se,, =7, for some ne X

m—0o0

m—00
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such that
lim Fpe, pse,.a(f) =1
m—00

and

lim Fge, spe,a(f)=1, forallae 2 and f>0.
m—00

Example 2.2. Let (2,7,t.) be a 2-Menger space where J,¢. be as in (2.1), choose 2 =[-3,3].
The mappings P,S : Q — Q are defined as

-3 ifae[-3,0)
P(a) = 2.7
(@ {(7)—'12 if a €[0,3] @7

3
< ifge[-3,0)
S@={°% ’ 2.8
@ {(7)—3‘1 ifa €[0,3]. =9

From (2.7) and (2.8), the mappings P, S have coincidence points —3,0 and 3.
Ata=3

P3)=803)=7"7, (2.9)
PS@3)=p(17%=7"T"7" (2.10)
SP(3)=8(77%) =737, (2.11)

From (2.9), (2.10) and (2.11) the mappings are not weakly compatible.
Let (a,,) = \/—7, for all m = 1. Then from (2.7)

m
7 _(42)?
lim Pa,, = lim P(£ = lim 7 (m) =1 (2.12)
m—o00 m—oo m m—oo
and
7 _g(vZ
lim Sa, = lim s(£ = tim 730%) =1, (2.13)
m—o00 m—o00 m m—oo
From (2.12), (2.13), we get
lim Pa,, = lim Sa,,. (2.14)
m—o0 m—o0
From (2.14) implies
{am): lim Pay, = WlLiggOSam} # .
Then there exists another sequence (¢,,) = -3+ %, for all m =1 and from (2.7)
4
lim Pc¢,, = lim P (—3+ —) = lim -3=-3 (2.15)
m—o00 m—o0o m m—o0
and from (2.8)
3
4 -3+4
lim S¢,, = lim S (—3+ —) = lim M =-3. (2.16)
m—o0 m—oo m m—o00 9
From (2.15), (2.16)
lim Pc¢,, = lim Sc,, =-3. (2.17)
m—0o0 m—00
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Further from (2.7), (2.16)

(~3+4)
lim PS¢y, = lim P|——2|= lim -3=-3, (2.18)
m—00 m—oo 9 m—0o0
from (2.8)), (2.15)
lim SP¢,, = lim S(-3)= lim -3 =-3. (2.19)
m—0o0 m—0o0 m—o0
Thus from (2.15), (2.18), (2.16) and (2.19)
nlli_rgogjpcmpscn,a(ﬁ) =1and nlglgo?scn,spcn,a(ﬁ) =1. (2.20)

We can conclude that from (2.10), (2.11) and (2.20) the pair (P,S) is conditionally sequentially
absorbing but not weakly compatible.

Definition 2.8. Self-mappings P, S in 2-Menger space (2,7,¢.) are said to be Reciprocally
continuous [8], if whenever the sequence {c,,} such that
lim Pc,, = lim Se¢;,, =1, for some neQ
m—0o0 m—0o0
implies
nlli_IgO?Pn,PScm,a(:B) =1
and

lim Fgy spPc,,,a(f)=1 forallae
m—00

and for some > 0.

Example 2.3. Let (2,7,t.) be a 2-Menger space where J,¢. be as in (2.1) and 2 =[0,00). The
mappings P,S : Q — Q are defined as

i ifa€[0,2
Pa) = Slz,n(“) nd 10,5 (2.21)
a iface [%,oo)
t if 0,%
S(a) = { An(@) ifac [0.3) (2.22)
na ifae [%,oo)
From (2.21), (2.22) the mappings P, S have coincidence points 0, and .
Ata=nm
P(m) =S(n) = (n)?, (2.23)
PS(n) = p((m)®) = (m)*, (2.24)
SP(m)=S((m?) = (). (2.25)
From (2.23), and the mappings are not weakly compatible.
Let (a,;,) =7 — %, for all m = 1. Then from (2.1)
. . 2 . 2 \? 2
lim Pa,, = lim P T——|= lim n-— =(m)”, (2.26)
m—o0 m—o0 m m—o0 m
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from (2.22)
2 2
lim Sa,, = lim S(n——z) = lim n(n— —2) = (n)2. (2.27)
m—o00 m—o00 m m—o0 m
Again from (2.21), (2.27) we get
2 2 \)\2
lim PSa, = lim P((n)z—n(—z)) = lim ((n)2—n(—2)) = (m*. (2.28)
m—o0 m—o0 m m—o0 m
From (2.22), (2.26)
2\? 22
lim SPa,, = lim S ((n— —2) ) = lim n((n— —2) ) = (7). (2.29)
m—oo m—o0 m m—oo m
From (2.21), 2.22), 2.28), (2.29)
Jim Fpe pse,,o(f)=1 and  lim Fgqp spe, o) =1 (2.30)

for all a € Q and for some > 0 and also if (a,,) — 0 as m — oo implies

Lim Fp),psc,.a(f)=1and lim Fg),spc,.a(f) =1 (2.31)

for all a € Q and for some > 0.
Hence from (2.30) and (2.31) the mappings P, S are reciprocally continuous but not weakly
compatible.

The following theorem was proved by Gupta et al. [5].

Theorem 2.1. Let A, B, S and T be self-mappings on a complete probabilistic 2-metric space
(X,3,¢tc) satisfying
(i) AX) = TX),BX)<=SX),

(i1) one of A(X),B(X), T(X) or S(X) is complete,
(iii) pairs (A,S) and (B, T) are weakly compatible,
(iv) FaxByy(te) Z2rFsy Ty (t) forall x, y in X and t. >0,

where r:[0,1] — [0,1] is some continuous function such that r(t;) > t. for each o <t. <1.

Then the mappings A, B, S and T have unique common fixed point in X.
Now we give generalization of Theorem [2.1] as under.

3. Main Results

Theorem 3.1. Let A, B, S and T be mappings on a complete probabilistic 2-metric space
(Q2,7,t.) to itself satisfying

AQ)cTQ), B(2)cS(Q) (3.1)

the pair of mappings (A,S) reciprocally continuous and conditionally sequentially absorbing
and (B,T) is occasionally weakly compatible

?Ax,By,y(tq) = r(ngx,Ty,y(tc)) (3.2)
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whenever x,y € Q and t. >0 for some continuous self-map on [0,1] such that r(t;) > t. for each
o<t.<L

Then A, B, S and T have unique common fixed point in Q.

Proof. By using the sequence (y,) derived as
(yon) = Axgn = Txgpn+1, (3.3)
(¥2n+1) = Bxgn+1 = Sx2n+2. (3.4)
Now, our claim is to show y,, is a Cauchy sequence.
By taking the values x = x9,, y = x2,+1 in (3.2)), we get

ngx2n,Bx2n+1,Y(tC) = r(‘rfoQn,sznJrl,y(tg))

F yonyons1.y ) Z T (Fyo, 1,900y ED) > Ty 1 3oy (Ee)-

In general, we have

g‘yn+1,ynyY(t§) > ?yn’yn—lsy(tc)

forall n=1.

Then we have {F,,,, ,,y(tc), for all n = 1} is an increasing sequence of positive real numbers
bounded above by 1 therefore it must be converge to a limit say L < 1.

If L<1then J,,,, ,,y(tc)=L>r(1)>1 which is a conflict. Hence L = 1.

Therefore, for all n and p, &, , 1 (£)=1.

Thus (y,) being Cauchy sequence in complete space Q2 so it has limit z € X resulting each sub

sequence has the same limit z.

That is from (3.3) and (3.4)
Axo,,Sxo, — 2, (8.5)
Txon+1,Bxon+1 — 2

as n — oQ.

Use the notion
L{A,S}={(xp): ,}E&Ax” = Jingonn}.

Since the pair (A, S) is conditionally sequential absorbing from
L{A,S}# ¢ = I {yn)

such that
r}Lm Ay, = ’}Lm Sy, =0 (say) (3.6)
= lim Fay, asy,y(tc) =1and Tsy, say, y(tc) =1 3.7)

for all yeX, t.>0.
Also, the pair (A,S) is reciprocally continuous implies whenever

lim Ay, = lim Sy, =0 (say) (3.8)

n—o00
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= lim Fapasy,4(t) =1 and lim Fgg say,(tc) = 1.
Using and in (3.7), we get
AG=8S6=6.
But A0 is element in A(Q) by there exists 17 such that
0=S6=A46=T.
Claim Bn=Tn.
By putting x =60,y =7 in (3.2)
Fa0.Bny(to) = r(Fso,rnyt).
From (3.10)
Fa0.Bny(te) =r(Fses0,4(t))=r(1)=1.

From (8.11) = A6 =Bn.
This gives

0=8S60=A0=Tn=Bn.

(3.9)

(3.10)

(3.11)

(3.12)

The pair (B, T) is occasionally weakly compatible gives BTn =TBn — B =T from (3.12).

Claim 6 = B6.

By taking x =y =0 in (3.2)
T a60,80,4(t) 21T s, 10, (tc)

using and BO=T0
Fo,Bo,y(t) = 1(Fo Boy(t)) > Fo oy (tc)
Fo,80,y(tc) > Fo o,y (tc)

which is absurd. Hence 6 = B0.
Resulting

0=BO0=T60=A0=S0.
Therefore, 0 is the required common fixed point.

Uniqueness can be easily obtained from the contraction condition.

Now, we provide a supporting illustration to justify Theorem

(3.13)

Example 3.1. Let (2,5,¢.) be a 2-Menger space where J,t. be as in (2.1) and 2 =[-1,2]. The

mappings A,S,B,T : 2 — Q are defined as

-1 ifae[-1,0)
A =B =
(@) =5 {e—a2 if a €[0,2]

a®  ifae[-1,0)
S(a) = T(a) =
(=T {e‘Z“ if a € [0,2].
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From and (3.15), we have

AQ)={-1}ule 11, S(2)=[-1,0)ule™*,1].
This gives

A(Q)c T(Q), B(Q)cT(Q).

From (3.14) and (3.15) a = —1,0 are coincidence points for mappings A, S.
Ata= 0, S(O) = A(O) =1 and

ASW0)=A(l)=e!, (3.16)

SAW0)=S(1)=e2. (3.17)
From (3.16) and (3.17)

AS(0) # SA(0). (3.18)

Hence from (3.18) the mappings are not weakly compatible.

For a sequence (a,,) = for all m = 1. Then (3.14)

3m’
. . 4: . _(A)Q
lim Aa,, = lim A|— | = lim e '3’ =1, (3.19)
m—o00 m—o0 3m m—o00
from (3.15)
lim Sa, = lim S|—| = lim e 262 =1 (3.20)
m—o00 m—o00 3m m—oo
and from (3.14), (3.20), we get
_ -8
lim ASap, :%%A(eﬁ):nyggoe—(e""" s (3.21)
from (3.15) and (3.19)
42
nllli%oSAam = hm S(e” () )_nllli%oe_%e ) )=e72, (3.22)

From (3.21) and - the pair (A,S) is non-compatible so that there exists another sequence
(epm)=-1 + 1 for all m = 1. Then from (3.14)

3
lim Ac,, = lim A (—1 + —) = lim (-1)= -1, (3.23)
m—oo m—oo 4m m—0oo
and from (3.15)
. . 3 . 33
lim Se¢,, = lim S|-1+—|= lim |-1+—| =-1. (3.24)
m—oo m—oo 4dm m—00 4m
Now from (3.14), (3.24)
3 3
lim ASc,, = hm A ((—1+ —) ) = lim (-1)=-1, (3.25)
m—o00 dm m—o0
from (3.15), (3.23]
lim SAc,, = hm S(-1)=- (3.26)
m—00
Thus from (3.23), (3.25), (3.24) and (3.26]
lim Fac, ASc,o«(f)=1 and lim Fg. sac,, «(B)=1. (3.27)
m—o0 m—0o0
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Further from (3.14), (3.15), (3.25) and (3.26)

lim Fage,, A(-1e(f)=1 and nlli_l,%oFSAcm’S(_l)’a(ﬁ) =1. (3.28)

m—0o0
From (3.21), (3.22) (3.27) and (3.28) we can conclude that the pairs of (A,R), (C,T) are non-
compatible reciprocally continuous and conditionally sequential absorbing, having unique fixed

point a = —1. Further, the pairs of (A,S), (B,T) are not weakly compatible and hence satisfied
all the conditions of Theorem [3.1]

Now, we give another generalization of Theorem [2.1| as under.

Theorem 3.2. Let A, B, S and T be mappings on a 2-menger space (,F, t. to itself satisfying the
pairs of mappings (A,S) and (B,T) non-compatible reciprocally continuous and conditionally
sequential absorbing

g'Ax,By,y(tc) = r(-?Sx,Ty,y(tg))

whenever x,y € Q and t. > 0 for some continuous self-map on [0,1] such that r(t.) >t for each
o<tc<l.
Then A, B, S and T have unique common fixed point in Q. Moreover, all these mappings are

discontinuous at their fixed point.

Proof. Since the pair (A,S) is non-compatible implies some sequence (x,) with
lim Ax, = lim Sx, =0 (say) (3.29)
n—.oo n—.oo

for some 0 € Q
— r}Lrglo?Asyn,Asme(ﬁ) not exist or ’}L%loff"syn,SAyn’Y(ﬁ) #1.
Since the pair (A, S) is conditionally sequential absorbing from (3.29)
L{A,S}# ¢ = I {yn)

such that
lim Ay, = lim Sy, =0 (say)
n—00 n—oo
= r}i_)rgongyn,ASyn,y(te) =1 and ’}L%?Syn,SAyn,y(tc) =1 (3.30)

forall ye Q, ¢t >0.
Also, the pair (A,S) is reciprocally continuous implies whenever

nli_)rgoAyn = JLIEOSyn =0 (say) (3.31)
= ,}HEOFA@’ASMY(Q) =1 and T}LI&?SQ,SAyn,Y(tC) =1 (3.32)
Using from (3.37)), (3.32) in (3.30), we get
AO=S0=06. (3.33)
Since the pair (B,T') ia non-compatible implies some sequence (x,) with
nll_)I{.lo Bx, = nh_)rgo Tx, =n(say) (3.34)
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for some ne X
—  lim FBry, 1Bx,,y(t;) not exist or lim Fpry, 7By, y(tc) # 1.
n—o0 n—o0

Since the pair (B, T) is conditionally sequential absorbing from
LB, TY#¢ = 3 {yn)

such that
lim By, = lim Ty, = w (say)
n—oo n—oo
= r}l__ngongyn,BTyn,Y(tC) =1 and r}l_%lo&rTyn,TByn,Y(tC) =1 (3.35)

for all ye Q, >0.
Also, the pair (B, T) is reciprocally continuous implies whenever

Y}eroloByn = r}LIgloSTyn =w (say) (3.36)

= r}ij](t)lo"fgw,BTyn,Y(tc) =1 and r}i_%lo?Tw,TByn,y(tq) =1. (3.37)
Using and in (3.35), we get

Bw=Tw=w. (3.38)

Claim w =6.
On contrary if w # 6.
Put x=0 and y = w in (3.2)
T 46,Bwy(te) =1(Tg0, 10w, (tc))

= Fouwy(te) 2r(Fow () > Fouwy(Ec)
from (3.33),

= Fo,w,y(te) > TFow (tc)
which is contradiction hence 6 = w.
Uniqueness follows easily comes from contraction condition.
Suppose A is continuous at w from then

lim Sy, =0 = ’}LIEOASyn = A0 (say).

From 3.(;’)02
lim SAy, =50
but A8 =S6=6
— ,}LI&ASy” = I}LI&SAyn. (3.39)

Eq. (3.39) demonstrates that (A,S) is compatible pair, despite the fact that it is non-compatible.
Therefore, A should be discontinuous at w. Similarly, the other mappings are also discontinuous

at w. O

Now, we justified our theorem with proper illustration.
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Example 3.2. Let (2,7,¢.) be a 2-Menger space where J,t. be as in (2.1) and 2 = R. The
mappings A,S,B,T : 2 — Q are defined as

a? ifae(0,1]
A(a) = B(a) = 3.40
(a)=Ble) {2 ifqe(l,8) (3.40)

1 ifa€(0,1]
S(a) = T(a) = 3.41
(@)=Tta) {loga if a € (1,8). (3.41)

From (3.40) and (3.41) @ = 2 and 1 are coincidence points for the mappings A, S.
Ata=eé?, S(e2) = A(ez) =2 and

AS(e?)=A(2) =4, (3.42)

SA(ez) =S(2) =1og?2. (3.43)
From (3.42) and (3.43)

AS(2)#SA(2). (3.44)

Hence from (3.44) the mappings A, S are not weakly compatible.
For a sequence (p,,) = e? + %, for all m = 1. Then (3.40)

2
lim Aa, = lim A (e2 + —) = lim 2=2, (3.45)
m—oo m—oo 3m m—oo
from (3.41)
. . 9 2 . 9 2
lim Sa,, = lim S|e“+ —|= lim logfe“+ —|=2. (3.46)
m—oo m—oo 3m m—o0 3m
From (3.40), (3.46)
2
lim ASa,, = hm A (log (e + —)) = lim 2=2, (3.47)
m—oo 3m m—o0
from (3.41), (3.45
lim SAa,, = hm S(2) = hm log2 =log2. (3.48)
m—o00
From (3.47), (3.48) we get
lim ASa,, # hm SAam (3.49)
m—00

From (3.49) the pair (A,R) is non-compatible.
Further from (3.45)), (3.46)

{(pm): lim Apm = lim Spm} # .

There exists another sequence (q,,)=1— 3 , for all m = 1. Then from (3.40)
lim Ag,, = lim A (1 — —) = lim (1 — —) =1, (3.50)
m—00 m—00 m—00
and from (3.41)
4
lim Sq,, = lim S (1 - —) = lim 1=1. (3.51)
m—o00 m—o00 3m m—o00
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From (3.40) from (3.51)
lim ASq,, = lim A(1)= lim (1)=1, (3.52)
m—00 m—00 m—00
from (3.41), (3.50)
4 \2
lim SAq,, = lim S (1— —) = lim 1=1. (3.53)
m—o00 m—o0 3m m—oo
Thus from (3.50), (3.51),from (3.52) and (3.53)
rrlzi—rgo?ASq'"’Aqm’a(ﬁ) = landn%i_rgoffsqum,sqm’a(ﬁ) =1. (3.54)
Further from (3.40), (3.52) and from (3.41), (3.53)
lim Fasq, amaf)=1 and lim Fsaq,, s0).q0) = 1. (3.55)

From (3.54), and the pairs of (A,R), (C,T) are non-compatible reciprocally
continuous and conditionally sequentially absorbing, having unique fixed point a = 1. Further,
maps A, R, C and T are discontinuity at a = 1. Moreover, the pairs of (A,R), (C,T) are not
weakly compatible and hence satisfying all the conditions of Theorem

4. Conclusion
In this result we improvised Theorem [2.1in two ways by using

(1) reciprocally continuous and conditionally sequential absorbing in the place of weakly
compatible mappings in first pair and use the owc in place of weakly compatible mappings
in second pair assumed in Theorem

(i1) non-compatible reciprocally continuous and conditionally sequential absorbing maps in
the place of weakly compatible mappings of both pairs in Theorem
Moreover these two results are justified with suitable examples, removing closed sub spaces in

Theorem and removing completeness, closed sub spaces discontinuous of mappings at fixed
point in Theorem
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