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1. Introduction

Behera and Panda [2] defined balancing numbers and balancers, respectively as the natural
numbers n and r that satisfy the Diophantine equation

1+2+3+...+(n-1D)=n+D+(n+2)...+(n+r).

This equation when simplified gives n? = (n+r)(2++r+1) This leads to the conclusion that if n? is
a triangular number then n is a balancing number and vice versa. B, is denoted as the nth
balancing number. It satisfies the recurrent relation

B,,1=6B,—-B, 1

with Bg =0 and B; = 1. Hence they are also called as balancing sequences. Panda and Rout [7]
generalized the above recurrent relation to

B,i1=pB,—qB,_1


http://doi.org/10.26713/cma.v13i1.1698
https://orcid.org/0000-0001-5197-1315
https://orcid.org/0000-0001-7549-3928

254 A Generalised Balancing Sequence & Solutions of Diophantine Equations. . . : PA. Kameswari & K. Anoosha

with By =0, B; =1 for p a positive integer, they also proved that all properties of balancing
number studies are also true for this generalised sequence when ¢ = 1. Many authors have
discussed the conics whose equations are satisfied by terms of balancing numbers. In this paper
we investigate some properties of the generalised balancing sequences. We prove that there are
infinitely many positive integer solutions for the Diophantine equation x2 + pxy + y% +x = 0 for
a positive integer p, that are positive and can be written in the terms of the above generalised
sequence obtained by using continued fractions. Marlewski and Zarzycki [[4] had proved that
there exists infinitely many integer solutions (x,y), that are positive, for the Diophantine
equation x? — pxy + y? +x =0 if and only if p = 3.

Bahramain and Daghigh [[1] proved that for a positive integer p the Diophantine equation
x?+pxy—y2+x =0 has positive solutions (x, y) that are infinitely many and they expressed these
solutions in terms of Fibonacci sequences. We adapt a similar approach for the Diophantine
equations x? + pxy + y? + x = 0 and show that there are infinitely many solutions in each case
and express the solutions in terms of generalised balancing sequences.

2. Some Preliminaries on Generalised Balancing Sequences
Generalised balancing sequences are numbers satisfying the recurrent relation
Bu+1=pB,—Bu-1

with By =0, B1 =1 for p, a positive integer. In this section we investigate some properties of
the above balancing sequences for ¢ = 1. The equation B,.1 = pB, —B,_1 can be expressed as a
matrix equation given as

B, 1 _|p -1 B,
B, 1 0||Bn-1
. -1]. . . .
and the matrix ll) 0|18 denoted as @p,. Basing on this matrix we prove some results on the

above Generalised Balancing Sequence in the following subsection.

2.1 Some Results on Generalised Balancing Sequences
Bn+1 _Bn

Theorem 2.1 ([1]). Q%p =l B B
n —Dnp-1

,n=1.

Proof. Follows by induction. O

Remark 2.1 ([1]). The definition of the Balancing sequence B, .1 = pB, — B, _1 can be extended
to all integers.

Theorem 2.2 ([11). B_,=—B,, for all n = 1.

0 1

-1
Proof. For @p, = [p , we have Qgi = [_1 ol Now by taking n = —q we get

1 0
B_(q-1=pB-¢—B-(g+1
then by matrix representation we have

P
B_g+1)

B(—q+1)
B_q

_n-1
= Bp
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and by induction we have

_ (B_(,_ -B_
q _ (g-1) q
QBp B | B_,

Now from Remark [2.1] we get

Qq _ Bq+1 _Bq
B, B, -By41

for all s =1, then
-B,_1 -By

q y-1_

Now as Q;Z = (Q]qu )1, we have

—Bg-1 By — [B—(q—l) —B4
By  Bg+1 B4 —B_@g+)
giving B_; = -B, for all ¢ = 1. ]
Theorem 2.3 ([11). pB,B,+1 —B% +1= Bi+1 Y integers n.
Proof. Follows from det(Qgp) =1lie -B,i1B,-1 +B% =1. O
Theorem 2.4 ([1]).

Bpmin=-Bn+1Bn+ByBn-1=BypBpi1—Bn-1B,
Bom =BmBm+1—Bm-1Bnm

Bom_1 :B?n —B,Zn_1 V integers m and n.

Proof. Follows from the equality Q;’;:” =Qg -Qp . [

2.2 Some Relations of Generalised Balancing Sequences and Convergents of
A Continued Fraction

For any positive integer D, if v/D can be written as continued fraction that is infinite and simple,
given as VD =aj+ ! then it is denoted as vD =[a1,a9,as,...]. If VD can be written as

a2+$+...
1

continued fraction that is infinite and simple, given as VD =a; — o then it is denoted as

a3
VD = (a1,a9,as,...).
For a non-negative integer n, the nth convergent of the continued fraction [a1,a9,a3,...] is
the real number [a1,a9,a3,...a,1=h,/k,.
Then

h_1=0,ho=ao; k-1=0, ko=1;
hn+1 = an+1hn +hn—1a n= 0; kn+1 = an+1kn +kn—1, n=0.

For n, non-negative integer, the nth convergent of the continued fraction (a1,a9,as,...) is the
real number (a1,a9,as,...a,) = h,/k,.
Then

h_l =0,h0 =ay, k_l =0, k()= 1

hni1=ans1hpn—hp-1, n=20; kpi1=apt1k,—kp-1, n20.
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Let p =1 be any integer then, p? — 4 is a real number and the infinite simple continued fraction
of p2 —4 is given as

2> 4 (p,(p+1)/2,2,(p +1)/2,2p) when p is odd,
pT—4= —
(p,p/2,2p) when p is even.

The next two theorems give the convergents of \/p2 —4 in terms of the generalised balancing
sequence B,,. We prove these theorems in both cases p odd and p even. We first assume p is
odd then by the continued fraction (p,(p + 1)/2,2,(p + 1)/2,2p) we have for ag = p, a1 =p + 1/2,
as=2,a3=p+1/2,a4=2p,n=1.

hn kn ] _ an _1] [hn—l kn—l] n>1
hn—l kn—l 1 0 hn—Z kn—2 ’ -
. an _]. hn kn .
Now taking A, = 1 0 and P,,= Byt ko note we have P,, = A, P,_1, n =1, and setting

N =A4A3A2A1, we prove the following lemma by using the formula in Theorem

Lemma 2.1. For any positive integer t,

Nt = Bsi+1  —2Bg;
1/2B3; —-Bgi-1]°
Proof. Followed by induction. O

Theorem 2.5. For an odd positive integer p, if the nth convergent of the continued fraction
V' p2—41is h,/k, then for every non-negative integer n the following holds:

() hsn =Ben+2 —Ben,
(i1) kgn =Ben+1,
(iii) hgn+3=1/2[B6n+4—Ben+2l,
(iv) kgn+3 =1/2Bgn+s3,
(v) hgn+6=DBen+6 —Ben+4,
(vi) kgn+6 =Ben+s-

Proof. We have
Pyp = A4nPin-1
= A4nAan-1Pan—2
= A4nAan-1A4n-2Pan-3
= A4nAan-1A4n-2A4n-3P4n-4

=NPyy-4
therefore, we have
Ps, =N?"P,

_|Bent1 —2Ben|([p 1
1/2Bg, -Bg,1||1 0]
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Now by definition of P,, as

h8n k8n
P = )
817 | hgn-1 kgn-1
We have
hgn =pBen+1—2Be, = Ben+2 —Ben
and
k8n:B6n+1-
Also
Pgy+3 = Agni3Agni2Asgn+1N?" Py
_ 1/2B3 —Bsy| | Ben+1 —2Bgy, P
~| By -2||1/2Be, -Bgn-1] °
_ [V2B6n+s  —Ben+2 | [P 1]
Ben+2  —2Bgp+1| |1 0

therefore hgy, 3 = 1/2[Bg,14 — Bgni2o] and kgp i3 = 1/2Bgn 3.
Finally, Pg,.6 = Agn+6Agn+5sN>""1Pg.
Therefore hg,+6 = Ben+6 — Ben+a and kgy16 = Ben+s. O

Now, we prove theorem that give convergents of \/p2 —4 in terms of Generalised Balancing
Sequence B,, in the case when p is even. Now for p even, we have the continued fraction for
p?—4 given as (p,p/2,2p) with ag = p, a1 = p/2, as = 2p, then note P, = A,P,_1, YV n =1

. 2p -1 /2 -1
with Ag, = [ f ) pl o ] . We have P, = Ao, Po,_1 =Ag,Agn_1Poy_o. Now

setting M = A3A we prove the following lemma by using Theorem

and A2n—1 =

Lemma 2.2. For all positive integer ¢,

Boii1  —2By;

t_
M= 1/2By; —Bgi-1

Proof. Follows by induction. O

Theorem 2.6. For an even positive integer p, if the nth convergent of the continued fraction
V' Pp2—41is h,/k, then for all non-negative integer n the following holds:

(i) hon =Bapi2—Bap,
(ii) k2, =Bap+1.

Proof. We have

Py, = MPg, _»
=M"P,,
p Boni1 —2Bo, | [p 1
n 1/2Bs,, —Bo,-1][1 0
implies
hon = pBon+1—2Bo, =Bopig—Bg, and kg, =Bg, 1. O
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3. Solutions of Diophantine Equations x? + pxy + y?> + x = 0 in Terms of
Generalized Balancing Sequences
3.1 Existence of Solutions

The following section we show that the Diophantine equations x2+ pxy+y2?+x = 0 are solvable in
integers for all positive p and express the solutions in terms of generalized balancing sequence.

Lemma 3.1. If the solution of x?> — pxy+y?—x =0 is (x,y) then (x,px—y) and (py—x+1,y) are
also solutions of the equation.

Proof. Follows by the simple verification. O

Theorem 3.1. For all non-negative integer n, the following pairs satisfy the equation x> — pxy +
y2-x=0

(B3, B2nBan-1)

(B3,,B2,B2n+1)

(B3n+1-B20Ban+1)

(B3,.1,B2n+1Ban+2)-

Proof First note (B2 ,B2,Bg,-1) satisfies x* — pxy+y®—x = 0. On substituting (B3 ,B2,B2,-1)
in 22 — pxy + y% —x, we get by detQ
(B3,)* - pB5 Bo,_1+B3, B3, —B3, =B5 |B3, — pB2,Ban-1+B3, | —1]
2n [B2n _B2n—1(pBZn _B2n—1) - 1]
= Bén [Bén —Bgy-1Bay+1 - 1]
=B2 .0=0.
Therefore (x,y) = (B3, ,B2nB2n-1) is a solution of 2% — pxy + y* —x = 0.
Now, by above lemma note (x, px — y) satisfies the Diophantine equation x2 — pxy+y2 —x =0
and we have
(x,px—y) = (B3,,pB5, —B2,Ban-1)
= (B2,,Ban[pB2, — B2n-1)
= (an,BZnBZn+1)-
Therefore (x,y) = (B2n,BQnBQn+1) is a solution of x® — pxy +y2—x =0.
Now for (x,y) = ( 2n,anan+1) as it is a solution of x2 — pxy + y2 —x =0, again by above
lemma (py—x+1,y) is also a solution of the Diophantine equation x% — pxy + y?> —x = 0 and
we have (py—x+1,y) = (B2, ,,,BanBan+1). Therefore (x,y) = (B3 ,,B2,B2,+1) is a solution of
x?—pxy+y?—x=0.
Similarly, as (B3, ,;,B2nB2n+1) satlsﬁes x2—pxy+y%—x=0then (x, px—y) is also a solution

of the Diophantine equation x2 — pxy + y2 —x = 0 and we have (x, px — y) = ( 2n+1,an+1an+2).
Therefore (x,y) = (B§n+1732n+1B2n+2) is a solution of x% — pxy + y2 —x =0. O

Each of the four formulas for solution of x2— pxy+y?—x = 0, as in the above theorem, defines
a class of solutions. We prove that these four classes of solutions are the only solutions for
the Diophantine equation x2 — pxy + y2 —x = 0 in the following section.
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3.2 The Four Classes of Solutions for Each of the Diophantine Equations
2tpxy+y*+x=0

In this section, we prove that the four classes of solutions obtained in the above are the

only solutions of the Diophantine equation x% — pxy + y% —x = 0. We recall some properties of

convergents in the following theorems.

Theorem 3.2. If the integer M satisfies |M| < VD then any positive integer solution (s,t) of
x?—Dy? =M with gcd(s,t) = 1 satisfies s = h,, t =k, where the nth convergent of the infinite
simple continued fraction, VD =(ag,a1,a9,...) is hnlk, for n a positive integer.

Proof. See ([5, Theorem 7.22]). O

Theorem 3.3. Let the infinite simple continued fraction of VD be (ag,a1,as2,...) and suppose
that m,, and g, are two sequences given by

mo=0, go=1,
Mpi1=Anqn+Mp,
Gns1=D-m2, Vqn.
Then
(i) m, and q, are integers for any positive integers n,

(ii) A% -DFk2 =(-1)""1q,,1 for any integer n > —1.
Proof. See ([5, Theorem 7.24]). O

Theorem 3.4. If positive integers p, x and y satisfy the equations x> — pxy + y%2 —x = 0 then
there exists c,e such that (x,y) = (¢, ce) with ged(c,e) = 1, where ¢ and e are positive integers.

Proof. See ([4, Theorem 1]). O

Theorem 3.5. For an odd positive integer p, every positive solution of x> — pxy + y?> —x =0 is of
the form (B2 ,B2n-1Bay).

Proof. Consider p to be an odd positive integer. Let (x,y) be any solution of x? — pxy+y%2 —x =0
which is positive then by Theorem above note that there exists ¢ and e, positive integers
such that (x, y) = (¢2, ce) with gcd(c,e) = 1. Then on substituting (c2, ce), we have

ct —pcse +c2e?—¢? = 0,

cz—pce+e2—1:0.
This equation has integer solutions if and only if

A= p2e2 —4(e®-1)

= (32(p2 —4)+4 is a square.

Therefore there is an integer ¢ satisfying

A=t?=(p?-4)e? +4,

2 —(p2 —4)e? = 4,

then we obtain
_pext

2 K

(o
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by solving for (¢,e) from the equation t? — (p2 —4)e? = 4. Now considering the continued fraction
of v/pZ—4 given as v/p2—4= (p,(p + 1)/2,2,(p + 1)/2,2p) with ao = p, @an-3 = L52, a4,-2=2,
A4n—1= pT“Ll, a4n =2p, for n = 0. Now by the above theorem we have the periodic sequence give
as

(-D"gne1) ;=1{1,4,p+2,4,1}.

Assuming (¢,e) is a positive solution of t? — (p? —4)e? = 4 we have (t,e) = (h,,k,) for some
positive integers n by Theorem and as h2 —Dk2 =(-1)"*1q,,1 by Theorem we have by
periodicity we have

RZ —(p? - k2 =(-1P" gy, =4,
h§n+3 - (p*- 4)k§n+3 =(-1)¥*ggpa =1,
h§n+6 - (p2 - 4)k%n+6 = (_1)8n+7q8n+7 =4

for all n = 0.
Therefore, all the solutions (¢,e) of t2 — (p? —4)e? = 4 are

(t,e) =(hgn,ksn)
=(2hgn+3,2kgn+3)
=(hgn+6,k8n+6), n=0.

+t .
Now for ¢ = £5= the solutions (c,e) are

(kanz+ hSn ,kSn)
(pkgn+3 +hsn+s,2kgn3)

(pk8n+6 +hgni6
2
Using the theorem and rearranging, we get

(c,e) = (Ben+2,Bén+1)
(c,e) = (Ben+4,Bén+3)
(c,e) = (Bén+6,Bén+5)
and finally as (x, y) = (¢2, ce) we obtain

7k8n+6), n=0.

(x,y) = (B2, .9,Bén+1Ben+2)

(x,y) = (BZ, .4, Bén+3Ben+4)

(x,y) = (B%, .6 Bén+5Ben+6)
and therefore

(x,y)= (B3,,Bon-1Ban), n=1.

Therefore, any solution (x,y) of x? — pxy + y? —x = 0 is of the form (x,y) = (B3 ,Ban-1B2y) for

p>2 and also for p =1. O

Theorem 3.6. For an even positive integer p, every positive solution (x,y) of x> — pxy+y2—x=0
is of the form (B3 ,B2,—1Ban).

Proof. Let p be an even positive integer. We have v/p2—4=(p,5,2p). Let ag = p, agns1 =15,
agn+2=2p,V n=0.
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We have by periodic sequence
(-1"*gu 1 =11,4

and
h: —(p?-4)k3 =4, Vn=0.

Moreover, in this case all solutions of
22— (p2—4)e® =4

are
(t7e) = (h2n,k2n),
kon+h
(c,e)= w,an :
But from the theorem if p is even then
kon+h
c= DPR2n 2n :an+2
2
e=Bgpi1

(x,y) = (02, ce)= (B§n+2,B2n+lB2n+2)-
Replacing n + 1 by n, we have
(x,9) = (B3,,B2n-1B2n), n=1.

Therefore, for a positive even integer p, every positive solution of x% — pxy + y? —x = 0 is of the
form (x,y) = (B%n,Bgn_lBgn) for p > 2 and also for p = 2. O

Theorem 3.7. For a positive integer p, all the solutions of x> — pxy +y>—x =0 are
(1) (B3,,Ban-1Ban),
(2) (B3,.B2nB2n+1)s
(3) (B3,,1-B2nBon+1),

4) (B§n+1,an+1B2n+2), for all integers n = 0.

Proof. Let p be any integer and (x, y) be any solution of % — pxy + y2 —x = 0. Then (x,y) has to
be (0,0), (1,0), positive solution or non-positive solution. If (x, y) is a solution that is non-positive
then it is of the form
(i) x>0, y<0,or
(i) x<0, y<0,o0r
(i) x<0, y>0.
If the solution (x,y) is as in (i) with x > 0 and y < 0; note by taking x' = x and y' = -y we
have (x',y’) is a solution of the x2 + pxy + y2 —x = 0 that is positive. Similarly, if (x, y) is as in
(i1) with x <0 and y < 0; then by taking x' = —x and y' = —y we have (x/,y’) is a solution of
x? — pxy+ y?+x = 0 that is positive, and if (x, y) is as in (iii) with x <0 and y > 0; then by taking
x' = —x and y' = y we have (x',’) is a solution of x% + pxy + y2 + x = 0 that is positive. Therefore,
the solution (x, y), that are positive, are the only solution of x2 — pxy + y? —x = 0. Note that if
(x,y) is any positive solutions then by Theorem and Theorem we get that
(1) (B2 ,Ban-1B2n),

2n’

(2) (B2 ,BanBan+1),

Commaunications in Mathematics and Applications, Vol. 13, No. 1, pp. , 2022
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(3) (B3,.,1-B2nBa2n+1),
(4) (B3 ,,,Ban+1Ban+2) are all the solutions of x® — pxy + y* —x = 0. O

The above theorem in general classifies all the solutions of the equations x2 + pxy+y?+x =0
as shown in the following theorems.

Theorem 3.8. For a positive integer p all the solutions of x> + pxy +y2 —x =0 are
(1 (B3 20 —Bgy-1Bay),
(2) ( zn’ BZnB2n+1)

(3) ( 2n+1’ B2nBZn+1)

(4) (B2 ,,,—Bon+1Ban+2), for all integers n = 0.

Theorem 3.9. For a positive integer p all the solutions of x> — pxy+y?>+x=0 are
(1) (-B2 ,Ban-1Ban),
(2) ( znaBZnBZn+1)

(3) ( 2n+1’B2nB2n+1)

@ (- 2n+1,an+1an+2) for all integers n = 0.

Theorem 3 10. For a positive integer p all the solutions of x2 + pxy+ y2 +x=0are
(1) (-B3 2 —Bon-1Ban),
@) (-B 2n, —Bg,Bon+1),
3) ( 2n+1’ B2n32n+1)
(4) (=B2 . ,.—Bon+1Bay2), for all integers n = 0.

4. Conclusion

We investigate some properties of the generalised balancing sequences B, .1 = pB,, —B,_1. We
describe the solutions of each of the Diophantine Equations x2 + pxy + ¥2 + x = 0 in four classes
expressed in terms of generalised balancing sequences. It is observed that for any positive
solution (x,y) of any of the equations x? + pxy + y? + y = 0, the interchanged pair (y,x) is a
positive solution of the corresponding equations x2 + pxy + y2 + x = 0 and vice versa. Hence by
the above arguments the solutions of x% + pxy + y2 + y = 0 also can be expressed in terms of
generalised balancing sequences.
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