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1. Introduction

In mathematics ‘algebraic structures’ play a vital role with applications in various disciplines
such as theoretical physics, computer sciences, control engineering, information sciences,
coding theory etc. In the 19th century, Ternary algebraic operations were considered by many
mathematicians such as Cayley [4] who introduced the notion of ‘cubic matrix’ which in turn
was generalized by Gelfand et al. [21] in 1990. Some significant physical applications of Ternary
structures in Nambu mechanics, although still hypothetical, in the fractional quantum Hall

effect, the non-standard statistics, supersymmetric theories, Yang-Baxter equation, etc. can
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be seen in [2, 8,24} 25,35,[36]. The notion of an n-ary group was introduced by W. Doérnte
[15] in 1928. The concepts of n-ary algebras, i.e., sets with one n-ary operation, seems to
be going back to Miller’s article [23]. In the theory of automata [22]] are used n-ary systems
satisfying some associative law, some others n-ary systems are applied in the theory of quantum
groups and combinatorics [|34]. Kerner in [24] described different applications of ternary
structures in physics. In physics there are used n-ary structures as n-ary Filippov algebras
(see [32]) and n-Lie algebras (see [36]). Some n-ary structures have application in coding
theory, cryptology and in the theory of (¢,m,s)-nets [26]. Ternary semigroups are universal
algebras with one associative operation. In 1932 the theory of ternary algebraic system was
introduced by Lehmer [27]]. He studied certain algebraic systems called triplexes which are
commutative ternary groups. S. Banach (cf. [28]]) introduced the notion of ternary semigroups.
Sioson [[33] introduced ideal theory in ternary semigroups and characterized regular ternary
semigroups in 1965. Dudek et al. [16,(17] studied the ideals in n-ary semigroups. In 1995,
Dixit and Dewan [14] introduced and studied some properties of ideals and quasi-(bi-)ideals
in ternary semigroups. In 1934 Hyperstructure theory was introduced, when F. Marty [29]
defined hypergroups based on the notion of hyper operation. Nowadays, a number of different
hyperstructures are widely studied by many mathematicians from the theoretical point of view
and for their applications to many subjects of pure and applied mathematics. In an algebraic
hyperstructure, the composition of two elements is a set. Several books have been written on
hyper-structure theory (see [64[7,13.37]). A recent book on hyperstructures [7] points out on their
applications in rough set theory, cryptography, codes, automata, probability, geometry, lattices,
binary relation and hypergraphs. The book entitled ‘Hyperring Theory and Applications’ of
Davvaz and Leoreanu-Fotea [13] is devoted to the study of hyperring theory. Several types of
hyperrings are introduced and analyzed. The volume ends with an outline of applications in
chemistry and physics, analyzing several special kinds of hyperstructures, e-hyperstructures
and transposition hypergroups. Some basic notions about semihypergroup theory can be seen in
[1,/5,/10~12L,/19./20L31].

Davvaz in [9] introduced the notion of ternary semihyperrings which is a generalization
of semihyperrings [3] and also a generalization of ternary semirings [18]. In a ternary
semihyperring, multiplication is a ternary operation and addition is a hyperoperation. Also, the
notion of ternary semihyperrings is a generalization of semirings. Our main purpose of this
paper is to introduce the notions of simple, (0-)simple ternary semihyperring and characterize

the minimality and maximality of hyperideals in ternary semihyperring.

2. Preliminaries

Definition 2.1 ([9]). Let H be a non-empty set and o : H x H — @ *(H) be a hyperopertion, where
©*(H) is the family of all non-empty subsets of H. The couple (H,o) is called a hypergroupoid.
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For any two non-empty subsets A and B of H and x € H we have

AoB= () aob,Ao{x}=Aox and {x}oA=x0A.
acA,beB

Definition 2.2 ([9]). A ternary hyper grouped is called the pair (H,[ ]) if H1,Ho,H3 are the

non-empty subsets of H then, we define

[H1HoH3] = U [h1hohs].
h1€H1,h2€H2,h3EH3

Definition 2.3 ([9]). A non-empty set H is called ternary semihyperring if for all
hi,ho,h3,hq,hs € H and (H,®) is a commutative semi hyper group and the ternary

multiplication [ ] satisfies the following conditions:

@) [[h1hohslhahs]=[Rhilhohshslhs] =[h1holhshshsll,
(i) [(h1®ho)hghs]l =[hihghsl®[hohghyl,
(iii) [h1(hg®h3)hgl=[h1hohs]l®[h1h3h4],
(iv) [hiho(hg®h4)l=[h1hohsl@[h1hoh4].

Definition 2.4 ([12]). A ternary hyper semi ring H is said to have a zero element if there exist
an element 0 € H such that for all ~1,h9 € H,
[0h1h2] =[h10h2] = [h1h20]={0}.

Definition 2.5 ([9]). An element e of ternary hyper semi ring H is called an identity if [A1h1e] =
[hieh1]l=[eh1h1]={h1} for all h1€ H and it is clear that [eeh1] =[ehie]l =[h1ee]l ={h}.

Definition 2.6 ([9]). A non empty additive sub semi hyper group I of a ternary semi hyper ring
H is called

(i) A left hyper ideal of H if [HHI]< 1.
(i1) A lateral hyper ideal of H if [HIH] < I.

(iii) A right hyper ideal of H if [I[HH]< 1.

If I is both left as well as right hyper ideal of H, then I is called a two sided hyper ideal of H. If
I is a left, a lateral, a right hyper ideal of H then I is called a hyper ideal of H.

3. (0)-Simple Ternary Semihyperrings

In this section we ‘introduce’ and ‘characterize’ the ‘(0-) simple ternary semihyperrings’ . Some

properties of them are investigated in terms of ‘hyperideals’ .

Definition 3.1. Let H be a ternary semi hyper ring with zero, then H is known as simple if H

has no proper hyperideals.
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Example 3.2. Let H ={a,b,c,d,e,f} and [x,y,z] = (x * y) % z for all x,y,z € H, where & and x
are defined as follows:

&) a b c b e f *x |la|b|lc|bl|lel|f
a | {b,c} | {b,c} | {b,c} | {b,c} | {b,c} | {b,c} alal|lb|c|lcle]|e
b | {a,c} | {a,c} | {a,c} | {a,c} | {a,c} | {a,c} b|b|b|b|b|f|Ff
¢ | {a,b} | {a,b} | {a,b} | {a,b} | {a,b} | {a,bd} cle|b|c|b|c]|ec
b | Hd | Hd | Hd | Hd | Hd | Hd b|b|b|b|b|b|b
e | He | He | He | He | H-e | H-e elelflclelelf
f | Hf | H-f | H-f | H-f | H-f | H-f flryfrye|o|rf|r

Then (H,®,[ ]) is a ternary semihyperring. There is no proper hyperideal of H and hence H is
simple.
It is clear that if H is a ternary semihyperring with zero, then every hyperideal of H contains a

zero element.

Definition 3.3. Let (H,®,[ ]) be a ternary semihyperring with zero. H is called 0-simple if it is
has no nonzero proper hyperideal and [HHH] # {0}.

Remark 3.4. Let (H,o,[ 1) be a ‘ternary semi hyper ring’ for every element h € H then the
‘hyper ideal generated’ by A are respectively shown by J(h) = (h) = {h}U[HHhlJU[HRH]U
[HIHhHIH]U[RHH].

Lemma 3.5. Let (H,®,[ 1) be a ternary semihyperring. For any nonempty subset A of H,
[HHAJU[HHAHH]U[HAH]JU[AHH]U A is the smallest hyperideal of H containing A.

Lemma 3.6. Let (H,®,[ 1) be a ternary semihyperring. For any nonempty subset A of H,
[HHAJU[HHAHH]U[HAH]JU[AHH] is the hyperideal of H.

Theorem 3.7. Let (H,o,[ 1) be a ternary semihyperring without zero. Then the following

statements are equivalent.

(i) H is simple,
(i) YVaeH, [HHh]UIHRH]IU[H[HRH]H]U[RHH]=H,
(ili) Va€H, (h)=H.
Proof. (i)=(ii): Let H be a simple, by Lemma 3.6, we have

VaeH, [HHR]U[HRH]U[H[HRH]IH]U[RHH]=H.
(i1)=(iii): By Lemma 3.5 <h) =[HHRJU[HHhRHHIU[HRH]U[hRHH]U{h}=H uU{h}=H.
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(iii)=(@v): Let A be a hyper ideal of H as well as h € A. Then H = (h) € A < H implies that
A = H. Therefore, H is simple. O

Theorem 3.8. Let (H,®,[ 1) be a ternary semihyperring with zero. Then the following statements

are true.
(1) If H is a 0-simple. Then ¥ h € H\ {0}, (h) =H.
(i1) If Y he H\{0}, (h) = H. Then either [HHH] = {0} or H is 0-simple.

Proof. (i): Let H be a 0-simple. Then V A € H\ {0}, (h) is non-zero hyperideal of H. Therefore, V
h e H\{0}, (h)=H.

(i1): Let us assume that V 2 € H\ {0}, (h) = H. Then either [HHH] # {0}.
Let A be a non zero hyperideal of H. Let he A\{0}=>(h)=H<ACH.
Therefore, A = H. Hence H is a 0-simple. O

Theorem 3.9. The nonempty intersection of a family of hyper-filters of a ternary semihyperring
H is also a hyper-filter of H.

Theorem 3.10. The ‘Union’ of family of ‘hyper ideals of a ternary semi hyper ring’ H is a ‘hyper
ideal’ of H.

Theorem 3.11. Let (H,®,[ 1) be a ternary semihyperring and A be a hyper ideal of H. Let T is a

ternary subsemihyperring. Then the following statements are true.
1) If T is a simple such that TNA # @, then T € A.
(i1) If T is a 0-simple such that T\{0}NA # @, then T € A.

Proof. (i): Let us assume that T is simple such that TnA # ¢. Let h € TnA. By
Lemma [HHhIU[HHRHHIU[HRH]U[RHH]NT is a hyperideal of 7. Then we have
[HHRIU[HHRHHIU[IHRHIU[RHHINT =T = T <c[HHRIJU[HHhHH]IU[HRH]U[RHH] C
[HHAJU[HHAHH]JU[HAH]JU[AHH] < A. Therefore, T C A.

(i1): We assume that T is 0-simple such that T\ {0}nA # @. Let h€ T\ {0}n A. By Lemma3.5]
and Theorem [3.8[i), we get

T=<h)y={h}U[HHRIU[HRH]U[HIHRHIHIU[RHHINT
c<h)={hu[HHRIU[HRHIU[H[HhRHIH]U[RHH] < (h)
cA.
Therefore, TS A. O

Theorem 3.12. In any ternary semihyperring H, the following are equivalent.
(i) Principal hyperideals of H form a chain.
(i1) Hyperideals of H form a chain.
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Proof. (i)=(ii): Suppose that principal hyperideals of H form a chain.
Let A, B be two hyperideals of H. Suppose if possible A Q B,B Q A.
Then there existsa€ A\B and be B\ A.

acA=>{a)<A and be B = (b) cB.

Since principal hyperideals form a chain, either (a) € (b) or (b) < (a).
If (a) < (b), then a € (b) < B. It is a contradiction.

If (b) < {a), then b € (a) € A. It is also a contradiction.

Therefore, either A € B or B £ A and hence hyperideals from a chain.

(i1)=(i): Suppose that hyperideals of H form a chain.
Then clearly principal hyperideal of H form a chain. O

4. Minimal and Maximal Hyperideals of Ternary Semihyperrings

In this section, we give some properties of (0-)minimal hyperideals and (0)-maximal hyperideals
of ternary semihyperrings and investigate the relationship between the (0-)minimal hyperideals,

(0)-maximal hyperideals and the (0)-simple ternary semihyperrings.

Definition 4.1. Let (H, ®,[ ]) be a ternary semihyperring without zero. A hyper ideal A of H is
known as minimal hyperideal of H if there is no hyperideal B of H such that B A.

Definition 4.2. Let (H,®,[ ]) be a ternary semihyperring with zero. A hyper ideal A of H is
known as 0-minimal hyperideal of H if there is no non zero hyperideal B of H such that B A.

(or)
Let (H, ®,[ 1) be a ternary semihyperring with zero. A hyper ideal A of H is known as 0-minimal
hyperideal of H if for every hyperideal B of H such that B< A, we get B ={0}.

Theorem 4.3. Let (H,s,[ 1) be a ternary semihyperring without zero and A be a hyperideal of

H. Then the following statements are true.
(1) If A is a minimal hyperideal without zero of H, if and only if A is a simple.
@i1) If A is a minimal hyperideal of H with zero, then A is a (0-)simple.

Proof. (i): Let A is a minimal hyperideal of H without zero. Let B is a hyperideal of A.
Then we get [AABJU[AABAA]JU[ABA]JU[BAA]INB is a hyperideal of B. Then we have
[AABJU[AABAAJU[ABAJUIBAAINnB=B => A c[AABJU[AABAA]JU[ABA]JU[BAA]<B.
Therefore, A < B and hence A = B. Therefore, A is a simple.

Conversely, suppose that A is a simple and B is hyperideal of H such that B < A. Then
we get BN A # @. By Theorem [3.11(i) we have A € B = A = B. Therefore, A is the minimal
hyperideal of H.

(i1): The proof is similar to (i). O
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Theorem 4.4. Let (H,®,[ 1) be a ternary semihyperring with zero and A be a non zero hyperideal

of H. Then the following statements are true.

1) If A is a O-minimal hyperideal of H. Then either there exist a nonzero hyperideal B of A
such that [AABJU[AABAA]JU[ABA]JU[BAA]={0} or A is a 0-simple.

(i1) If A is a 0-simple, then A is a 0-minimal hyperideal of H.
Proof. The proof is similar to the proof of Theorem [4.3[i) and Theorem ii). O

Theorem 4.5. Let (H,®,[ 1) be a ternary semihyperring without zero having proper hyperideals.
Then every proper hyperideal of H is minimal if and only if H contains exactly one proper
hyperideal of H or H contains exactly two proper hyperideals A1, Ag such that A1UA9=H and
AiNnAg=09.

Proof. Suppose that every proper hyperideal of H is minimal and A be a proper hyperideal of
H. Then A be a minimal hyperideal of H. Then we get the following cases:

Case 1: YV ae H\ A, H = {a). If B is also proper hyperideal of H and B # A, then since A is
minimal hyperideal, we get B\ A # . Hence 3a € B\ A< H\ A. Therefore, H={(a) cB<H,
so B = H. This is a contradiction and hence A = B. Therefore, in this case A is unique proper
hyperideal of H.

Case 2: 3a€ H\A, H # (a). We have (a) # A and (a) is a minimal hyperideal of H. By
Theorem [3.10, (a) UA is a hyperideal of H. Since A c (a) UA. Hence by hypothesis we get
(a) UA =H. Here (a)NA S {a) and {(a) is the minimal hyperideal of H. Therefore, (a¢) N A = @.
Let B be the any arbitrary proper hyperideal of H, then B is a minimal hyperideal of H. We
obtain B=BNH=Pna)UA)=Pn{a)uPnA).IfPNnA#@. Since B and {(a) are minimal
hyperideals of H. We get B = {(a). In this case H contains exactly two proper hyperideals A and
{a) such that (¢) UA =H and {(a)nA =@.

Converse part is obvious. O

Theorem 4.6. Let (H,®,[ 1) be a ternary semihyperring with zero having nonzero proper
hyperideals. Then every nonzero proper hyperideal of H is 0-minimal if and only if H contains

exactly one nonzero proper hyperideal of H or H contains exactly two nonzero proper hyperideals
A4, Ag such that A{UA9=H and A1nAg={0}.

Proof. Proof is similar to the proof of Theorem O

Definition 4.7. Let (H,®,[ ]) be a ternary semihyperring. A hyper ideal A of H is known as
maximal hyperideal of H if for every hyperideal B of H such that A < B we have B=H.

Theorem 4.8. Let (H,®,[]) be a ternary semihyperring with zero having proper hyperideals.

Then every proper hyperideal of H is maximal if and only if H contains exactly one proper

Commaunications in Mathematics and Applications, Vol. 13, No. 1, pp.[295 , 2022



302 Characteristics of Hyperideals in Ternary Semihyperrings: T. Anuradha et al.

hyperideal of H or H contains exactly two proper hyperideals A1, Ag such that A1UA9=H and
AiNnAg=09.

Proof. Suppose that every proper hyperideal of H is maximal and A be a proper hyperideal of
H. Then A be a maximal hyperideal of H. Then we get the following cases:

Case 1: Vae H\A, H = (a). If B is also proper hyperideal of H and B # A, then since A is
maximal hyperideal, we get B\ A # ¢. Hence 3a € B\A < H\ A. Therefore, H=(a)cB<H,
so B = H. This is a contradiction and hence A = B. Therefore in this case A is unique proper
hyperideal of H.

Case 2: 3ae€ H\A, H # (a). We have (a) # A and (a) is a maximal hyperideal of H. By
Theorem (a) UA is a hyperideal of H. Since A c (@) UA and A is a maximal hyperideal of
H. Hence we get (a) UA = H. Here {(a) N A € {a) and by hypothesis we have (a¢)NA=¢. Let B
be the any arbitrary proper hyperideal of H, then B is a maximal hyperideal of H. We obtain
B=BnH=Pn{a)UA)=Pna)uPnA).IfPNnA#¢@. Since Bn{(a) and {(a) are maximal
hyperideals of H. We get B = (a). In this case H contains exactly two proper hyperideals A and
{a) such that (¢) UA =H and {(a)nNA =@.

Converse part is obvious. O

Theorem 4.9. Let (H,®,[ 1) be a ternary semihyperring with zero having nonzero proper
hyperideals. Then every nonzero proper hyperideal of H is maximal if and only if H contains

exactly one nonzero proper hyperideal of H or H contains exactly two nonzero proper hyperideals
A1, Ag such that A{UA9=H and A1nAg ={0}.

Proof. Proof is similar to the proof of Theorem O

Theorem 4.10. Let (H,®,[ 1) be a ternary semihyperring. A proper hyperideal A of H is maximal
if and only if

(i) H\NA={h}and [HHhIU[HHhRHH]|U[HhH]IU[hHH] < A for some h € H, or

(i) H\NAcC[HHhIU[HHhHH|U[HhHIU[hRHH] for all he H\ A.

Proof. Suppose A is a maximal hyperideal of H. Then the following cases are arising:
Case 1: 3he H\A>[HHhU[HHhRHH]U[HRH]JU[hHH]< A. By Lemma [3.5],
Auih}=AuUlHHRIU[HHRHH]U[HRH]U[RHH]U{h}
=AU{lHHRIU[HHhRHH]U[HRH]U[RHH]U{h}} = AU<h).

Since A U (h) is a hyperideal of H, A U{h} is a hyperideal of H. Here A is a maximal hyperideal
of H as wellas A< Au{h}. We get Au{h}=H. Therefore H\ A ={h}.

Case2:Forall he H\A,[HHRIU[HHhHH]U[HRH]U[WHH] SZA. Since [HHRIU[HHhHH]U
[HhH]u[hHH]is a hyperideal of H. By Lemma(3.6] and Theorem[3.10, AU[HHAJU[HHhHH]U
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[HhH]lU[hHH] is a hyperideal of H as wellas ACAU[HHh|U[HHhRHH]U[HhH]U[hHH].
Since A is maximal hyperideal of H and hence AU[HHRIU[HHhRHH]IU[HRH]U[RHH]=H.
Therefore, for all he H\ A we get H\Ac[HHhl|U[HHhRHH|U[HRH]U[RHH].

Conversely, suppose that B is a hyperideal of H such that AcB. Then B\A #@.If H\ A ={h}
and [HHhlJU[HHRHHIU[HhHIU[RHH] < A for some h € H. Then B\ A € H\ A = {h}.
Thus B\ A = {h} and hence B = AuU {h} = H. Therefore, A is a maximal hyperideal of H.
If H\A c[HHhlJUIHHhRHH]U[HRH]U[hHH] for all h€e H\A. Then H\ A < [HHx]U
[HHxHH]U[HxH]lU[xHH] < [HHBJU[HHBHH]U[HBH]U[BHH] < Bforallx € B\ A.
Therefore, H=H\AUA B < H and hence B =H. Hence A is a maximal hyperideal of H. [

Note 4.11. Let (H,®,[ 1) be a ternary semihyperring. Let il indicate union of all proper
hyperideals of H.

Lemma 4.12. Let (H,®,[ 1) be a ternary semihyperring. Then U\ = H if and only if (h)y #H V
heH.

Theorem 4.13. Let (H,,[ 1) be a ternary semihyperring without zero. Then only one of the

following statements is satisfied.:
(1) H is simple,
(i) YV heH, (h)y#H,
(iii) 3heH>¢h)=H, h¢ [HHRIU[HHhRHH]|U[HRH]U[RHH] < = H\{h}, and Y is the

unique maximal hyperideal of H.

(iv) H\U={heH :[HHhJU[HHRHH]IU[HRH]UIhHH] = H} and U is the unique maximal
hyperideal of H.

Proof. Suppose that H is not simple. Then there exist a proper hyperideal of H implies that i(

is a hyperideal of H, then we get following two cases:

Case 1: {l=H.
Lemma |4.12] implies that V h € H, (h) # H and hence statement (ii) is satisfied.

Case 2: {1 #H.
We get il is the maximal hyperideal of H. Suppose A is the maximal hyperideal of H. Then

since A is a proper hyperideal of H, we have A c${< H. Since A is a maximal hyperideal of H,
we obtained A = il. Hence il is the unique maximal hyperideal of H. By Theorem |4.10| gives

(a) H\U=1{h}and [HHRIU[HHRHH]U[HRH]U[hHH] < for some h € H, or
(b) Vhe H\YU, H\UcS[HHRJU[HHRHH]U[HRH]U[RHH].

Suppose that, H\ i = {h} and [HHh]U[HHhHH]lU[HhRH]U[hHH] < { for some h € H.
Then [HHRIU[HHhRHH]IU[HRHIU[RHH] <l = H\ {h}. Since h ¢ 4, we get (h) = H. If
he[HHhJU[HHRHH]U[HRH]U[RHH], then {h} c[HHA]U[HHRHH]U[HRH]U[RHH]. By
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Lemma 3.5] implies H = (h) =[HHhIU[HHhRHH]U[HhH]U[hHH]U{h} < [HHhIU[HHhHH]U
[HhHIU[hHHI<[HHUU[HHUHHIU[HUHIU[UMHH] U =< H. Therefore, we get H =4l.
Which is impossible and hence h ¢ [HHh]U[HHhRHH]U[HhH]U[hHH] and so statement (iii)
is satisfied.

Let us suppose that for all he H\ U, H\Mc[HHhRIU[HHRHH]U[HRH]U[hHH].

Let he H\, then h e [HHh]U[HHRHH]U[HhRH]U[RHH]. So {h} <[HHh]U[HHhRHH]U
[HhH]lU[hHH]. Lemma (3.5, implies (k) = [HHh]U[HHhRHH]U[HRH]U[RHH] U {h} =
HHAU[HHRHHIU[HRH]U[RHH]. Since h ¢ . We get (h) = H. Therefore, H = (h) =
[HHhIU[HHhRHH]U[HRH]U[RHH].

Conversely, let » € H such that [HHh]U[HHhRHH]U[HhH]U[hRHH] = H. Let h € 4,
then (h) <4l c H. By Lemma [3.5], implies (h) = [HHRIU[HHhRHH|U[HhH]U[hRHH]U{h} =
Hu{h}=H. It is a contradiction and hence we have h € H \ 4l and implies that H\ U ={h e H :
[HHhJUIHHRHH]IU[HRH]U[MHH] = H} and hence the statement (iv) satisfied. Therefore,
this completes the proof. O

Theorem 4.14. Let (H,®,[ 1) be a ternary semihyperring with zero and [HHh]U[HHhHH]U
[HhH]U[hHH] #{0}. Then only one of the following statements is satisfied:

(1) H is 0-simple,
(1) VheH, (h)#H,
(1)) 3 heH>h)=H, h¢ [HHRIVIHHRHHIU[HMHIU[RHH] <Y = H\{h} and Y is the

unique maximal hyperideal of H.

v) H\U={heH :[HHhJU[HHhRHH]U[HhH]U[hHH] = H} and il is the unique maximal
hyperideal of H.

Proof. The proof is similar to the proof of Theorem 4.13] O

5. Conclusion

We introduce the notion of simple, (0-)simple and characterize the minimality and maximality
of hyperideals in ternary semihyperrings. The relationship between them is investigated in

ternary semihyperrings extending and generalizing the analogues results for ternary semirings.
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