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1. Introduction

The core inverse for a complex matrix introduced by Baksalary and Trenkler [2] in 2010. Let A
be a n x n complex matrix and Pgr4) be the orthogonal projector onto R(A). An n x n complex
matrix A® satisfying AA® = Pr4) and R(A®) < R(A) is the core inverse of A. A complex matrix
has core inverse if and only if it is core invertible, and the core inverse is unique when it exists.

In 2015, Mieliniczuk [7] investigated C-inverse of a core matrix. Weighted core-EP inverse
of an operator between Hilbert spaces established by Mosaié [8] in 2017. In 2018, Xu et al.
[12] developed the concept of new characterization of the CMP inverse of matrices. Three limit
representation of the core — EP inverse studied by Zhou et al. [13] in 2018. In 2019, Zho and
Wang [14]] investigated Weighted pseudo core inverses in rings. Core invertibility of triangular
matrices over a ring developed by Xu [11] in 2019. In 2019, Ke et al. [6] extended the core
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inverse of a product and 2 x 2 matrices. Group inverse for a class 2 x 2 block matrices over skew
fields studied by Bu et al. [4] in 2008.

2. Preliminaries
Definition 2.1 ([1]). A matrix A is Hermitian if A* = A, and A is called an idempotent if
A% = A. A Hermitian idempotent is said to be a projection.

Definition 2.2 ([2]). Let A € M,,,,,(C). A matrix A® € M, ,(C) satisfying:

(i) AA® =Py, and
(i1)) R(A®)<c R(A) is called core inverse of A.

Definition 2.3 ([2]]). The core inverse of A € M,,«,(C) is the matrix X € M,,,(C) which satisfies
(1) AXA=A (2) XAX=X (3) (AX)*=AX (6) XA%?2=A (1) AX?’=X

The matrix X is unique if it exist and is denoted by A®.

Definition 2.4 ([2]]). A matrix A is said to be core-EP AA® = A®A.

Definition 2.5 ([1]). A matrix A is said to be invertible if AB=BA =1.

Lemma 2.6 ([5]). Let A € M,,,,,(C). Then
(XK YL
= %)
where KK* + LL* =1,, Y =diag(c1l,1,...,0¢l,¢), r1+...+r;=r=rk(A)and 01 >09>...>0;>0.

3. Some Results

Lemma 3.1. Let A,Be€ M, «,(C). If rk(A)=r, rk(B) =rk(AB) =rk(BA), then there are invertible
matrices P,Q € M, «,(C) such that

I, 0 -1 B1 BiX )\ ,_1

0 O)Q’ B=Q (YBl YBlX)P ’

where B1 € M (C), X € M x(n-r)(C) and Y € M(;,_)x(C).

A:P(

Proof. Since rk(A)=r, there are invertible matrices P,Q € M, «,(C) such that

(I O _-1(B1 B2),-1
a=r(( ole. m=a”(5 g)r

where B1 € M,.,(C), By € My (n—r)(C), B3 € M(—r)xr(C), B4 € M(5—r)x(n-r)(C).
From rk(B)=rk(AB), we have

B3=YBj, B4=YBg, Y € M(;;_1)x(C).
Since rk(B) =rk(BA), we obtain

By =B1X, B4=B3X, X € M, «(n—r)(C).
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O]

B:Q—l( B; BiX )P—l.

YB; YB:1X

A0

Lemma 3.2. Let A€ M,+,(C), BeE M(;,_r)xr(C), M = (B 0

) € M, «»(C). Then the core inverse of

M exists if and only if the core inverse of A exists and rk(A) = (g) If the core inverse of M exists,

A® 0
® —
then M® = (B(A®)2 O)'

Proof. Since M = (g g) Suppose core inverse of A® exists. rk(A) = (g)

A O
B 0

But rk(A) = rk(A)? as (A)® exists.
This implies r2(M) = rk(M?). Therefore, M® exists.

®
Let M®=X = (B(‘Z@)Z 8) Then

o s i O Y

Now rk(M)zrk( )zrk (A B)=rk(A).

B 0/\BA®)?2 0)/\B 0

AA® 0\(A O
BA® 0J/\B 0

AA®A O
BA®A 0

(A0
“\B o

=M,

@) XMX = A® O)(A O)( A® O)

B(A®?2 0){B 0/\BA®)?2 0

APA  0\( A® 0
B(A®)2A 0)(BA®)?2 0

APAA® 0
B(A®)2AA® 0

[ A® 0

“|BA®?2 0
:X,

3) MX)*=MX,

el ) el )

B 0 B(A®)?2 0

A:(ZK > L

0 0 ), where KK™ +LL" =1,,
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(AA®)NAA®)" + (BA®YBA®) =1,,

BA® =0, (3.1)
A 0\ A® 0

B 0/{BA®? 0

AA® 0

BA® 0)’

MX =

. [AA® 0\
(MX)"=|pa® 0)

_((AA®)* BA®
0 0

AA® BA®
0 0

= MX,

s [ A®  0\/(A 0\(A O
6) XM"=|paoy 0)(3 O)(B 0)

“lsiaia oz o

B(A®)2A 0J(B 0

[ A®AA O
B(A®)2AA 0

A 0

B 0

:M,

s (A 0\ A® 0\( A® 0
() MX"=|p o)(B(A®)2 o)(B(A®)2 0)

AA® 0\( A® 0
“\BA® 0)\B(A®)?Z 0

_[AA®A® 0
BA®A® 0

A® 0
B(A®)? 0
=X.

Conversely, suppose that the core inverse of M exists,

rk(M) = rk(M?)

A 0 AZ 0
= rk(B 0)_rk(BA o)

= rt{p)=r+(za)

= rk(A)=rk(A?).
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Therefore the core inverse of A exists.

A 0 A
Also rk(M)=rk (B 0) =rk (B) =rk(A). O
A B
0 0
M exists if and only if the core inverse of A exists and rk(A)= (A B). If the core inverse of M

® ®)2
exists, then M® = (AO A4 0) B).

Lemma 3.3. Let A€ M,,,(C), BEM,x(n-r)(C), M = ( ) € M,,«n(C). Then the core inverse of

. A B
Proof. Since M = ( 0 0)
A B
0 0
But rk(A) = rk(A)? as (A)® exists.

This implies r£(M) = rk(M?). Therefore, M® exists.

. Suppose core inverse of A® exists. rk(A) = (g)

Now rk(M)=rk ( ) =rk (A B) =rk(A).

® ®)2

Let M® =X = (Ao A4 o) B). Then,
_ (A B\(A® (A®)’B\(A B

(b MXM={, 0)(0 0 )(o o)
_[AA® A(A®)B\(A B
Lo 0 0 0
_([AA®A AA®B
Lo 0
(A B
—lo o
=M,
_(A® (A®)B\(A B)\(A® (A®)B
@ XMX=| 0 )(0 0)(0 0 )

_(A®A A®B\(A® (A®)’B
Lo 0 /{0 0
_[APAA® APA(A®)B
Lo 0
_[A® (A®)B
“\o 0
=X,

3) MX)'=MX.
By using Lemma [2.6, we get
A B) X - (A® (A®)ZB)

M:(o 0 0 0
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® ®)2
WX = AA® AA )B)’

0 0

\ AA® 0\ .

(MX)* = AA®)B O) (since A(A®)’B =0)
_ [(AA®)* A(A®)2B)

Lo 0

_ [AA® A(A®)2B)

Lo 0

=MX,

A® (A®)2B\(A B\(A B
0 0 0o oJlo o

A®A A®B\(A B
0 0 0 0

_([A®AA A®AB
| o 0

_AB)

6) XM?=

0 0
=M,

A B)\(A® (A®)B\(A® (A®)2B
0 0/\ 0 0 0 0
_(AA® A(A®)2B\(A® (A®)’B
o 0 0 0
_ ([AA®A® AA®(A®)QB)

B 0 0

=X.
Conversely, suppose the core inverse of M exists then
rk(M) = rk(M?)
A B A% AB

0 0) =rk ( 0 0 )

= rk(A B)=rk(A* AB)

= rk(A)=rk(A?).
Therefore the core inverse of A exists.

Also rk(M) = rk (‘3 1; ) —rk(A B)=rk(A). O

> rk(

Lemma 3.4.Let A,B € M,«,(C). If rk(A) = rk(B) = rk(AB) = rk(BA), then the following

conclusions hold:
(1) AB(AB)®A=A,
(i1) A(BA)®BA =A,
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(iii) BA(BA)®B =B,
(iv) B(AB)®*A =BA(BA)®,
(v) A(BA)® =(AB)®A.

Proof. Suppose rk(A)=r. By Lemma 3.1}, we have

I, 0 Bi BiX ),
A= P(o O)Q B=q (YB1 YBlX)P

where Bl EM,X,«(C), X Eer(n_,«)(C), Y EM(n—r)xr- Then
_ B]_ B]_X -1 _ -1 Bl 0
AB_P(O 0 )P , BA=Q YB, 0@

Since rk(A) =rk(B), we have that B is invertible. By using Lemma and Lemma [3.3] we get

b

B;! B7'X Bl o
® _ 1 1 -1 ®_n-1 1
(AB) —P( 0 0 )P , (BA)®=Q (YBII O)Q-
Then
) B BiX\._1.(B7t B'X\. _;. (I, O
@A — 1 1
) ABAB®A=P| O)P P(O o IP7Pl, ol@
_ o (B1 B:iX\(B{! B{'X\(I, 0
=Plo o )(0 o Jlo 0¥
_ (BiB{! BiB{'X\(I, 0
i 0 0 0
I, 0
=Plo O)Q
=A,
I, 0 0
. ® _ r -1
(il)) ABA)*BA=P 0 O)QQ (YB 1 )QQ (YBl O)Q
_ (I, 0\( B! 0
=Plo O)(YBl )(YBl O)Q
1
_p(Bi' ©
0 0 YBl
B{'B; 0
=P O)Q
(I, O
=Plo O)Q
=A,

op_o-1( Bt ) 1 0 L
(i) BA(BA)®B=Q Y31 QQ" YB 1 0|99 |y, vB.x|F

_@! B! Bi  BiX |\,
Y31 YBll YB: YB1X

Q! BiB' 0 BiX \ -1
YB:B;! 0 Y31 YB:X
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B B X
_Nn-1 1 1 -1
=Q (Y31 YBlX)P

=B,

B B1X B-1 Brlx I, 0
. A N1 1 1 -1 1 1 -1 r
(iv) B(AB)®?A =@ YB, YBlX)P P( 5 0 )P P(O O)Q

_gi[B1 BiX B' B{'X\(I, © Q
N YB: YBiX/| 0 0 Jlo o
0! BiB{' BiB{'X\(I, O Q
- YB:B;! YB:B{'X/\0 0

I, 0
—n-1['r
_Q Y O)Q’

. _i(B1 O 1 Byt 0

B; 0\(Byl o

—_n-1 1 1

=Q YB; 0)(YB;1 O)Q
I, 0

_n-1[ir

-o'[y gle

B(AB)®A =BA(BA)?®,

o _p(Ir O\ o1 B{Y O

I, 0\( B! 0)g
0 0J\YB;! 0
B! 0

1 O)Q,

-1 p-1
aBea-p(Bl Bl X)P_lp(lr O)Q

=P

=P

0 0
_p B! B{'X\(I, ©
0 0

Bl 0
_ 1
_P O 0)Q7

ABA)® =(AB)®A. O

4. Main Results

Theorem 4.1. Let M = (g g), where A,B € M,,«,(C), rk(B)=rk(A)=r. Then

(1) the core inverse of M exists if and only if rk(A) =rk(B)=rk(AB) =rk(BA).

(i1) if the core inverse of M exists, then

My, M12)
e [Me M
My My
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where
M1 =(AB)®A - (AB)®A%(BA)®B,
M2 =(AB)®A,
M1 =(BA)Y®B-B(AB)®A%(BA)® + BLAB)®A(AB)®A%(BA)®B,
Moy = —B(AB)®A%(BA)®.

Proof. (i) Given rk(B)=rk(A)=r.

Suppose rk(A) = rk(B) then, rk(A)? = rk(AB).

Since, rk(AB) = rk(A) so, rk(A)? = rk(A).

Now, the core inverse of M exists if rk(M) = rk(M)?. Therefore,
A A 0 A

B o) =Tk (B 0

Since, rk(A) = rk(B). Therefore, rk(M) = 2rk(A).

Also, using elementary transformation, we have

rk(M)zrk( ) =rk(A)+rk(B).

2 2 2
rk(M?) =rk (A ng g‘A) =rk (AOB ]‘;A).
We have
rk(A)? = rk(A) and rk(A) = rk(AB) = rk(BA).
Then,
rk(M?) =rk (AOB gﬁ)
_— (AB 0 )
0 BA
=rk(AB)+rk(BA)
=rk(A)+rk(A)
=2rk(A).
Thus,

rk(M) = rk(M?) = 2rk(A).
Hence, the core inverse of M exists.

Now, we will show that the condition is necessary

A A 0 A
rk(M)—rk(B 0)—rk (B O)—rk(A)+rk(B),
A2+ AB A? AB A?
2\ _ _
rk(M)—rk( BA BA)_rk(O BA)'

Since the core inverse of M exists if and only if 72(M) = rk(M?), we have

rk(A) + rk(B) = rk(M?)
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A2
<rk(AB)+rk (BA)

<rk(AB)+rk ((g) A)

<rk(AB)+rk(A).
Also,
rk(A) +rk(B) =rk(M?)
<rk(AB A?%) +rk(BA)
<rk(A(B A))+rk(BA)
<rk(A)+rk(BA).
Then, rk(B) <rk(AB) <rk(B) and rk(B) <rk(BA). Therefore,
rk(B) =rk(AB)=rk(BA).
From rk(B)=rk(AB) <rk(A) and rk(A) =rk(AB) <rk(B), we have
rk(A) =rk(B).

Since rk(A)+rk(B)<rk(AB AZ%)+rk(BA)and rk (AB A%)<rk(A)<rk(AB A?), we get

rk(AB A?)=rk(A).
Thus,
rk(AB A?%) =rk(AB)

then there exists a matrix U € M,,(C) such that ABU = A2. Then,
AB 0
0 BA
So, we get rk(A) =rk(B)=rk(AB) =rk(BA).
M1 My
Moy Moo
inverse. Firstly, we will compute
A A) (Mll Mlz) _ (AMH +AM21 AM12 +AM22)

rk(M?) =rk ( ) =rk(AB)+rk(BA).

(ii) Let X = (

B 0)\M31 Moo BMq1 BM;o

Mq1 Mlg)(A A)_(M11A+M123 MllA)

M21 M22 B 0 B M21+M223 M21A

Applying Lemma [3.4]1), (iii) and (v), we have
AM11+AMs; =AAB)®A - A(AB)®A%2(BA)®B + A(BA)®B — AB(AB)®A%(BA)®
+AB(AB)®A(AB)®A%(BA)®B
= A(AB)®A - A(AB)®A%2(BA)®B + A(BA)®B - AB(AB)®AA(BA)®
+A(AB)®A%(BA)®B
=A(AB)®A + A(BA)®B - A(AB)®A
= A(BA)®B,

MX:(

XM:(

Commaunications in Mathematics and Applications, Vol. 13, No. 1, pp. , 2022
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M11A+ M5B =(AB)®AA - (AB)*A%2(BA)®BA +(AB)®AB
=(AB)®A% - (AB)®A%+ A(AB)®B
= A(BA)®B.
From Lemma [3.4](ii), we obtain
AMi1+AMo1 =M11A +M19B,
AMis+AMos = A(AB)®A - AB(AB)®A%(BA)®
=A(AB)®*A - AA(BA)®
=A(AB)®A - A(BA)®A
=0,
Mi1A =(AB)®A% - (AB)®*A%(BA)®BA
=(AB)®A” - (AB)®A?
=0.
Thus,
AMy2+AMgoy = M11A,
BM1; =B(AB)®A - B(AB)®A%(BA)®B,
My1A +MsoB =(BA)®BA - B(AB)®A%(BA)®A + BLAB)® A(AB)®A%(BA)®BA
—~B(AB)®A%(BA)®B
=B(BA)®A -B(AB)®A%(BA)®A + BLAB)®AA(BA)®A
~B(AB)®A%(BA)®B
=B(BA)®A -B(AB)®A%(BA)®B.
Thus,

BM11 = Mo1 A+ MosB,

BM5=B(BA)®A,

Mo1A =B(AB)®A —-B(AB)®A%(BA)®A + BLAB)®A(AB)®A%(BA)®BA
=B(AB)®A - B(AB)®*A%(BA)®A + BLAB)® AA(BA)® A
=B(AB)®A.

Thus,
BM5 = Mo A.

Therefore,

MX = ( A(BA)®B 0 )’

B(BA)®*A —B(AB)®A%(BA)®B B(AB)®A

A(BA)®B 0 )

XM= (B(BA)@A—B(AB)®A2(BA)®B B(AB)®A
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(1) MXM-= A A)( A(BA)®B 0 )

B 0){B(BA)®A-B(AB)®*A%2(BA)®B B(AB)®A
_ (A%(BA)®B +AB(BA)®A-AB(AB)®A%XBA)®B AB(AB)®A
BA(BA)®B 0

X11 X
Xo1 0 )

Applying Lemma [3.4(i) and (iii), we compute
X11=A%BA)®B+AB(BA)®A - AB(AB)®A%(BA)®B
=A%(BA)®B+A - A%BA)®B
=A,
X12=AB(AB)®A=A,
Xo1 =BA(BA)®B =B.

A A
Thus, MXM—(B O)—M-
_ (M1 My A(BA)®B 0
(2) XMX = Moy Mzz)(B(BA)®A—B(AB)®A2(BA)®B B(AB)®A

M11;A(BA)®B + M13B(AB)®A — M13B(AB)®A2(BA)®B M12B(AB)®A
My A(BA)®B + MysB(AB)®A — Moy B(AB)®A2(BA)®B  MosB(AB)®A

Y Y12)
Yo1 Yaa)’

Y11 =(AB)®A%BA)®B - (AB)*A%(BA)®BA(BA)®B +(AB)®AB(AB)®A
—(AB)®*AB(AB)®A%(BA)®B
=(AB)®A%(BA)®B - (AB)*A%(BA)®B +(AB)®*A - (AB)®A%(BA)®B
=(AB)®A—(AB)®A%(BA)®B
=M,
Y12 =(AB)®*AB(AB)®A
=(AB)®A
= Mo,

Ys1 =(BA)®BA(BA)®B - B(AB)®A%(BA)® A(BA)®B
+B(AB)®A(AB)®*A%(BA)®BA(BA)®B
—~B(AB)®*A%(BA)®B(AB)®A + BLAB)® A%(BA)®B(AB)®A*>(BA)®B

=(BA)®B-B(AB)®A%(BA)®A(BA)®B + B(AB)®* A(AB)®A%(BA)®B
—~B(AB)®*AA(BA)Y®* ABA(BA)®A + B(AB)?A(AB)®* AB(AB)®AA(BA)®B

=(BA)®B-B(AB)®A%(BA)®A(BA)®B + B(AB)®A%(BA)®A(BA)®B
—~B(AB)®AA(BA)® + B(AB)®* A(AB)®*A%(BA)®B
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=(BA)®B-B(AB)®A%2(BA)® + BLAB)®*A(AB)®A%(BA)®B.

=My,

Yoo = —B(AB)®A%(BA)®B(AB)®A
=-B(AB)®A*(BA)®
=Moys.

M1 My
Therefore, XM X =
erefore (M21 Mo

(3) (MX)*=MX.

By using Lemma we get

A(BA)®B 0
B(BA)®A - B(AB)®A%(BA)®B B(AB)®A)
Since B(BA)®A — B(AB)*A%2(BA)®B =0

A(BA)®B 0 :
B(BA)®A - B(AB)®A%(BA)®B B(AB)®A
_ ((A(BA)®B)* B(BA)®A-B(AB)®*A%*(BA)®B
0 (B(AB)®A)*

_ (A(BA)®B) B(BA)®A-B(AB)®*A%(BA)®B
0 B(AB)®A

|-x.

MX:(

MX)" =

B(BA)®A -B(AB)®*A%(BA)®B B(AB)®A
A(BA)®BA

+B(AB)®AB

[ A A
“lA-A+B A-A

(A A
V: A\

=M,

2 _
(D MX"=|pBAY®A _ B(AB)®A2(BA)®B B(AB)®A

(B(AB)®A (B(BA)®A

+M31B(AB)®A

(Y11 Y12)
Yo1 Yaa)’

Y11 =ABA)®B(AB)®A — A(BA)®B(AB)®*A%(BA)®B

+AMoo
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A(BA)®B 0 A A
B 0

A(BA)®BA
=|( AB(AB)®A - AB(AB)®*A%(BA)®B AB(AB)®A
( ( —~AB(AB)®A2%(BA)®B

A(BA)®B 0 )(Mu Mo
My Mg

A(BA)®*BM1, A(BA)Y®BM,

|

B ( —~B(AB)®A%2(BA)®B)M1; ) ( —~B(AB)®A%2(BA)®B)M1,

|

))
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=(AB)®A —(AB)®A%(BA)®B
=My,
Y12 = A(BA)®B(AB)®A
=(AB)®A
=M;g,
Yo1 = (B(BA)®A — B(AB)®A%(BA)®*B)M11 + M21B(AB)® A
=B(AB)®A(AB)®A — (AB)®*A%(BA)®*BB(AB)®A — (AB)® AB(AB)®*A%(BA)®B
+(AB)®A%(BA)®BB(AB)®*A%(BA)®B + B(AB)®A((BA)®B
—~B(AB)®A%(BA)® + BLAB)®A(AB)®A%(BA)®B)
=(AB)®A —(AB)®A —(AB)®A +(AB)®A +(BA)®B - B(AB)®A%(BA)®
+B(AB)®A(AB)®A%(BA)®B
=My,
Yoo = BBBA)®A(AB)®A — B(AB)®A%2(BA)®B)(AB)®A
+B(AB)® A(—-B(AB)®A%(BA)®)
=(AB)®A - (AB)®A - B(AB)®A%(BA)®
=-B(AB)®A*(BA)®
= Moy,

My M12)
My1 Mas)”
So we have X = M®,

MXZ:(

Theorem 4.2. Let M = (2 Ig), where A,Be M,,,(C), rk(B)=rk(A)=r. Then
(i) the core inverse of M exists if and only if rk(A) =rk(B) =rk(AB) =rk(BA).
(i1) if the core inverse of M exists, then M® = (Zn ZIZ), where
Zo1 Zaa

Z11=(AB)®A-B(AB)®A%(BA)?,
Z12=B(AB)® - (AB)®A%(BA)®B + B(AB)®A>(BA)®A(BA)®B,
Z91=(AB)®A,
Zgs =—-(AB)®A%(BA)®B.
Proof. (i) Given rk(B)=rk(A)=r.
Suppose rk(A) = rk(B) then, rk(A)? = rk(AB).

Since,

rk(AB) =rk(A) so, rk(A)?2 =rk(A).
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Now, the core inverse of M exists if rk(M) = rk(M)>2.

Therefore,

rk(M)=rk (2 g) =rk (2 g) =rk(A)+rk(B).

Since, rk(A) = rk(B). Therefore, rk(M) = 2rk(A).
Also, using elementary transformation, we have
A2+BA AB BA 0
A2 AB) =Tk (A2 AB)'
We have rk(A)? =rk(A) and rk(A) = rk(AB) = rk(BA). Then,
BA 0 )

rk(M?) =rk (

BA AB

_a[BA O
~"™1 0 AB

=rk(BA)+rk(AB)
=rk(A)+rk(A)
=2rk(A).

rk(M?) =rk (

Now, we will show that the condition is necessary.

A A 0 A
rk(M)—rk(B 0)—rk (B O)—rk(A)+rk(B),
A2+BA AB BA 0
2y _ _
rk(M)—rk( A2 AB)—rk(A2 AB)

Since the core inverse of M exists if and only if rk(M) = rk(M?), we have
rk(A) +rk(B) = rk(M?)

BA

Srk(A2

)+rk(AB)

A
<rk(A)+rk(AB).

<rk ((B)A) +rk(AB)

Also,
rk(A)+rk(B) = rk(M?)
<rk(BA)+rk(A%? AB)
<rk(BA)+rk(A(A B))
<rk(BA)+rk(A).
Then, rk(B) <rk(AB) <rk(B) and rk(B) <rk(BA). Therefore,
rk(B) =rk(AB)=rk(BA).
From rk(B)=rk(AB) <rk(A) and rk(A) =rk(AB) <rk(B), we have
rk(A) =rk(B).
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Since

rk(A)+rk(B)<rk(AB A2) +rk(BA)
and

rk(AB A2) <rk(A)<rk(AB Az),
we get

rk(AB A2) =rk(A).
Thus,

rk(AB A2) =rk(AB)

then there exists a matrix U € M,(C) such that ABU = A2. Thus,
AB 0
0 BA
So, we get rk(A) =rk(B)=rk(AB) =rk(BA).
AVVAT
Zo1 Zaa
inverse. Firstly, we will compute.
A B Z11 le) _ (Ale +BZ91 AZ12 +BZ22)

MX = A 0)(Z21 Zoo AZ11 AZqo

Z11 le)(A B)_(Z11A+Z12A leB)

rk(M?) =rk ( ) =rk(AB)+rk(BA).

(i) Let X = ), we will prove that the matrix X satisfies the conditions of the core

XM=y Zo)\A 0)7\ZoiA+ZmA 2B
Applying Theorem [4.1]we have
AZ11+BZs1 = A(AB)®A — AB(AB)®A%(BA)® + BLAB)®A
=A(AB)®A - A(BA)®A + B(AB)®A
=B(AB)®A,
Z11A+Z195A =(AB)®A%2 —~B(AB)®A%(BA)®A + BLAB)®A — (AB)®A%(BA)®BA
+B(AB)®A%(BA)®A(BA)®BA
=(AB)®A%2 -BA(BA)®(AB)®A + B(AB)®A —(AB)®A% + BA(BA)®(AB)®A?
=B(AB)®A,
AZ11+BZo1 =Z11A +Z12A,
AZ13+BZsy = AB(AB)® — A(AB)®A%(BA)®B + AB(AB)®A%(BA)®A(BA)®B
—~B(AB)®A%(BA)®B
= AB(AB)® - A(AB)®A%(BA)®B + A(AB)*A*>(BA)®B - B(AB)®* A*>(BA)®B
= AB(AB)® - B(AB)®A%(BA)®B,
AZ11+BZy; = AB(AB)® - B(AB)®A%(BA)®B,
Z11B=(AB)®*AB-B(AB)®A%(BA)®B,
AZ19+BZs9 = Z11B,
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AZ11=A(AB)®A - AB(AB)®A?(BA)®
=A?%(AB)® - A%(BA)®
=0,

Zo1A + Zg9A =(AB)®A% —(AB)®A%(BA)®BA

=(AB)®A% - (AB)®A?
=0,

AZ11=ZanA+ZgA,

AZ19=AB(AB)® - A(AB)®A%(BA)®B + AB(AB)®A%2(BA)®*A(BA)®B
= AB(AB)® —-A(AB)®A%(BA)®B + A(AB)®*A%(BA)®B

= AB(AB)®,
Z91B=(AB)®AB
= AB(AB)®.
Therefore,
AZ12=Z21B.
Thus,
1x - [BABY®A AB(AB)® - B(AB)®A*(BA)®B
B 0 AB(AB)® ’
x11 = [BAB®A AB(AB)® - B(AB)®A*(BA)®B
B 0 AB(AB)® ‘
Now,
_ (A B\(B(AB)®>A AB(AB)®-B(AB)®*A*(BA)®B
(1) MXM=|, o)( 0 AB(AB)® )
_ (AB(AB)®A AAB(AB)® - AB(AB)®*A%(BA)®B + BAB(AB)®
~laB@AB)®A AAB(AB)® - AB(AB)®*A%(BA)®B
(A A-A+B
a4 A-a
(A B
“la o
=M,
_(Z11 Z12\(B(AB)Y®A AB(AB)®-B(AB)®A%(BA)®B
@ XMX =12 Zzz)( 0 AB(AB)®

_ Y11 Y12)
Yo1 Yag)’

Y11 =(AB)®AB(AB)®A - B(AB)*A%(BA)®B(AB)®A
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=(AB)®*AB(AB)®A - B(AB)®A%(BA)®
=Z11,
Y12 = Z11(AB(AB)® - B(AB)®* A%(BA)®B) + Z12AB(AB)®
=(AB)®AAB(AB)® - B(AB)®A*(BA)®AB(AB)®
—~(AB)®AB(AB)®A*(BA)®B + B(AB)®*A*(BA)®B(AB)®*A*(BA)®B
+B(AB)®AB(AB)® —(AB)®A%(BA)®*BAB(AB)®
+B(AB)®A%2(BA)Y®*A(BA)®*BAB(AB)®
=(AB)®A - B(AB)®A%(BA)® —(AB)®A?(BA)®B
+B(AB)®A%(BA)Y®* A(BA)®B + B(AB)® —(AB)®*A%(BA)®B
+B(AB)®A%(BA)®A(BA)®B
=B(AB)® —(AB)®*A%(BA)®B + B(AB)®A%2(BA)® A(BA)®B
=Z12,
Yo1 = (AB)®AB(AB)®A
=(AB)®A
=Zo1,
Yoo = Zo1(AB(AB)® — B(AB)® A%(BA)®B) + Z92AB(AB)®
=(AB)®*AAB(AB)® - (AB)®* AB(AB)®A%(BA)®B
—(AB)®A%(BA)®*BAB(AB)®
=(AB)®AAB(AB)® —(AB)®A%(BA)®*B - (AB)®A%(BA)®B
= —(AB)®A%(BA)®B
=Zsg,

Z11 le)
Zo1 Zg)’
3 WMX)"=MX.
By using Lemma 2.6, we get
B(AB)®*A AB(AB)® - B(AB)®*A%(BA)®B

0 AB(AB)® '

Since AB(AB)® — B(AB)®A%2(BA)®B =0
B(AB)®A AB(AB)® -B(AB)®A?%(BA)®B\"
0 AB(AB)®

_ (B(AB)®A)* 0 )

XMX:(

MX:(

MX)" =

AB(AB)® —-B(AB)®*A%(BA)®B (AB(AB)®)*

B B(AB)®*A 0
AB(AB)® -B(AB)®*A%(BA)®B AB(AB)®
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(MX)* =MX,
© xum?-[BAB"A AB(AB)®-B(AB)®*A%(BA)®B\(A B
- 0 AB(AB)® A O
_ (B(AB)®A? + AB(AB)®A - B(AB)®*A%(BA)®BA B(AB)®AB
- AB(AB)®A 0
_ (X1 Xz
Xo1 Xog)’

X11=B(AB)®*A% + AB(AB)®*A - B(AB)®A%(BA)®BA
=B(AB)®A% + AB(AB)®A — B(AB)® A2
=A,
X12=B(AB)®AB
=B,
X21=AB(AB)®A
=A.

Therefore, XM? =M.
B(AB)®A AB(AB)® —-B(AB)®*A%(BA)®B)\ (Z11 Zi2
0 AB(AB)® Zo1 Zg2

:(Yn le)
Yo1 Yag)’

Y11 =B(AB)®AZ11 +AB(AB)®Zy; — BLAB)®*A%(BA)®BZy;
=B(AB)®A(AB)®A - B(AB)®*AB(AB)®A%(BA)®
+AB(AB)®(AB)®A - B(AB)®A2(BA)®B(AB)® A
=B(AB)®?A(AB)®?A - B(AB)®AB(AB)®A2(BA)®,
=Z1,
Yis =B(AB)®AZ19+AB(AB)®Zgs — BLAB)®*A%(BA)®BZ s
=B(AB)®A(B(AB)® — (AB)® A%(BA)®B + B(AB)® A%2(BA)®* A(BA)®B)

(7) MX?= (

+AB(AB)®(-(AB)®A%(BA)®*B)— B(AB)®*A%(BA)®B(-(AB)®*A%(BA)®B)

= B(AB)®A(B(AB)® —(AB)®A%(BA)®B
+B(AB)®A%(BA)®A(BA)®B)—(AB)®A + (AB)®A
=B(AB)® —(AB)®A%(BA)®B + B(AB)®* A>(BA)®A(BA)®B
=Z12,
Y21 = AB(AB)®(AB)®A
=(AB)®A
=Za1,
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Yos = AB(AB)®(—(AB)® A2(BA)®B)

=-(AB)®A*(BA)®B
=Zo2,
VAR Z12)
MX?= ( .
Zo1 Zao
So we have X = M®, O

Theorem 4.3. Let A,Be M,,.,(C), if rk(B) =rk(AB) =rk(BA). Then AB and BA are similar.

Proof. Suppose rk(A)=r, using Lemma there are invertible matrices P,Q € M,,,(C) such
that
(I O -1 B1 BiX )\,
A_P(O O)Q’ B=@Q (YBl YBlXP ’
where B1 € M, (C), X € M« (,-r(C), Y € M(;,_)xr. Hence
B: Bi1X)\.,_;
0 0 )P

_ Ir _.X B]_ 0 Ir X -1
=25 1 2)(0 olls )

AB:P(

4By 0
BA=@Q (YBl o)Q

:Q_l(g If_r)(%l 8)@ I,?_r)Q'

So AB and BA are similar. O
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