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Inequalities for the Incomplete Exponential
Integral Functions

Banyat Sroysang

Abstract In this paper, new inequalities involving the incomplete exponential
integral function were presented.

1. Introduction

For any x > 0 and n € N, we denote

[o¢]
E,(x)= f t e *tdt.
1
The function E,, is called the exponential integral function (see [1, 2]).
For any 1 < a < b and n € N, we define the incomplete exponential integral
function Z E, by

b
PE(x) = J t e ¥t
a

for all x > 0.

In this paper, we will show that the function abEn is non-increasing. Moreover,
we will also prove the inequalities as follows.

Foranyl<a<b,x,y>0,p> lzllj—i—%, and m+n,pm,qn € N,

P i (:—) + %) < (PEpm(x)) " (CEQ()) .
Foranyl<a<b,x,y>1,neNy,p>1, %—l—é:landx-i—yfxy,

2B, (xy) < (PE(p2)) " (PEn(a)) " .
Forany1<a<b,x>0,0<y<1,n€N0,0<p<1=%+§andx—l—nyy,

PE,(xy) = (2E,(px)) " (PEla)) " .
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Forany1<a<b,x,y>1,neN0,p>1,0<r<1and§+§:1:}+§,

e () o (2))
p q

2. Main Results

Lemma 2.1. Assume that 1 <a < b and n € N,. Then ZEH is non-increasing.

Proof. For any x > 0,
b
b _ 1-n,—
aEr’l(x)——J tI e ™*tdt <0. O
a

Theorem 2.2. Assume that 1 <a < b, x,y >0, p>1= [—1} + 5, and m+ n,pm,
gn € Ng. Then

bmm(;+§)s@p4m)”aw(nw

Proof. By the Holder inequality,

X Yy b Y
bEm+n( +—)=J et () g
P q .
b Y
:J tTMe e adt
a

b 1/p b 1/q
< (f t‘P”‘e"“dt) (J t‘q”e‘yfdt)
a a

= (2Epm())""" (CEQ()) " . O

Theorem 2.3. Assume that 1 <a <b, x,y >1, ne Ny, p>1, §+§ =1 and
x+y <xy. Then

1/ 1/
PE,(xy) < (PE.(px)) " (BEL(gy))
Proof. By Lemma 2.1, we obtain that ZEH is non-increasing. It follows that

b b
oEn(xy) =g Ey(x +y)

b
= f t et
a

b
= f tTre Xt e Vidr.
a
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By the Holder inequality;,

b 1/p b 1/q
b —n - Ca
JE,(xy) < (J t™"e p’”dt) (J t™"e qytdt)

a a

= (ZEn(px))l/p (ZEn(qy))l/q .

Theorem 2.4. Assume that1 <a<b,x>0,0<y<1,neN,0<p<l=
and x +y = xy. Then

PE,(xy) 2 (2E(px)) " (CE(a)) " .

Proof. By Lemma 2.1, we obtain that ZEH is non-increasing. It follows that

O

1,1
4=
P q

PE,(xy) 2P E, (x + y)

b
= J t et )¢
a

b
= J et e Vdt.
a
By the reverse Holder inequality,
PE,(xy) > (bt e P )P (bt e d )M

= (%E,(px))"" (*Enla) " . O

Theorem 2.5. Assume that 1 <a <b, x,y >1, neNy, p>10<r <1and
1+l=1=14+1 Then
p q r S

e o () (1))
p q

Proof. We note that
xys—+ y_.
p q
By Lemma 2.1, we obtain that ZEH is non-increasing. It follows that

b b
aEn(XJ’) za En (? + ;)
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By the reverse Holder inequality,

b ) 1/r b . 1/s
_rxPe _ syt
abEm(xy)Z (J t™Me v dt) (J t™Me a dt)
rxp 1/r S q 1/s
-((F)) (= (F)) .
p q
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