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1. Introduction

C. Berge presented domination as a graph theoretic notion [1] in 1958, and O. Ore [16]] in 1962.
In 1977, E. J. Cockayne and S. T. Hedetniemi produced a study on dominance [5], which was
researched extensively in this article. T. W. Haynes and colleagues authored “Fundamentals of
Domination in Graphs”, has a variety of domination parameters [[8]. Kulli and Sigarkanti [11]]
pioneered the unique parameter inverse domination in Graphs in 1991.

Graph theory may be used to depict any binary relationship. Both dominant sets and

their inverses play key roles in domination. When D is a dominant set, V — D is a dominating
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set as well. We often have a number of primary nodes in an information retrieval system to
transmit on the information. In the event that the system breaks down, we have a backup set
of auxiliary nodes to complete the work in the complement. Whenever the complement set is
joined, communication flows among the complement’s members. Furthermore, the components
of the dominating sets as well as the elements of the inverse dominating sets can stand with
each other to promote communication. They are extremely important in coding theory, computer

science, operations research, switching circuits, electrical networks, and so on.

2. Inverse Split Majority Dominating Sets in Graphs

Definition 2.1. Let 7' be a minimum majority dominating (MD) set of a graph G with p vertices.
Let T be the inverse majority dominating (IMD) set of G with respect to D. Then T, 2 T" is
called an inverse split majority dominating (ISMD) set of G if the induced subgraph (V — Ti)
is disconnected. The inverse split majority domination number )/g]lk,(G) of G is the minimum

cardinality of a minimal inverse split majority dominating (ISMD) set of a graph G.

Figure 1

Example 2.2. Let T = {v1} be a MD set and T’ = {v4} €V - T is an IMD-set with respect to 7T'.
Then yy(G) =1 and ygzlu(G) = 1. Since (V —T") is connected, choose T} = {v4,v6} <V —T and
(V —T9) is disconnected. Then yp(G)=1= y;}w(G) and )fgjlW(G) =2.

Proposition 2.3. G can be any graph, y;ul(G) < 7511\4(G)'
Proof. Since every ISMD-set is also an IMD-set, yz_‘,[l(G) < )/:q]lw(G). O
Proposition 2.4. If graph, ys)(G)) < y;zlw(G), Ysm(G) is the split majority domination number.

Proposition 2.5. G can be any graph then )f]'wl(G) < i;,[l(G) < y:q]lW(G), where ii,[l(G) is the

inverse independent majority domination number.
Proposition 2.6. G can be any graph then yy(G) < yz_‘,}(G) < )/g]lu(G).
Example 2.7. G can be any graph, yy(G) < y;}(G) < ygllW(G).

Let G = Bsg with p = 11 vertices.
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Figure 2

Vi(G) = {v1,v9,v3,v4,U5} and Vo(G) = {u1,ug,us,ug,us,ugl with d(vy) = 5. Let T = {v1} and
Ym(G) = 1. Let T' = {vg,v3} < (V-T) and )f]_wl(G) = 2. Let T = {vg,v3,v5} and T 2 T such
that |N[T]| > [£] and the (V —T") is disconnected. Then T} is an ISMD set of G and
Y53 (@) = T11=3. Thus yyu(G) < ¥ (@) < yg3,(G).

3. Inverse Split MD Number for Some Classes of Graph
Result 3.1. (i) Let G =K, p=2. Then yg;,(G)=0.
(ii) Let G =K p_1 then yg;,(G) =0.

2, if3<p<6
[&], ifp>T1.

(iv) For a corona graph G = Kj,, K1, ygllw(G) =1, where K, is complete graph.

(i) Let G=Cp, p=3, y5h,(G) = {

(v) For the Petersen graph with p =10 and q =15, y;}M(G) =3.
(vi) Let G = K, —{e}, where e is any edge in G, yg}w(G) =p-2.

(vii) Let G =D < dr.s=2 v (@) 1, ifs=r,r+1,r+2
vii) Let G = ,r<sandr,s=2, - .
. Tsu le;|+1, ifs=r+3.

Proposition 3.2. For a path P,, p =2. Then y},(G) = [£].
Proof. G be a path with p = 2. Let T = {ug,us,us,...,u;} be a MD-dominating set with
d(ui,uj)=3, for Vi #jand |T| =t =[£]. Choose T' = {us,ug,u9,...,us} =V —D such that
t
d(ui,uj)=3 and u;,u;je T’ with |T'|=¢ = [%]. IN[T']l= Y d(u;)+t=3¢t. IN[T']| =3 [%] > [g]
i=1

Since 7'V —T and IN[T"]| = [§], T' is an IMD-set of G since path P, is minimally connected,
(V —T") is disconnected and (V —T") is splitted into many components. 7" is called an ISMD set
of G and

Yk (@) =T = Vé] . (3.1)
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Let T’ be a yg3,(G)-set with |T'| = ¢ =y},(G). Then
NI = [ 2] (3.2)

t
Since 7' <V —T and (V —T") is disconnected, IN[T']| < Y d(ui)+y§]1w(G)
i=1

1=

- P . lrpy_ (P e _
Ysu(G) = [51 (since 3 [5-‘ = [6—‘ , if p=2r,2r+1). 3.3)
From and (3:3), we get yg3,(G) = [£]. O

Proposition 3.3. For a wheel graph G =W,,. Then )fgle(G) =0.

Proof. Let V(G)={u1,us,...,up_1,up}, where A(G)=|u1| and d(u;) =3, for all i. T ={u1} bea
MD set of G. Choose a set T ={ug,us,...,up—1}) S(V -T) and T' is an IMD-set of G such that
d(u;,u;)=3for Vi#j, )f]_wl (Wy) = [1%2]. Since the graph G = Wp, A(G)=u1, and |u1|=p—1.
Therefore, the (V —T') is not disconnected. In any way, one could not find a set 7" such that
(V —=T') is disconnected. Hence y;}u(G) =0. O
s, ifr=s,

Proposition 3.4. Let G = K, ; complete bipartite graph, then ygzl‘l(G) = )
s =max(r,s), ifr<s.

Proof. Case (i): When r =s.

Let Vi(G) ={u1,us,...,un} and Vo(G) = {v1,v9,...,v,}, T ={ui}isaMD-setand 7' = {v1} sV -T
is an IMD-set but the (V —T') remains connected since the graph G is a complete bipartite.
Now, there exists a subset T} = {v1,v2,...,v,} €V =T such that IN[T]| = p > § and the (V - T)
is disconnected. 7'; is a minimal IMSD set. Thus, ygzlu(G) =T}l =s.

Case (ii): When r <s.

Let T = {u1} be a MD-set of G. Let T" = {ug} €V —T where, us € Vi(G). Then |[N[T'l|=n+1> [g]
and 7' <V —T. Therefore, T’ is a minimum IMD-set but the (V —T") is connected. Now choose
asubset T = {v1,v2,...,U,} €V —T where v; € V2(G) such that the (V —T) is disconnected with
m components and [N[T}]| > [5]. Hence T is an ISMD-set and 7/511‘4(G) =|T}| = n. In general,
if r <s then )féllu(G) =max({r,s} =s. O

Example 3.5.Let G = K3,10 and Vl(G) = {xl,xz,X3}, V2(G) = {yl,yz,...,ylo}. Then T = {xl},
T' ={xo} and T = {y1,¥2,...,yn} are the MD-set, an ISMD set them ygzlw(G) =T}l =10.

Theorem 3.6. Let G = S(K1 1) then yg3,(G) = [”Tﬂ

Proof. V(G) = {x,xl,xz,xg,...,xtgj, yl,yz,...,yL%J} where x is a central vertex, yl,yz,...,y@
are pendants and x1,x92,%3,... ,X|p| are middle vertices of each edge of G. Since d(u) = [5] -1,
T ={u}is a MD-set of G. Choose T" = {x1,x2,x3,...,x; SV -T with |T'| =t = {1%21 3d(u;,uj)=2
for V i # j. Then |NTT']| = 2t + 1. Therefore, N[T"]| =2 [22] +1= [5] and T' < V - T. Hence T’
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is an IMD-set. Since the graph S(K1 ,_1) has cut vertices, (V — T') is disconnected. Hence 7" is
an ISMD-set and y:q]lw(G) =T = "}%2-‘ ) O

Theorem 3.7. For a binary tree t, yg;,(G) =[] and y53,(G) =y (G).

Proof. By induction on the level we proved the result ‘2’ of a tree ¢. Here ¢ be a binary
tree with p vertices such that d(u1) = 2, d(u;) = 3, where u;’s are intermediate vertices
and others are pendants. Let T and T’ be a MD-set and IMD-set of G. At level 1 = 21,
p=3=1+2 and )/X/II(G) = ygzl‘,[(G) =1. At level 2=22 p =3+4="17. Since u; and us are
intermediate vertices, yy(G) = |T| = {u1} = 1, Y]_ul(G) = |T'| = {ug} = 1. Since uy is a cut
vertex of ¢, (V —T') is disconnected, T’ is also an ISMD set. Hence, ygzlw(G) = 1. At level
3=2% p=7+8 =15, there are 4 intermediate vertices {u1,us,us,u4}. Let T = {u1,us3} and
T' = {ug,us} 3 INIT] = INT']| = 8 = [£]. Hence T is MD-set of G and since, 7" <V - T,
T' is an IMD-set of G. Since T' has cut vertex, (V —T') is disconnected and 7' is also
an ISMD-set. Then yy(G) = )/]_Ml(G) = }fg]lw(G) = 2. This result is true for (k¢ —1) level. If
1=k =2% then p=[VUp_1]+ 2% and there are 2% pendants and (p — 2% — 1) inter mediate
vertices in ¢. The set 7" = {u1,u3,us} €V — T such that |7"| = t = [£] with d(u;,u;) = 2. Then

t

INIT'] = ¥ d(u;)+t=4[%] = [§]. Hence T" is an IMD-set. Since (V —T') contains cut vertex,
i=1

(V —T') is disconnected. Hence, T’ is an ISMD-set and )/5]1‘4(G) =[£]=1T". O

Theorem 3.8. G be a uniform caterpillar with p vertices and t pendants attached to each vertex
of G. Then ygle(G) = [%-‘

4. Main Results on yg;,(G)

Theorem 4.1. G has atleast one full degree vertex then ygzlu(G) =0.

Proof. By an induction on the number of full degree vertices u; we proved the theorem. Suppose
G has exactly one vertex V(G) = |u1|. Then T ={u1} be a MD-set of G and yp/(G)=1. Since 6 =1,
T' <V —T is an IMD-set of G with cardinality |7"| = 2. Then the (V — T") is not disconnected.
Since u1 is adjacent to all vertices of G and "<V —T, uy € (V —T). Either (V —-T') has a
cut vertex or (V —T") has no cut vertex, (V —T") is still connected to the full degree vertex u1.
Hence one could not find an ISMD-set for G and )/:qzlu(G) =0. If G has two full degree vertices
w1 and ug then the subset T ={u1} and T’ = {ug} = (V — T) are the MD-set and an IMD-set of G
respectively the (V —T') contains the full degree vertex u1 € D, u1 is adjacent to all the vertices
of (V —=T') and (V —T") is not disconnected for any IMD-set D’ of G. Hence y;}M(G) =0.

This result is true for (p — 1) full degree vertices. Suppose all vertices of G are full degree
then graph G is complete. Then yy(G) = |T| =1 and )/]_V[l(G) =|T'| = 1. Since every vertex is
adjacent to all vertices of G, the induced subgraph (V —T") is not disconnected for any IMD set
T'<V —T. Hence yg},(G) = 0. Thus the theorem. O
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Theorem 4.2. Let T be a ypr-set of G. If the induced subgraph (V —T') contains a cut vertex then
Yom (@ =131(G).

Proof. Let T be a minimum MD-set of G. Let u € V —T be a cut vertex of G.
Case (i): When d(u) = [§] - 1. Then T" = {u} is an IMD set of G and yS}W(G) =T =7y, “l@)=1.

Case (ii): When d(u) < [£]-2. Then 7, }(G) = 2. Since the y;;-set T" contains a cut vertex u, the
(V—T') is disconnected yg M(G) > 2. Since the cut vertex u of degree d(u) = 2, u is not a pendant.
Ifd(u)=2and ueV -T, the set T' = {u,u1,...,u;} =V — T such that d(u;,u;) =3, for i # j and
IT'| = t+1 where ¢ = [£]-1. Then |N[T"]| = 3(t+1) = [£]. T" is an IMD-set of G and )/]_MI(G) =t+1.
Also, T’ contains a cut vertex u and the induced subgraph (V —T") is disconnected implies
that 7" is an ISMD-set of G and yg},(G) =|T"| =t + 1. Hence y;;(G) =y4},(G). If d(u) = 3 and
u €V —T then the set 7' ={u,uy,...,u} <V - T with d(u;,u;) =3, for i # j and u;,uj €T and
|T'| = t+1, where t > [%’1 —1.Then [N[T"]| = 4(¢+1) = [§] T" is an IMD-set of G and y]_Wl(G) =¢+1.
Since T includes the cut vertex u, (V —T') is disconnected and )/gzlu(G) =|T'| =t+ 1. Hence,
in all degrees of a cut vertex u, if the induced subgraph (V — T') contains a cut vertex ‘u’ then
Yo (@) =131 (@). O

Theorem 4.3. Let T be a minimum MD set of a connected graph G. If the induced subgraph
(V =T does not contain cut vertex then y;zlw(G) = k(@) where x(GQ) is a vertex connectivity of G.

Proof. Let T be a yp-set of a connected graph G with p vertices. Let S €V -D and
S ={ui,u9,...,us} be a vertex cut of G. Hence, (V —S) is disconnected with atleast two
components g1 and g9 and each vertex is the end vertex of every edge connecting the components
g1 and go. Therefore the vertex connectivity number x(G) = |S| =¢.

Case (): If IN[S]| = [£] and S €V - T, then S is an inverse split majority dominating set of G
and

YSM(G) =|s| =x(G). (4.1)
Case (ii): If IN[S]| < [5] then choose a sub set T7 = {S}U{S1}, where S = {u1,ug,...,u;} is
a vertex cut and Si = {v1,v9,...,vs9} €V — T such that [N[T1]| = [5] and |T1| = ¢t =t1 + to. If
75'1114 > x(@) = |S|. Since T includes a vertex cut (V — T) is disconnected. Since ScV -T
and S1cV-T, TV -T and |T1| =t =t1 +t2. Then, T is an ISMD-set of G and |S| < |T1].
Therefore |S| = x(G) < y;,}w(G) |T1]. Thus ygl (@) > x(G). Hence from case (i) and (ii), we
obtain y:qzl‘,[(G) > x(G), where k(G) is the vertex connectivity of G. This bound is sharp if G = C1g.
By the result, Y;}‘{(Clg) = ]—%1 =4 and k(G) = 2. Hence y;}u(G) > x(G). Also, for Petersen graph,
k(G) =3 and yg},(G) = 3. m

-1
5. Bounds of y;,(G)
Theorem 5.1. For any tree T #K1 1, [§] <vg3,(G) =< [5]+1.
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Proof. The theorem is proved by induction on the number of pendants ‘e’. Since every tree T has
atleast two pendants, if e = 2 then ¢ = P,,. By Proposition Yo Pp)=[%£]>[%]. If e =3, then
the tree ¢ has the structure a caterpillar or a double star. By Theorem 3.7, v} (T) = [£] and if ¢
is a double star, )/g]lw(Dr,s). If e = 4, then t is a binary tree and by Theorem )/gzlw(t) = [£]. This
result is true for e =2,3,4,...,p—3.If e=p—2 then ¢t =D, , a double star with (r +s) =(p —2).
By Result vii). Then )/gzlu(G) =1, if r =s. The lower bound is sharp if ¢ is a caterpillar with
p vertices. The upper bound exists if £ = D1 12. Then t is a double star with p =15. Let ¢ = {v} be
MD-set S = {u,v1,v2,v3,04} €V —t, where d(u) = 2 and v;’s are pendants such that IN[S]| = [£].
S is an ISMD-set of G and y:q]lu(G) =|S|=5=[2]+1. O

Theorem 5.2. Let G be a connected graph with vertices. If H is a connected spanning subgraph
of G then y;llW(G) < )f:q]l‘,[(H).

Theorem 5.3. If a connected graph G # K,, a complete graph with p vertices, {m-‘ <

Y;.}W(G) < p — 2. The bounds are sharp.

Proof. Since y3;(G) < yg3,(@) and y7/(G) = [ﬁ-‘ . Then yg,(G) = [ﬁ] . Next, inequality
is proved by induction on A(G). If A =2, then G = C), a cycle or P,, a path with p vertices.
By Proposition , Yo (@ =1%]= [mw .If A=3, then G is a caterpillar with one pendant
at each vertex of the path. By the proposition, yg3(G) = [£] = [ﬁ} This result is true
for all A=2,3,...,(p —3). Suppose A = p —2, then any single vertex is a majority dominating
set and IMD set of G and yy(G) = )/]_Wl(G) = 1. Since G has no cut vertex, y;llw(G) > k(G)
and k(G) < A(G) = p — 2. Hence, y;llw(G) <(p-2).If A=p-1and G # kp, then G = kp —{e}.
Y5i(G) = k(@) and k(G) = p -2 and y5L,(G) = (p - 2). Hence, [m] <y35L,(G) < (p—2). These
bounds are sharp for G = C,,, cycle, G = K, —{e}. O

Theorem 5.4. If any tree t, y:q]lw(t) < [2] —d +1 where d is the degree of a cut vertex in (V —T).

6. Characterization Theorem for Minimal Inverse Split Majority
Dominating Set
Theorem 6.1. Let T be a yjs-set of a connected graph G and (V —T) has a cut vertex. Then the

ISMD-set T' =V — T is minimal if and only if for each u € T', either the following condition (a)
or (b) holds.

(@) (@) If INIT'N > [%§],|Pnlw, Tl > INIT'1| - [£], and
(i) YV =T"YU{u;}) is connected, for all u; € T'.

(b) () If INIT'l| = [%], either u is an isolate of T' or Pnlu,T'1In(V —T") # ¢, and
(i) (V-=T"u{u;}) is connected, for all u; e T'.

Proof. Let T be a yjs-set of connected graph G and (V —T) has a cut vertex.
Assume that 7' <V — T is a minimal ISMD-set of G with respect to T'. (6.1)
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Case (i): Let u € T". Since T" is minimal and |N[T"]| = [5], the set (T’ —{u}) is not an inverse

split majority dominating set of G.

Then either |[N[T' —{u}]] < [g-‘ or (V —(T' —{u})) is connected. (6.2)

Let [NIT'l > [2]. By 82, INIT' - {}l| < [2], then |Pnlu,T'll - INIT'l| - INIT’ - {w}]| and
INIT']|-|Pnlu, Tl < [§]. Hence |[Pnlu,T']| > INIT']|- [£], for some u € T'. Hence the condition
(a)@) holds. If T ={u1} <(V-T) and (V-T) has a cut vertex w1 then (V-T")U{u1}) is connected,
forsomeueT . If T ={uq,...,u;},i =2 and T’ < (V-T) contains a vertex cut ‘S’ with |S| =2 and
INIT']| = [5] then the induced subgraph (V —T") is disconnected with atleast two components.
Now, if add all vertices u; € T to (V —T") then (V —T")U{u;}) would be connected in G. Hence
the condition (a)(ii) holds.

Case (i1): Let

NIT= [ 2] (6.3)

and 7' < (V-T) and u € T'. Suppose u is neither an isolate of 7" nor u has a private neighbour in
(V-T"). Then Pnlu,T'] = ¢. Since [IN[T'—{u}]| = IN[T']|-|Pnlu, T']l, IN[T'-{u}]| = IN[T']| = [5].
It implies that (T" - {u}) = (V —T) is an inverse split majority dominating set of G, which is
a contradiction to (6.1). Also, by the above arguments, (V —T")U{u;}) connected in G, for all
Uu; € T'.

Conversely, suppose one of the above conditions (a) or (b) is true. Let 7" be an inverse split
majority dominating set of G. Then prove that 7" is a minimal ISMD set of G. Suppose T" is
not minimal. Then T = (T —{u}) = (V - T) is an ISMD-set of G, for some u € T". It implies that

INIT1]| = [g] and (V — T4) is disconnected. (6.4)

Case (i): Suppose the condition (a)d) holds, for some u € T'. Then |N[T']| > [%] and
|Pnlu,T']l > |NIT']| - (%] Since |Pnlu,D']l| = IN[T'l| - INIT' —{u}]l and T1 =T’ —{u}, IN[T']| -
INIT11l = |Pnlu,T'] > NIT'1- [4]. It implies that |[N[T]| < [§], which is a contradiction to the
assumption (6.4). Also, if the condition (a)(ii) holds then (V —T") U{u;}) is connected, for some
u; €T . Iffor any u1 € T' and u1 is a cut vertex in (V = T'), then (V - T")U{u;}) = (V = (T" u{u1}))
is connected. It implies that (V — T') is connected for any w1 € T', which is a contradiction to

(6.4). Hence 7" is a minimal ISMD-set

Case (ii): Suppose the condition (b)(i) holds for some u € D’. Then |N[T"]| = [g] and either
u is an isolate of 7" or Pnlu,T'1n(V —T') # ¢. If u is an isolate of 7" then u € Pn[u,T] and
|Pnlu, T’ = 1. If |Pnlu,T'IIn(V —-T') # ¢ then |Pnlu,T']| = 2. Since |Pnlu,T']| = INIT']| -
INIT111,[5] - IN[T1]| = 2. Then IN[T4]| < [g] — 2, which is contradiction to (6.4). Also, by the
above arguments the (V — T) is connected, for any w1 € T’, which is a contradiction to (6.4).
Hence T’ is a minimal ISMD-Set of G. O
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7. Conclusion

We have introduced an inverse split majority domination and we have investigated y;}W(G) for
some classes of graphs then the characterization theorem for minimal ISMD-set and bounds
y;zlw(G) are established. The relationship between y;llw(G) with other inverse domination

parameter is also discussed.
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