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The Faedo-Galerkin Method for the Relativistic
Boltzmann Equation

Raoul Domingo Ayissi and Norbert Noutchegueme

Abstract We prove the existence and uniqueness of solution to the relativistic
Boltzmann equation locally in time. We clarify the choice of the function spaces
and we establish step by step all the essential energy estimations leading to the
existence theorem.

1. Introduction

In this paper we consider the relativistic Boltzmann equation which is one of
the basic equations of the kinetic theory. This equation rules the dynamics of a
kind of particles subject to mutual collisions, by determining their distribution
function, which is a non-negative real-valued function of both the position and the
momentum of the particles. Physically, this function is interpreted as the probability
of the presence density of the particles in a given volume, during their collisional
evolution. We consider the case of instantaneous, localized, binary and elastic
collisions. Here the distribution function is determined by the Boltzmann equation
through a non-linear operator called the collision operator. The operator acts only
on the momentum of the particles, and describes, at any time; at each point where
two particles collide with each other, the effects of the behaviour imposed by
the collision to the distribution function, also taking in account the fact that the
momentum of each particle is not the same, before and after the collision, only the
sum of their two momenta being preserved.

Several authors studied local and global in time existence theorems of the
relativistic Boltzmann equation as:

D. Bancel in [4], D. Bancel and Y. Choquet-Bruhat in [5]; R.T. Glassey and
W. Strauss in [6] who obtained a global result in the case of data near to that of an
equilibrium solution with non-zero density.
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More recently, N. Noutchegueme and D. Dongho obtained in [7] a global
existence theorem, but the method used for the investigation of the local existence
theorem for the relativistic Boltzmann equation, through characteristics is not quite
clear. N. Noutchegueme; D. Dongho and E. Takou in [8]; N. Noutchegueme and
R. Ayissi in [9] have used the same method.

Now PB. Mucha proved a local existence theorem in [3], but some hypotheses
and proofs, particularly the hypotheses and the proof concerning the theorem in
appendix, which is however fundamental, are not so clear.

The objectives of the present work in the particular case of the Bianchi type I
space-time are:

o firstly to prove the local existence in time and uniqueness of solution to
the relativistic Boltzmann equation; clarifying things in the method used by
Mucha, explaining the choice made for the function spaces, demonstrating
completely the main propositions and theorems, adding essential conditions
necessary to obtain those theorems;

e secondly to give a correct method in our own case, of solving the relativistic
Boltzmann equation which ignores the method of characteristics heavily used
by us in [7, 8, 9] as in several other works.

The paper is organized as follows:

In section 2, we introduce the space-time and we give the unknown functions.

In section 3, we describe the relativistic Boltzmann equation.

In section 4, we introduce the function spaces and we give the energy
estimations.

In section 5, we prove the main existence theorem.

2. The Back-Ground Space-Time and the Unknown Functions

Greek indexes a, 3,7, ... range from O to 3, and Latin indexes i, j,k,... from 1

to 3. We adopt the Einstein summation convention:
A"B, =Y AB,.
a

We consider the collisional evolution of a kind of fast moving massive and charged
particles in the time-oriented Bianchi type 1 space-time (R*% g), and denote by
x* = (x%x") = (t,x') the usual coordinates in R*, where x° = t represents
the time and (x!) the space; g stands for the given metric tensor of Lorentzian
signature (—,+,+,+) which writes:

g =—(dt) +a*()(dx")* + b*(O)((dx*)* + (dx*)*) @)

where a > 0, b > 0 are two continuously differentiable functions on R, whose
variable is denoted t.
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The expression of the Levi-Civita connection V associated to g, which is:

1
Fiﬁ = Zg H[aaguﬁ +aﬁgau - auga[g’]:
gives directly:

a 2_b. 3_b. 0 _ .10 _ 1i _ 10
) on_g’ Fso_g’ [Ny =aa; T, =bb =Ty

Fiﬁ =0 otherwise,

1
l—‘10_

Q

2

where the dot stands for the derivative with respect to t. Recall that l“A ap = Fga

a b
We require the assumption that — and 3 are bounded. This implies that there
a

exists a constant C > 0 such that:

a

<C, <C. 3)

b

As a direct consequence, we have for t € R*:
1 1
a(t) < aye®’; b(t) < bye®’; —(t) < —e€ —(t) < —et 4
ao by
where a, = a(0); b, = b(0).

The massive particles have a rest mass m > 0, normalized to the unity,
i.e., m = 1. We denote by T(R*) the tangent bundle of R* with coordinates
(x%,pP), where p = (pP) = (p° p) stands for the momentum of each particle
and p = (p'), i = 1,2,3. Really the charged particles move on the future sheet
of the mass-shell or the mass hyperboloid P(R*) c T(R*), whose equation is
P.(p):g.(p,p)= gaﬁp"‘pﬁ = —1 or equivalently, using expression (1) of g:

p° = V1+a (P! + b (p?) + (p*)), 5)
where the choice p® > 0 symbolizes the fact that, naturally, the particles eject

towards the future.
Setting:

3
= [ 20" =),
i=1

if o > 1, the relations (4) and (5) also show that in any interval [0,T], T > 0:
Ap° < o <Bp°, (6)

where A=A(T) >0, B=B(T) > 0 are constants.
The invariant volume element in P, (p) reads:

1dptdp?dp®
wp =lgl? - o0

p
where

lgl =|detgqpl.
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We denote by f the distribution function which measures the probability of
the presence of particles in the plasma. f is a non-negative unknown real-valued
function of both the position (x*) and the 4-momentum of the particles p = (p%),
so:

FiTRH~R*xR* - R, (x%p*) — f(x%p*) eR".
We define a scalar product on R® by setting for p = (p°,p) = (p° p') and
7= =(q%q"):
p-g=d’p'q" + b*(p’¢* +p°¢°). )
In this paper we consider the homogeneous case for which f depends only
on the time x° = t and p. According to the Laplace law, the fast moving and

charged particles create an unknown electromagnetic field F which is a 2-closed
antisymmetric form and locally writes:

F =Fgpdx® A dxP.
So in the homogeneous case we consider:
Fog :R—>R, t—Fug(t)ER.
In the presence of the electromagnetic field F, the trajectories
s — (x%(s), p*(s))
of the charged particles are no longer the geodesics of space-time (R*, g), but the
solutions of the differential system:
dx* e, dp® _ pa
ds T ds

(8
where:
P*=P(F,f)=-T§,p"p" +eplFf, ©

where e = e(t) denotes the charge density of particles.
Notice that the differential system (8) shows that the vectors field X(F) defined
locally by:

X(F)=(p*,P*(F)) (10
where P* is given by (9), is tangent to the trajectories.

The charged particles also create a current J = (J By, B =0,1,2,3, called the
Maxwell current we take in the form:

Jﬁ:/Rspﬁpr—euﬁ 11

in which u = (1#) is a unit future pointing time-like vector, tangent to the time
axis at any point, which means that u® =1, u' =u; =0, i = 1,2,3. The particles
are then supposed to be spatially at rest.
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The electromagnetic field F = (F%, F, i), where FO and F;; stand for the electric
and magnetic parts respectively, is subject to the Maxwell equations which write:

V FP =Jb, (12)

and called first group of the Maxwell equations to which we add the second group
formed of Bianchi identities:

VoFg, + VgFu+V, Fop=0. (13)

Now the well-known identity V,VgF “f = (0 imposes, given (12) that the current
jP is always subject to the conservation law:

VgJF =o0. (14)
However using 8 =0 in (12), we obtain:
0_ 0 0 0 pai _
Vo F* =3,F* +T% F* + 1% F** =0,

since F = F(t), F** = —F** and by (2) re, =o.
So (12) implies that:

Jo=o0. (15)
By (15), the expression (11) of J? in which we set 8 =0 then allows to compute

e and gives, since u® =1:

e(t) = / ab*f dF, (16)
]RS

which shows that f determines e.

3. The Boltzmann Equation in f

The relativistic Boltzmann equation in f, for charged particles in the Bianchi
type 1 space-time can be written:

Lyf =Q(f,f) 17)

where Ly is the Lie derivative of f with respect to the vectors field X(F) defined
by (10) and Q(f, f) the collision operator we now introduce.

According to Lichnerowicz and Chernikov, we consider a scheme, in which, at a
given position (t,x'), only two particles collide each other, without destroying
each one, the collision affecting only the momentum of each particle, which
changes after shock, only the sum of the two momenta being preserved. If p,
q stand for the two momenta before the shock, and p’, q’ for the two momenta
after the shock, then we have:

p+q=p'+q.
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The collision operator Q is then defined, using functions f and g on R® and
the above notations, by:

where:
Q*(f.g) = / wg / F@)e@)o(6,5,3,7,7,da, (19)
RS 52
Q(f.g) = / wg / F @)@ (t,5,3.7,T,Dd2 20)
R3 S2

whose elements we now introduce step by step, specifying properties and
hypotheses we adopt:

e 52 is the unit sphere of R®, whose area element is denoted d(;

e (o is a non-negative continuous real-valued function of all its arguments,
called the collision kernel or the cross-section of the collisions, on which
we require the boundedness and Lipschitz continuity assumptions, in which
C, > 0 is a constant:

0<o(t,p,q,Q)=<C
{ —_ = = = ' —_ = = = — — (21)
|O'(t,P1,q,P 7q 50) - O'(t:pzyfbp 5q 7Q)| S C1||pl _p2”
3.\
where ||p|| = (Z(Pl)z) = p is the norm in R3.
i=1
e The conservation law p +q = p’ + ¢’ splits into:
P’ +q°=p"+q", (22)
p+q=p +7. (23)

(22) expresses, using (5), the conservation of the quantity:

é=/1+a2(p1)? + b2((p2? + (p)2) + V1 + a2(g))? + b2((g®)? + (¢3)?)
24

called the elementary energy of the unit rest mass particles; we can interpret
(23) by setting, following R.T. Glassey in [6]:

—; —_ —_——
= + C( > > Q)Q’
Lopre (2es?) (25)
q =q—c(p,q, N0
in which ¢(p,q, ) is a real-valued function. We prove, by a direct calculation,
using (5) to express p’®, ¢’° in terms of p’, ¢’ and next (25) to express p’,
g in terms of p, g, that equation (22) leads to a quadratic equation in c,
which solves to give the only non trivial solution:
__ 2p°¢°eQ- (G- p)
c(p,q,) = — — (26)
@[+
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P
p°’
defined by (7).

It then appears, using (25) that the functions in the integrals (19) and (20)
depend only on p, g, 2, and that these integrals with respect to ¢ and Q give
functions Q' (f, g) and Q (f, g) of the single variable p.

Now using the usual properties of the determinants, the jacobian of the change
of variables (p,q) — (p’,q’) defined by (25) is computed to be:

o',q) _ p°q"°

in which p = € is given by (24) and the dot (-) is the scalar product

= . 27
a(p,q) p°q°
Since f = f(t,p), using (5), the Boltzmann equation (17) takes the form:
of P Of 1
T . 28
R +p0 2 pOQ(f,f) (28)

Next, let us introduce the subgroup G of @, defined by:

€ 0 0
G={N,g€0;, N,g=|0 cosO —sinb |,c,0€R, e>=1}. (29)
0 sinf cos6

We require in all what follows that the initial datum f, = f(0;-) of the distribution
function f is invariant under G, or equivalently:
fo(ND) = fo(p); forall N €G, forall peR>. (30)

It is prove in [7] that if f, is invariant under G then so will be the solution f
of the Boltzmann equation satisfying f,(p) = f(0,p).
Using (12), (13), (30), we proved in [9] that

o _ 90Dy g,
Fi=—2F (0), F;;=F;(0). (D
4. Function Spaces and Energy Estimations

We define now the function spaces in which we are searching the solution to
the Boltzmann equation.
We also establish some useful energy estimations.

Definition 1. L}(0,T,R?)
We define

LR ={g:R*>R,(1+p)g € L' (R*)}

where o =pll, p=(p") €R®.
Let T > 0 be given, then

L3(0,T,R*) = {h:[0,T] x R®* > R,h(t,-) € LI(R*)}
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L;(0, T,R?) is a Banach space endowed with the norm:

Alllzyo,rrey = sup [I(1+ @)h(t, Il gs)-
te[0,T]

Definition 2. H™(0, T,R?)
Let T >0, meN, s € R be given.
We define H™(R?) as
HM'(R®) = {h: R® > R,(1+ ) "Flalh e 12(RY), |B] < m}.

H"(R?) will be endowed with the norm
Wellgpcesy = max 101+ ) P18 Rl e,

ﬁ;n(R:" ) will be the completion of H™(R?) in the norm || - | H (R -

A function y € H'(0, T, R3) ifforall t €[0,T] and all |B| <m
(1+e)*Paly(t,) e L2(R?)

and
e (1+e) el y(t, )

is a continuous function from [0, T] to L?(R?).

Endowed with the norm

n 5y = max su 1+ 0P a8 v (e, )l 2me,
1y ez o, 7.2 oax te[O?T]”( e) 5 Y (€ )2y

H™(0,T,R?) is a Banach space.
For r > 0 be given, we define

H_er = {.y EH;“(O, Ty]RS); y= 0, p-p, ”.yHHsm(O,T,]RB) < r}'

Endowed with the induced distance by the norm ||| - |||gm(o g3, HI. is a

complete metric subspace of H!"(0, T, R3).

Remark 1. If m =0, then y € H"(R?®) < (14 o)’y € L*(R?), so H’(R?) will
be denoted L2(R?).

Remark 2. The reasons for the choice of the function space H (T(R3) for m =3
5

and d > —.
2

The objective of the present work being the existence of solution to the
Boltzmann equation (28), we are searching a function f = f(t,p) which is
continuously differentiable, in particular we can search f = f(t,-) belonging to
the space 6, (R?).

We want to use the Faedo-Galerkin method which is applied for separable
Hilbert spaces. That is the case for the Sobolev spaces H™(R®), m € N.
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We need then to find an integer m such that
H™(R®) — 6} (R®).
But we know by the Sobolev theorems that
WIRY o SR, m> k+ g.

Since in our case we have n =3, p =2, k = 1(W;" = H™), we must choose m
such that

1+3
m> -=—-.
2 2

5
The smallest integer m satisfying m > 5 is naturally m = 3.
Consequently we have
H3(R*) — H}(R?) — 6, (R?).
Furthermore if

5
d>—
2
then
HT(R?) & LA(R®) — Li(R®). (32)
It then results that
H;"(Re’) N Lé(]l@) = H&“(Rg’).
In fact if f € H}'(R?), then

Il = [ 1+ 1dp
= [ a+ererisids

- [ a+era+eriids.

So by the Cauchy-Schwarz inequality we obtain

o< ([a+erap) ([ a+erirrap)

<([a+er=ap) e,

But using polar coordinates, the integral ng (14+0)?> 2dp converges if and only
if it is the case for the integral f0+oo(1 +r)¥ 224y,

Since [¢%°(1 + r)?>~2r2dr ~ [a%r42ddr, using also the fact that
r—-+00

+00_4— . e s .. —
[ °r* 4 dr is convergent if in the primitive containing r>~¢.
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We have 5 —2d < 0, we conclude that if

5
d>—
2

then

I sy < Clf llzeey < CIS g ey
We can now state the following result which in what follows will be fundamental
Proposition 1. Let d > %, ol @mexsyy € L2(R?) and (8Po)(1 + [p])IFI-! €

L®(R3 x R® x §2), |B| <3 be given.
Iff,ge HS(R3) then [%Q(f,g) e Hg(Re’) and we have

< Cllf Nz e 18 M3 ey (33)
H3(R®)

1
I?Q(f,g)

where C = C(T) > 0.
Before the proof of Proposition 1, the following lemma will be helpful.

Lemma 1. There exists a real number T > 0 such that
@*-[Q-p+*>2 (34
Furthermore we have

@*-[Q P+ =0-a*- b))%
@*-[2-(+P)1* =1 -a® - b)), (35)
@*-[2-(p+*=(1-a*—b*p°°

and the function (p,q,) — Dgc(}_), q,Q), 1 <|B| < 3 is bounded.

Proof. We have Q(p+q) < 19| x|(p+q)|.
It follows after computation that

@ -2 - @+I* =2+ —a®-b>)(Ipf* + g +2[pllg)).

Accordingly 1—a?—-b%2>0= (&) - [Q-(p+]* > 2.
Using (3), the inequality 1 —a? — b? > 0 then writes

(a(z) + bg)exp(2CT) <1
It remains to prove (35). We have
@’ -2 -@+D*=1+1—-a®-b3)(pI* + 71>+ 2/plig).

Using the above inequalities and 1 —a? — b? < 1 gives immediately (35).
Lastly we have to show that (p,q,Q) — Dgc(ﬁ, q,9Q), |B] <3 is bounded.

e If |f| =1, we must evaluate %’j’m, i=1,2,3.
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Setting ¢(p,q,Q) = % =4,
A=2p°q’eQ- (¢~ D),
B=@7-[2-(p+T,

we have
2cp,a. ) By AL 5 Ay

ap' B? B B2

We obtain after computations
241 < ¢TI g +(¢°)]
ASE < C(DI(P%°) +p°(a°)’ +a°(p°)°].
Combining the above inequalities with (35) leads clearly to I%fjml <C(T).

e For |[5| =2, we have
2

2 2
22 (5.3.0) = apiij 3 0,1A0,iB B 0,/A0,iB 3 Aaplij N ZAapiij
p'p’ pP,q, - B BZ BZ BZ 33 .

Since

Al < C(T)[q°(p°)* + p°(q°)*1,13,:B| < C(T)[p° +q°]
|3p21ij| <c(M)p°¢° + (¢, |3p21ij| <c(M)p°+q°,

we conclude using (35) that |8p21pjc(f), 7,Q)| < C(T).
e For |B| =3, we prove by similar calculations that

195 ,,c@, @, DI < C(T), 1,j,k=1,2,3.

This ends the proof of Lemma 1. O

Proof of Proposition 1. Let f,g € H3(R?) be given. Let us show that
forall BeN3, |B| <3,

1
(1 + Q)d+|ﬁ‘aﬁ(FQ+(f:g))||L2(R3) < Cllf Nazceey 18 Nz ey

e For || =0, we have
2

1
H(l +9)dFQ+(f,g)

L2(R3)

_ - i d|g|3 —i —/ —/ 2
- [Lap| sa+eriet [ dass [ aar@ile@]

1 1 >
<on) [ ais+er| [ das [ aals@)ie@io]

_ 1 Zd[ a0 If _IH]Z
= C(T)/R3 dp (po)z(l +p0) //Rsst dquqO HEllellome (36;
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Applying now the Schwarz inequality we obtain:

(1 +9)d Q*(f g)

1
<en) [ i1+ o

[//}RBXSZ _dﬂlf( zlol)gz( )IZ}
X |://]R3><SZ dqdﬂa]

Given that (1%)2 < 1%, Jfge sz dgdQo = lloll 1 g3 xs2y, we find:

L2(R3)

2

1
H(l +9)dI?Q+(f,g)

_1
< e | dposlolgesn(1-+ o)
R

_l =712 —/\12 ]
. [/deqqo /52 If (P)I*1g(@)Fod |.

By hypothesis ||a||L1(R3st) € L“(Rg’), by (21), o is bounded, thus:

L2(R3)

H(l +9)d Q*(f g)

<cC d—l 1 2
(T) pP—01+e)
RS D

_l —/N12 —IN12 ]
* [/deqqo /Sz If (O lg@)"de |.

(37)

L?(R3)

Since

1 1 1 2
(1+p)= (1 + \/;(apl)2 + ﬁ(bpz)2 + ﬁ(bitﬁ)2 )

1 1
< 2(1 TS )(az(p Y1 b2(p) + B2(p*)) < C(TI(p"Y:
it follows, invoking (22) that

(1+ ) < C(T)p° < C(T)(p° +¢°) = C(T)(P° +¢").

Now

0= \/1+a2(pL)2 + b2((p)? + (p)2) < C(T)(1 + |p']),
SO
(1+0) < C(T)A+Ip' DA +Ig'D.

Using the above inequality, (37) yields:
2

(1 +9)d =Q"(f,8)

<C(T) deQ//RB

LZ(JR3)
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a(p',q)  pq"° 11 .
However by (27) we have = ——5 and since —, — <1, it follows
a(p,q) p°q p”q
that
1 2
H(l +0)'=Q"(f.g)
p L2(R3)

< [ o [ da+FEEGOR | dFa+@ee)r

Consequently

=< C||f||L§(R3)||g||L§(R3) =< C||f||Hg(R3)||g||H§(R3)
L2(R3)
(38)

1
(1 +9)dI?Q+(f,g)

where C =4nC(T).

e For || =1, it suffices to estimate [|(1+ Q)d“apl(pioQJr(f,g))||Lz(R3).
We have

1 1
(1+0)*' 3, (FQWf,g)) = (1+)"0, (FQWf,g)) -
So

giipi
(p°)?

1
(1+9)dFQ*(f,g)-

<
L2(R3)

1
H(l + Q)d+lap‘ (FQ+(,f’ g))

1
¢ +Q)d“133pr+(f,g)

L2(R3)

1
+C(T)H(1 + Q)dFQJr(f,g)

L2(R3)
Now
2

1
H(l +9)d“Fc’?pr*(f,g)

L2(R?)
—[1 d+1) 4|2 _1 - —/ ?
= dp| 5 +e)glz [ dg— [ dQIo,(f(t,p)g(t,q)oll| -
R3 p R3 q s2
But
10, (f (£, 5)8(6,7)0)| < 13,18, f BIg@ V0| + 18,1008 f (F)@ o
+1f(¢,p)e(t,q)g, 01,
so it is sufficient to estimate each of the three quantities
_[1 d+1 1 /i 5o (a’ ’
u= | dp|—(1+p) dq— [ dQlg,p"d,:f(p)g(q)ol| ,
RS p R3 q S2
_[1 d+1 1 ¥ i~ q’ ’
v=[ dp|—(1+p) dq— [ dQIG,q"f(p)og(q)al| ,
RS p R3 q S2

_[1 1 o
W:/dep [?(1+9)d+1/ﬂgsdqﬁ/‘szdﬂlf(p )g(q )3p,.a|]

2
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Estimation of u. We have using the Cauchy-Schwarz inequality

vzem [[argmae o ([ o)
3xS§2
19, f@PIWIg@P*
([ = reaia] |

By hypothesis o, (p,q,9) — 9,;p’ are bounded.
In addition ffRsst 0dqdQ = ||o || rxs2) € L*®(R3), so

_ _,..,dpdqdQ
wse [+ e 0, FIP@P e
R3XxR3xS? ( )
Since by (27) we have dpdg = 22 ,dé’ il , the above inequality becomes:

- dp’dq’dQ
2415, £(D))2 2 —.
uSC(T)///R3xR3xSZ(1+Q) 19, f(PIPIg@)P(A+e) 0000

Now 1+ 0 < C(T)p°,
1+ <C(T)(A+p’ DA +1g’D < c(T)p"q"°

SO

(+e) _
poqop/ q/o - (T)
and the inequality yields

u < C(T) ///R e (LT @18 f OPIE@)Pdp dg d2.
Using once more 1+ p < C(T)(1+ |17|)(1 + |?|), we find
wsem [l AP0 GO+ D@ Pdrdgde
< ARC(TNG 1 sy 18 12 sy < CCTIS W 18 -

Estimation of v. Similarly, v < C‘(T)||f||H3(R3 ||g||H3(R3

Estimation of w. We have

12 8@ 18,03 ) 2
W:/ dﬁ(—o) (1+9)2d+2[/ F )g(qo)n 0| |3pia|idm} |
R3 p 52 JR3 q

By the Cauchy-Schwarz inequality, we obtain

1 2
w< /R3 dﬁ(?) (]__i_9)2d+2{(//]R3xS2 |ap10'|dqdﬂ)
If (@)I1g(@ )P, 0]
(// f(p goq2 qudﬂ)}‘
R3xS2 )
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Now invoking the hypothesis d,i0 € L®(R® x R? x §?), we find

/ / If P)IP1g(@)IF(1 4 0)*4+?
w =
s? | JR3xS? (p°q°)?

But (1+ 0)? < C(T)p°q°® implies that

w</ _/ If PHPlg(@)IP(1 + )™
“Js2 | Jrexme

L p°q°
: = — _ p°q®dp’dq’ i - .
Invoking dpdq = =55+, 1+ = C(T)(A+[p’)(1 +1q']), we find

wee [ ([ s @)rar [ 1ais@)re )as.

Consequently

dﬁdq} de.

dﬁdq] aa.

W = CIF IR g 18 1 oy S CODIF Iy 121

Combining the preceding results, we conclude that

1
(1 + Q)d+1apl (FQ+(f5 g))

S C||f||H§(R3)||g||H3(R3)’ = 19 27 35
L2(R?)

e For |3| =2, we have by computations
-g;ip’(1+0) 1+0)"38,Q"(f,g)
(p°)? p°
1+ 1 +0)"5,Q°(f.8)
(p°)2 0
~ &al8i(p)* = 3p'p’g;](1+0)°
(p)*
d+2 52
y (1+0)Q*(f,g) . (1+0)707 Q" (f,8)
p° p°
Using the estimations obtained for the cases || =0, |f] =1, we find

1
(1+)*2a7 (FQWf,g)) =

1
a+er03, (5t

L2(R3)
(1+0)"0},Q"(f.8)
po

< C(DS Mz o) l8 k2 ey + H
L2(R3)

The computation of apszlQ+ (f, g) requires the computation of
2% (f@g(@)o(5,3,9).
So using the fact that 3p21p1F7’ apszl? are bounded and

(@Pa)1+[p)Ft e L¥(R® x R® x §%), |B] <3
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for the treatment of the terms in 3p2fpi appearing in apsz,.Q““( f,g), we obtain the
estimation
(1+0)*2 Q" (f.2)

< CCDNf Nz g iz ey -
L?(R3)

0

p
Finally, we find

< CCDIf Nz g iz ey
L?(R3)

1
(+103,( 50°0.0)

e For || =3, we similarly obtain by computation using hypotheses

1
1+ Q)d+33p3;<pjpi (FQ+(]C: g))

< C(T)Hf||H3(R3)||g||Hg(R3)-
L?(R3)

The method is similar for Q™. Using Q(f,g) = Q" (f,g) — Q (f, g), we conclude

for Q.
The proof of Proposition 1 is then complete. O

Remark 3. The hypothesis of Proposition 1 concerning the collision kernel o is
a supplementary hypothesis for the investigation of the solution to the Boltzmann
equation.

In what is to follow, we are searching the local existence and the uniqueness
of the solution to the Boltzmann equation (28) in the Banach space ﬁz (0, T,R3),
d> g T >0.

The function f;, is given in Ej _(R?) and for any function f € ﬁz (R?), we have
f(0,p) = fo.
We also set FO(0)=E', F;;(0)=¢;;, i,j =1,2,3.

We now establish the local existence theorem in Hg (R?) which shall subsist

in ﬁz (R®) by completeness.

5. Main Existence Theorem

Theorem 1. Let f € ng(R3) be given. Then the linearized partial differential
equation

af Plaf 1 .~ ~ 30
E"‘Fapi—FQ(f:f) (39

whose unknown is f and where P(F,f) = —Fiwplp“ -l—pﬂf;(fRs fab2dp), with
f(0,p)=f, hasin Hg(]R3 ) a unique and bounded *-weakly solution.

To prove this theorem, the following lemma and proposition will be very useful:
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P F)(Hu—)nz

Lemma 2. Forany i,j,l,m=1,2,3,
pi

2 — 3

) o255 )as . a2

o a(5), a5
> Op p° > Up! p
are bounded.
Proof. e For F% we set h=ab?. Then
o . S(a b
h=ab*+ 2abb =ab _+ZE >0,
a

H—1 d+2b >0
" 3\a b ’

because

2
. a, . . .
So ab® > agh? and F¥ = %FO‘(O) = |F%| < |EY|.

Pi
) , we have

e For 0, (IF
pi . p’p* i PIF! _ 3
F:_rw s +(F0+ pOJ)/RSfabzdp.
Thus
P i {po_pjap"po i Fo124=
Oy (F) = —2T, + 0 F; Rsfab dp.
Using now
0 __ giipi i_ ii
Opp” = 00 F;=-gF;
we find
pi i _giiFi‘5J: Fyp'p’ ~
al(—):—zrl.+( MR ) fab*dp.
'\ po 0i 0 (p°)? -
But
E;0)3 < CagbTlg;;l = Clag, by, T, ¢;5)
and
giiFij5{ -
i <cobo e, | [ Fap|=cn
p R3

so finally we obtain
< C(ag, by, T, 0;;)(1 +71).

Pi
apl F
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e For 0, (; ) a similar calculation where J,; is replaced by J,; gives:

I;i _giiFik‘sk g g Fyp P]
i j jiti 2
8p; (p—o) = —21"6161 ( 20 + TOE ) / fab dp.

It results that:

pi
0y F

5 _ .
e For 3p2].pl (p—o) (1 + } pD , we have after computation

< C(ag, by, T, ;;)(1 +1).

2
p’pl

(I;l) B [giiguFikPlfsi +8"g;;Fudip* + 8" gjiFuoip’
(°)

3g“gjjgupkpjpl} o
_ 2o enetn P F [ Fab?dp.
(PO)S R3

And clearly

2 P!
6’pfpl p° =
22 P 1+p
pip! F (1+1pD

e For the computation of 93 i (l}:—;) (1+1[p)?, we have

C(aO: bO; T; (pija r)
(p°)? ’

1+pl <cp°,

SO

< C(aOa bO; T; (pija r)-

, (pi) _, [g”guFikpl5l i 878 Fudip" +8"8;;Fub,p!
=3,

P p ()
iy oom kol
B 3g g”f;g:p p’p } Rgfabzdﬁ
Since
3 [ p' ] _ Ow  38mump"p'
@] 9?9
5 [plpjpk] _ P'P 6, 40Dy + D5, 5gmmp"P PP
(°» (% -
we get

C(a07 bO) T) (10ij5 r)
(%)

pi
%o (35)
P\ p0 )|~

But (1+[p])* < C(p°)?, so

N E (1+1p?
P\ pO p

This ends the proof of Lemma 2.

S C(a09 bO: T: ‘Pij: r)'
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Proposition 2. For any || < 3, we have

Di N
(s ipemor (55 fa+ mnesions)

L2(R?)

<c (Zn(l + |5|)d+'“a“fN||Lz(Rs)) 11+ [PDH118P £ sy (40)

a<p
where C = C(ag, by, T, ¢;j, 7).
Proof. In what is to follow C = C(ay, by, T, ¢;j, 7).
e For || =0 let us prove that
(a+m 52 fasmer) oy SCTPNA B e
The relation
O [(L+1PDfNT = 9 [+ PNUIFY + (1 + B! 5, N

implies that

N
‘((1+|p|)d 3f /(1+|p|)di)

<|( S50+ DAY [+ B
p

+‘(%3pl[(1+lﬁl)d]f]v /(1+|5|)di) .

But

ﬁi
50 [+ BNAFN [+ B
p

pi
d
o (5 )| |+ D e

in fact 2(R?) is dense in H3(R?) and (u/aa—;l) =— (:—; v) so:

< C[ sup
te[0,T]

ﬁi
— 0 [+ BT+ PN
p
1 P!
=-3 (apl [17} (1+ Iﬁl)df”/(l + Iﬁl)df”)-

Moreover

pi _ Pt g.dp'(1+[pDIfFN
a,:[(1+ )d N=_x — —
p L+ P = 5 TR AT
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implies

ﬁi
50, [+ BN [+ B
p

IN’i gidp'
[pI(1+1pD)

Invoking Lemma 2 which 1mp11es

<c| sw | 7 s e

te[0,T]

i

J
p'F!

pi dp! dp! 5 _ori pi  Fl4—
— x _gll p_ — gu_p (/ fabzdﬁ) |: Of + 0 EO j|’
p°  [pI(L+1[pD Pl R? (I+ph  @Q+Iph

P! giidpi
[pI(1+Ip)
we conclude from the above calculations that

ptofN
(a+mr 53 farmi)
e For |B| =1, we have:
Bigfn pi pi
TR ALY
We additionally have
O [+ P8, M1 = (L + P02, + 8, [+ B+ 113, ™.

Consequently

fN
(a+mia [ 520 fa+meigr)

=< C(aOa bO: T: Soij: r);

< CUf, PN+ DN I2 o
L2(R®)

fN
((1+|p|)d“a [ 0] /(1+|p|)d“a fN)
p° ] apt

jji
+ ‘ (;apl [(1+ D18, V] / (1+1p1)"a, f”)

1’51’
+ ‘ (Fc’fpf [+ D116, /N / (1+[p)¥1a, f”) :

ﬁi Pl d+1)gup' (14 pN**1a, N
Lemma 2 and —3,:[(1+ [pN*1]0, f" = ( Jgap' (1L +PD) S imply
p° ° [pI(1+[pD

clearly that

fN
‘((1+| 14, [ i ] /(1+I1_)I)d“5pffN)
L2(R3)

< CUICL+ DT Gy VMl 2s I+ BN 51 N [ 2qes)
+CUIA+ D i M eI + BN 51 f N M2
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e For }[5} =2 we have

ﬁi afN ﬁi ﬁi
Bl Gl G

2 P
van(B)et s By
p° P

113

Since by Lemma 2 8p2jp, (;%) (1+|p]) is bounded, we conclude using the inequality

P!
= —=1\d+2 53 N =\d+252 (N
‘(po(l‘i'lPD aplpjpkf /(1+|P|) apjpkf )

< ClICL+BN282 Y P,

L2(R3)

that

(1+[pDi+2a2 P—iaflf (1+[pp¥*2az N
P p° ap! »p 12(R?)
< CUIA+ 1PN 0, f NVl 2e))I (1 + |l_)|)d+23p2jpka”L2(]R3)

# ¢ I 2080 e I+ B 202, 5 e

m=j,k
+ CUI+BDT282 o f M@+ BDT292 o f ¥ 2 es)-

e For |3| =3, we have

Pt p Pt
o) G G

2 2 N 2 2 N
+app,(p )a S +a“( )aplpjf

+a-P—33 f+ak—l N
p po ) Pty pO pp]’

pi pi
+3pl(ﬁ) pipip ka+p_ pp]szN

Reasoning similarly such as for the preceding steps, and using the fact that

N " (1+[pD?
pjplpm po p

is bounded, we obtain:

(1+|—|)d+383 P_l@ (1+|—|)d+3a3 fN
P et p0 apt P PP ) ey

< U+ BN Gy fM )L+ [BN2E5 Y 2




114 Raoul Domingo Ayissi and Norbert Noutchegueme

+ c( I+ |ﬁ|)d+23p%pmfN||Lz<Rs>) 11+ D22 gy
m=j,k,l

+ 0 T I+ P08 s I+ 08,0, i

p'p’
m=k,l
+C ( Dola+[ph*as .~ ||L2<Rs>) 1L+ B8 Y lizges)-
m=i,j
The cases || =0,1,2,3 prove clearly Proposition 2. O

Proof of Theorem 1. In what follows C = C(ay, b,, T, E', ®ijsT).

We use as we have said it previously the Faedo-Galerkin method in the function
space H3(R?).

We choose an Hilbertian orthonormal base (w;) C Hg(R3) and we take f e
H (R?).

We are searching a solution f of the linearized Boltzmann equation

of P(F.fyof 1

- L — _Oo(f.F 1
a1 0 ap pOQ(f,f) (41
with
P!(F,f)=-T},p"p" +pﬁ??(/ fabzdﬁ) (42)
RS
as a limit of sequence of approximations
N
M= atw, NeN (43)
k=1

where the components ¢, (t) are differentiable with respect to t and are given as
solutions of N linear ordinary differential equations

pi 1 -
@f fw) + (;apif”/wk) - (Fa(f,ﬂ/wk) 44

and where (/) stands for the scalar product in L3(R?).
The initial data are

cx(0) = (fo/wi) (45)
in which f,, stands for the initial datum of the Boltzmann equation (28) such as
fo € HY (R®). (46)

We are looking for an estimation of ||fV|| H(E) independent on N .
Multiplying the relation (44) by ¢, (t) and summing for k going to 1 from N,
we find:

@+ (Za ) = (e ). 47
p p

We also have using (43) that fV € H3(R?).
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We now observe that by (44)

N P! N 1 T *
o.f +F3ptf _FQ(faf)/Wk =0, forall keN,

so V= 0,fN+ %81,1 N - I%Q(f,f) is orthogonal in H3(R?) to the subspace
generated by the base (w;).cn+ Which is dense in Hg (R?), so is V for the whole
space H3(R?). Thus V =0 and consequently

ofy PofN 1 -~ 48
W—’_Fapi_FQ(f’f)' (48)

N is built as solution of (41) which verifies following (43)-(45):
N N
YO = cOw =Y (fo/widwy.
k=1 k=1

In view of (48) we have % = —%% + [%Q(f,fN) and since f € H3(R?), it

results using Proposition 1 that I%Q(f, e H3(R?) and so

(1+ [B)*1F 5P (Z%Q(ff)) cI2(RY), | <3 49)

where 9F = 8[_)/5.
Since by (43) fN € H3(R?), we also have:
(1+ NP N e L2(R®), |Bl<3. (50)

Consequently we can consider the scalar product in L?(R3) of the elements of
(49)-(50) and we find using (48) and bilinearity that

N
(+meerior (%) Ja+msriors)

N
((1+|p|)d+ﬂ'aﬁ( ) Jasmmons)
L2(R3)

L2(R3)

% dp

=((1+|ﬁ|)d+ﬂ'aﬂ(Fa(f,f))/(mm)d*'ﬁaﬁfN) 6D

L2(R3)

Since
_ ofN _
-+ P07 (S ) = a1+ gl P
The relation (51), using Proposition 1, becomes

1d
_— d+BlgB £N 12
S+ B PIOPNR,
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PLofN
S_((1+|I—)|)d+ﬂ|aﬂ(_o fi )/(1+|ﬁ|)d+|ﬁ8ﬁfN)
p” dp L2(R%)
1 -~
+|=QF. ) 12+ PDPIEP N 2. (52)
p HY(R?)

Reporting now the inequality (40) in (52), and simplifying we obtain:
d —
20+ BDTPIBP £ o)

<cC (le(l + |ﬁ|)d+'“a“lele(Ra>) +C (53)

a<p

1 ~~

HI(R®)

Now rewriting (53) for || =0, 1, 2,3 and summing the inequalities obtained gives

d
(35 100+ P10 e

dt IBl1<3
— 1 ~ ~
<cC ( D+ |p|)d+ﬂ'8ﬂlele(Rs>) +C||l=Qf. f) (54)
BI<3 p H3(R?)
By the Gronwall lemma, using Proposition 1, the above inequality yields
DN+ PGP N aesy < Clllfollizges) + 1F s (55)

1Bl<3
Now fo,fEHg (R, t€[0,T], [F¥| < |E'[, F;; = ¢;;, so using (4) we obtain
1f M 2y < C. (56)

Accordingly, we can choose a weak convergent subsequence of the bounded
sequence of approximations (fV) in the reflexive if space HS’(R:';)

N —f, k—+o0

where f is the unique solution of (39) in H3(R?) such as f(0) = f,. O
Theorem 2 (The main theorem). The Boltzmann equation ‘;—{ + 5—; :—Z:,. = #Q( £,f)

has in H3(R?) a local unique *-weak solution f such that f(0) = f;.

Proof. We use the Banach fixed point theorem in HS’(R:';) for the mapping:
feH] R —E(f)=f

where f satisfies equation (39).

e We would like firstly to prove that we can choose || folle ® and T > 0 such
that '

feH; (R)=E(f)=feH} (R (57)

In what is to follow, C = C(ay, by, , T, E', ;).
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Let us assume that f € ng(]R3). Applying directly the Gronwall inequality to
(53), using Proposition 1 we find

D NA+ BN Ny < Al follsgeny + Crieh.
IB1<3
Reporting the inequality the above inequality in (54) yields
d —\d+IBl 5B N c 2 2
- L+ pDTFIOP ¥ 2mey | < Cle™{llfollparsy + Cret}} + Cre.
t d
IBl<3
Integrating then over [0, t] and using t < T implies that

DA+ BTS2

IBI<3
272

< Wl + e (Ifllgen T + 5 ) +€T

If we take
||f0||H§(]R3)5§
clef+ 1) ety gpar) <
2 2 -2’
then
IV ey <7, N €N,
Because fMN — f, k — 400 in H3(R?), it results that
1f 2y < 1

o Let now fy,f, € H3 (R®) and f;, f, be two solutions of (45) such that

of,  Pi(fy)ofy

ac 0 F = [%Q(fl:fl)
9f> Pi(f,) 9f> =
En +— 0 3 T = [%Q(fz:fz)-

Llet G=f,—f, and G=f, — f,.
Then we get
oG P(G)aG 1
St 0 ap
Invoking (55), applying the Gronwall inequality, using Proposition 1 and
remembering that G(0,p) = 0, we obtain:

Q(fl,G) OQ(G,E)-

G |2 r9)<C(ag,bourT.E: PTGl 35" (58)

where C = C(ay, by, 1, T, E', ¢;;)T is a positive constant.
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Since the function T — C(aq, by, 1, T, E, ¢; ;)T is continuous at the point T =0,
because C(ao, by, 1, T, E, ¢;;) is also a polynom in T, we can choose T > 0 small
enough such that

Cag, bo, 7, T,E', ;)T < 1. (59)
The inequalities (57), (58) and (59) show clearly that
H3 (R®) > H] (R*): f—E(f)=f

—-

is a contracting mapping, so by the Banach theorem = has a unique fixed point
f = f and the proof of Theorem 1 is complete. O
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