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Four Inequalities for the Exponential
Integral Functions

Banyat Sroysang

Abstract In this paper, we present four inequalities involving the exponential
integral function.

1. Introduction

For any x > 0 and n € N, we denote

E,(x)= J t e *tdt.
1

The function E,, is called the exponential integral function (see [1]).
In 2006, Laforgia and Natalini [2] presented an inequality that

B,y (0B, () > B (x),

where x > 0 and m,n € N,.

In 2012, Sulaiman [3] showed that E, is non-increasing for all n € N.
Moreover, he also presented following inequalities.
For any x,y >0, p > 1:[—1}+%, and m+n,pm,qn € Ny,

x. Y 1 1
Enin (z_) + 5) < EP()E(y). (1.1
Forany x,y >1,n€Ny, p>1, %+é=1andx+y§xy,

E,(xy) <EMP(px)EM(qy). (1.2)

Foranyx>0,0<y<1,n€NO,O<p<1:[—1)+§andx+y2xy,

E,(xy)>ENP(px)EM(qy). (1.3)
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Foranyx,y>1,neN0,p>1,0<r<1and%+§:1:%+l,

S

rx? sy
o () ()

In this paper, we present the generalizations for inequalities (1.1), (1.2), (1.3)
and (1.4).

2. Results

Theorem 2.1. Assume that n —1 € N, x1,x9,...,X, > 0, p1,P2,--->Pn > 1,
S L—1m :Z?:l m;, and pymy, poMsy, ..., pym,, m € Ny. Then

i=1 p,
n n
X 1/p;
(2] <[ Teco-
i—

im1 Pi
Proof. By the generalized Holder inequality,

(” Xi) Jm — X m i gy
Em Z_ = | te=mMe Sinde
im1 Pi 1
o0 n x
=J l_[t*’”ieft?dt
1 i=1

n 0 1/p;
(J t—szfe—Xffdt)
i=1 1

— 1/p;
= [ EpEx). O
i=1

IA

=

We note on Theorem 2.1 that if n = 2 then we obtain the inequality (1.1).

Theorem 2.2. Assume thatn—1eN,me Ny, xq,x5,...,X, > 1,p1,P9,--->Pn > 1,
S L —1and Z?:l x; < ?:1 x;. Then

i=1 p,
Ep (ﬁxi) = lllErln/p"(Pixi)-

i=1

Proof. Since E,, is non-increasing, it follows that

DR

[09)
= f et N i
1

o0 n m
:J l_[t_ie"‘lfdt.
1 i=1
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By the generalized Holder inequality,

n n 0 1/p;
() <01
i= i=

n
= l_[E;/pl(Pixi)- H
i=1

We note on Theorem 2.2 that if n = 2 then we obtain the inequality (1.2).

Theorem 2.3. Assume that n € N, x4,...,x, > 0, 0 < y < 1, m € N,
0<p1,...,pn<1=(Z?zlp—ll)+éandy+2?=1xi2y]_[?=1xi. Then

n n
Ep (yl_[xi) > E;/q(qy)l_[E;/Pl(pixi)-
i=1 i=1

Proof. Since E,, is non-increasing, it follows that
n n
e (o1 ) 220 (4 330
i=1 i=1

oo
— J t—me—t(}’ﬂ“Zlel)dt
1

[o¢] n m
=J t‘Ee*yfl_[tTe*Xifdt.
1

i=1

By the generalized reverse Holder inequality,

n 00 1/q9 n 0 1/p;
(1) ([ ) e
i= i=

=EYq)][ [E/(pix). O
i=1

We note on Theorem 2.3 that if n = 1 then we obtain the inequality (1.3).
Theorem 2.4. Assume that n € N, xq,...,x,y > 1, m € Ny, py,...,p, > 1,

0<ry,...,r, <1land (Z?leli)+§=1= (Z" 1)+%. Then

=17

n n Pi
1/s s-yq 1/r; FiX;

Em (yl_[xl) > Em/ (T l_[Em/ p—l
i=1 i=1 t

Proof. We note that

yﬁxif (Xn:x—lp!) +y—q.
i=1 [ q

i=1 It
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Since E,, is non-increasing, it follows that
n q n XPI
E, (yl_[xi) > E, (y— +Z—’)
i=1 4 = Pi
o8] q n Xf)l
:J t"“e_t(%alﬂr)dt
1

00 n pi
m 2 —m Ly
= t7se « | |t e Piodt.
1 i=1

By the generalized reverse Holder inequality,

n 00 4 1/s n o] KPi 1/r;
—m_—s=t —m —Ti—t
E, (J’| 1|Xi) 2 (ﬁ t™Me " dt) | 1| (L t™Me wi dt)
= i=

SYION\N T g [(TiXE
=EY (—) [ ey (l—) . 0
qa )i bi

We note on Theorem 2.4 that if n = 1 then we obtain the inequality (1.4).
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