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Abstract. In this paper, basic notions of soft sets are introduced and some important properties of soft
metric spaces are established. It is shown that soft metric extensions of several important fixed point
theorems for metric spaces can be directly deduce from comparable existing results. Some examples
are given to validate and illustrate the approach. Obtained results modify, improve, sharpen, enrich
and generalize various known results.
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1. Introduction

In the year 1999, Molodtsov [[18] initiated a novel concept of soft set theory as a new
mathematical tool for dealing with uncertainties. A soft set is a collection of approximate
descriptions of an object. Soft systems provide a very general framework with the involvement
of parameters. Since soft set theory has a rich potential, applications of soft set theory in other
disciplines and real life problems are progressing rapidly.
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Maji et al. [15,16] worked on soft set theory and presented an application of soft sets in
decision making problems. Chen [5] introduced a new definition of soft set parametrization
reduction and a comparison of it with attribute reduction in rough set theory, Ali et al. [1]] gave
some new operations in soft set theory. Shabir and Naz [22] presented soft topological spaces
and investigated some properties of soft topological spaces. Later, many researches about soft
topological spaces were studied in [10,/13,|17,22]. In these studies, the concept of soft point
is expressed by different approaches. In the study we use the concept of soft point which was
given in [4].

It is known that there are many generalizations of metric spaces: Menger spaces, fuzzy metric
spaces, generalized metric spaces, abstract (cone) metric spaces or K-metric and K-normed
spaces etc. Das and Samanta [7,[8] introduced a different notion of soft metric space by using
a different concept of soft point and investigated some important properties of these spaces.
A number of authors have defined contractive type mapping on a complete metric space which
are generalizations of the well-known Banach contraction, and which have the property that
each such mapping has a unique fixed point [[12,20]. The fixed point can always be found by
using Picard iteration, beginning with some initial choice. Some new results on fixed point and
applications can be viewed in [2-4,19,/23].

In the present study, we give some well-known results in soft set theory as preliminaries.
Firstly, we examine some important properties of soft metric spaces defined in [7]. Secondly, we
investigate properties of soft continuous mappings on soft metric spaces. Finally, we introduced
soft contractive mappings on soft metric spaces and prove some common fixed point theorems of
soft metric spaces.

Definition 1.1 ([15]). Let X be an initial universe set and E be a set of parameters. A pair
(F,E) is called a soft set over X, if and only if F is a mapping from E into the set of all subsets
of the set X, i.e., F : E — P(X), where P(X) is the power set of X.

Definition 1.2 ([16]). A soft set (F,E) over X is said to be an absolute soft set denoted by X if
foralleeE, F(e)=X.

Definition 1.3 ([6]). Let R be the set of real numbers and B(R) be the collection of all non-empty
bounded subsets of R and E be taken as a set of parameters. Then a mapping F : E — B(R) is
called a soft real set. If a real soft set is a singleton soft set, it will be called a soft real number
and denoted by 7, £, § etc. 0 and 1 are the soft real numbers where 0(e)=0, I(e)=1forall e€ E,
respectively.

Definition 1.4 (Soft element). Let X be a non-empty set and E be a non-empty parameter set.
Then a function € : E — X is said to be a soft element of X. A soft element ¢ of X is said to
belong to a soft set A of X, denoted by € € A, if e(e) € A(e), e € E. Thus a soft set A of X with
respect to the index set E can be expressed as A(e) ={e(e),c€ A}, ec E.
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Note. It is to be noted that every singleton soft set (a soft set (¥';A) for which F'(e) is a singleton
set, for all 1 € A) can be identified with a soft element by simply identifying the singleton set
with the element that it contains, for all L€ A.

Definition 1.5 ([6]]). Let 7, § be two soft real numbers. Then the following statements hold:
(1) 7<sifrf(e)<3(e) for all ee E;
(i1) 725 if F(e)=8(e) for all e€ E;
(i11) 7<§ifF(e)<s(e) forall ec E;
(iv) 7>5if F(e)>3S(e) for all ec E.

Let SE(X) be the collection of all soft points of X and R(E)* denote the set of all non-negative

soft real numbers.

Definition 1.6 ([8]). A mapping d : SE(X) x SE(X) — R(E)*, is said to be a soft metric on
the soft set X if d satisfies the following conditions:

(1) 02d(&,7) for all %,y € X;

(2) d(%,7)=0 if and only if % = ¥;

(3) d(&,5) =d(§,%) for all #,j € X;

(4) d(%,5)2d(&,2)+d(z,) forall &,5,2€ X.
The soft set X with a soft metric d on X is called a soft metric space and denoted by (X,d, E).

Theorem 1.7 ([8], Decomposition Theorem). If a soft metric d satisfies the condition:
(5) for E,mMeixX and L€A, {d&,7)A): %) =& $(A) = A} is a singleton set, and if for A€ A,
dy:X xX — R™ is defined by d(Z(1), (1)) = d(%,7)(A), %,5 € X then d, is a metric on X.

Definition 1.8 ([8]). Let (%,d,E) be a soft metric space & be a non-negative soft real number.
B(%,8) = {y € %,d(%,7) < & = SE(%)} is called the soft open ball with center at X and radius & and
Bl%,&]={y € %,d(%,7) £ & < SE(%)} is called the soft closed ball with center at X and radius &.

Definition 1.9 ([8]). Let {X,} be a sequence of soft elements in a soft metric space (X,d,E).
The sequence {%,} is said to be convergent in (X,d,E) if there is a soft element 5 € X such
that d(%,,7) — 0 as n — oo. This means for every &0, chosen arbitrarily, 3 a natural number
N = N(¢) such that 02 d(%, ) <&, whenever n > N.

Theorem 1.10 ([8]]). Limit of a sequence in a soft metric space, if exist, is unique.

Definition 1.11 ([8]). A sequence {X,} of soft elements in (X ,d,E) is considered as a Cauchy
sequence in X if corresponding to every & >0, 3 m € N such that d(%;,% )<E foralli,j=m.

Definition 1.12 ([8]). A soft metric space (X,d,E) is called complete if every Cauchy sequence
in X converges to some point of X. The soft metric space (X,d,E) is called incomplete if it is
not complete.
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Definition 1.13 ([8]). Let (X,d,E) be a soft metric space. We can consider X as the collection
of all soft elements of X with respect to a parameter set A. Let f : (X ,d,E)— (X,d,E) be a
mapping. If there exists a soft element %, € X such that f(Xo) = %9, then X, is called a fixed
element of f.

Definition 1.14 ([8]). Let (X,d,E) be a soft metric space. We can consider X as the collection
of all soft elements of X with respect to a parameter set A. A mapping [ :(X,d,E)— (X,d,E) is

said to be a contraction mapping in (X, d, E), if there is positive soft real number # with 0 < # < 1
such that d(f(%), f(§)) < td(%,¥), %,y € X.

Definition 1.15 ([8]). Let (X,d,E) be a complete soft metric space. Let f :(X,d,E) — (X,d,E)
be a contraction mapping. Then f has a unique fixed element.

Definition 1.16. Let V¥ be the family of functions v : R(E)* — R(E)* satisfying the following
conditions:

(i) v is non-decreasing,

(ii) Y y,(#) < oo for all >0, where v, is the nth iterative of .

Remark. For every function ¢ : R(E)* — R(E)* the following holds: if ¥ is non-decreasing, then
for each >0, ’}L%lown(f) =0=>y() <f=>w(0)=0.

Therefore if ¢ € ¥ then for each # >0, w(f) < = w(0) = 0. The notations F(f,T) and C(f,T)
stand for the set of all common fixed point and and the set of all coincidence points of f and T,
respectively.

Definition 1.17 ([21]). Let T: X — X and a: X x X — [0,00) we say that T is a-admissible if
#yeX; a@ N1l Tz, Ty)21.

Definition 1.18 ([21]). Let T: X — X and a,f: X x X — R(E)* we say that T is soft (a, f)-
admissible if #,j € X, a(%,) 21, &, 7)21= a(T%, T 21, p(T%,TH) 1.

Definition 1.19 ([21]). Let f,g,S,T : X — X be four self mappings of a nonempty set X, and
let a:SX)uTX)xSX)uT(X) — [0,00) be mappings, then the pair (f,g) is called an a-

admissible with respect to S and T (in short a(S, T)-admissible) if for all %, 5 € X, a(Sx, Ty =1
or a(T%,Sy)=1 implies a(fx,g¥)=1 and a(gx,fy)=1.

Definition 1.20 ([21]). Let f,g,S,T : X — X be four self mappings of a nonempty set X and let
a,B: fX)ugX)x f(X)ug(X)— [0,00) be mappings, then the pair (S,T) is called a soft (a, )-
admissible with respect to f and g (in short (S, T) is soft (a, f),¢)-admissible) if for all %,y € X,
a(fz, g9 21, B(f%,g921or a(gX, 921, p(gx,f9) =1 implies a(Sx,TH) =1, p(Sx,TH) =1 or
a(T%,Sy) 21, p(T%,S5)=1.

Definition 1.21. Let (X,d,E) be a soft metric space and f,g,S,T : X — X be mappings and
(S,T) is soft (a, B)f,g)-admissible pair, we say that (S, T) is soft (a, f)(r 4)-contraction if

(f%,g5)B(f%,g7)d(Sx, TH) < w(M(&, 7)), (1.1)
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where
- ~ - 1 - -
M(%,y) = max(d(f%,85),d(f%,5%),d(g¥,Ty), é[d(ffc, Ty)+d(gy,Sx)D,
for all X,7€ X and y e V.

Definition 1.22 ([9]). Let (X,d,E) be a soft metric space and two mappings f,g:(X,d,E) —
(X,d,E) are said to be soft weakly compatible if f(g(%)) = g(f (%)) for all ¥ € X which satisfy
f(&®) = g@.

2. Main Results
Theorem 2.1. Let (X,d,E) be a soft metric space and A, B, D, M, S and T be six self mappings
in X satisfying the conditions:
(1) SX)<BD(X) and T(X)c AM(X),

(2) for each x,y € X, such that ¥ # 5, d(Ty,AM%)+d(S%,BD¥)+d(BDj,AMZ) #0, where a,
B, v, n and & are non-negative real number with a+p+2y+n+&<1, or d(S%,T5) =0 if
d(Ty,AM%)+d(S%,BD#%)+d(BDj,AM%) =0, such that

d(AM%,S%)+d(BD#,T%).d(AM%,S%)

1+d(Sz,TH)

+ max { Ei(jAMic,BD 7) ’ &(:AMx,sx) , El(zBD 7,8%) }

1+d(AMz,BD3)’ 1+d(AM%,S%)’ 1+d(BD7,S%)
d(BD#%,T%)+d(Ty,AM%)+d(S&%,BD7)
1+d(BD#%,T5)+d(T5,AM%) +5l(Sic,BD5/)]
d(T%,BD#%).d(S%,AMX)
1+d(Ty,AM%)+d(S%,BD#%)+d(BDj, AM%)
d(Sx,BD#)+d(BD¥,AM%)
1+d(S%,BD#%).d(T5,BD#%).d(S%, AM%)

dSz, Ty <a

Ty

+1n

+¢

The pair (AM,S) and (BD,T) are commute. The pair (AM,S) and (BD,T) are weakly compatible.
Then A, B, D, M, S and T have a unique common fixed point.

Proof. Let %y € X. Since S(X) c BD(X) and T(X) c AM(X), define for each n = 0, the sequence
{Fin} in X by
Yon+1 = Sxop = BDX2p11 and Joni2 = TEop+1 = AMXop12, n=0,1,2,...,
d(Fon+1, Fon+2) = d(SFan, TH2n+1)
<y [&(AMfczn,Sfczn) +d(BDZgp 11, T2n11)- A(AMEgn, SE2n)
1+d(SXx2,,T%2n+1)
N ,Bmax{ &(§M£2n,BDx2n+l) , &(j‘lMD?zn,Sfczn) , &(~BD3732n+1,S3E2n) }
1+d(AM¥Xs,,BDX9,.1) 1+d(AM¥Xs,,,S%s,) 1+d(BDX9,.1,S%2;,)
d(BDZon+1, Tion+1) + A(TXons1, AM%E9,) + d(SZop, BDEon 1)
1+d(BD&gn+1, Ti2n+1) + A(TXon+1,AM%E9,) + d(SEoy, BDXon+1)

Ty
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d(T%9y+1,BDX9y11).d(Sken, AMFe,)
1+d(T%9y+1,AMZ9,) + d(S&gy, BD¥2n+1) + d(BD 9y 11, AMZsp)
d(S&2n, BDX2n+1) + d(BD %o+ 1,AM%gp)
1+d(SZon,BD%2y41)-d(TXon+1, BDE2041).d(SE2n, AM&gy,)
dFon, Yon+1) + d(Fon+1, on+2).dFon, Fon+1)
1+ C~Z(3~’2n+1,5’2n+2)
d(Fon, Yon+1) d(Fon, Fon+1) d(Fon+1, Jon+1) }
1+d(J2n, Y2n+1) 1+ dGon, Fons1) 1+ d(Fons1, Fon+1)
d(Fon+1, F2n+2) + dFon+2, or) + d(Fon+1, Fon+1)
|1+ d(Fon+1, Fon+2) + A(Fon+2, Fon) + A (Fon+1, F2n+1)
d(Fon+2, F2n+1)-A(Y2n+1, Fon) ]
|1+ d(Fon+2, Fon) + A(Fon+1, Fon+1) + d(Fon+1, F2n)
ve [ _ 51(5’2n+1,5’2~n+1)+C~i(5’2n+1,3:’2n) ]
L1+ d(Jon+1,Yon+1)-d(F2n+2, Y2n+1)-d(Fon+1, Yon)
< ad(Jon, Fon+1) + fmaxid(Fon, Fon+1), d(F2n, Fon+1), d(F2n+1, Fon+1)}

+n

+¢

=

+/3max{

Ty

+tn

+Y[d(Fon+1, on+2) + A (Fon+2, Fon) + A (Fon+1, Fon+1)]
+nd(Fon, Fon+1) + EA(Fon+1, Fon)
<(a+p+y+1+dF2n,Fon+1),
that is

ld(Foni1, Joni2) < (@+ B+y+1+E)dFan, Foni1)l. (2.1)

Similarly,

d(Yon+3, Yon+a) = d(Sxan+2, TR2n+3)
d(T%2n+3,BD#%9y,+3).d(SEon+2, AM&y49)
1+d(T%gn+3, AMZop19) + d(SZop12,BDXon+3) + d(BDXon+3, AM T2y 42)
d(S%gn+2, BDXgn+3) + d(BDXop 3, AMZop.2)
1+d(SXon+2,BD%9n+3).d(T X2 +3,BD&on+3).d(SEan+2, AMZop2)
d(Fon+2, Jon+3) + d(Fon+3, Yon+4).-d(Fon+2, Jon+3)
1+d(Jon+3, Fon+4)
d(Fon+2,Yon+3)  AFons2,¥2n+3)  d(Fon+3,Fon+3) }
1+d(Fon+2,J2n+3) 1+ d(Fon+2, Fon+3) 1+d(Fon+s, on+3)
d(Fon+3, Fon+a) + d(Fon+a, Yon+2) + d(Fon+3, Jon+3)
| 1+ d(Fon+3, Fon+a) + d(Fon+4, Fon+2) + d(Fon+3, Fon+3)
d(Yon+4, Yon+3)-d(Fon+3, Fon+2)
1+d(Fon+a, Fon+2) + d(Fon+s, Yon+3) + d(Fon+3, Fon+2)
d(F2n+3, Fon+3) + d(Fon+3, Fan+2)
1+d(Fon+3, Yon+3)-A(Fon+4, Yan+3)-d(Fon+3, Fon+2)
< ad(Jon+2, Jon+3) + Bmax{d(Fon+2, Jon+3), d(Fon+2, Yon+3), d(Fon+3, on+3)}

<a+n

+¢

=a

+,6max{

Y

+1n

+¢
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+yld(F2n+3, Fon+a) + d(Fon+a, Fon+2) + A(Fon+3, Fon+3)+ nd(Fon+2, Fon+3)
+¢d(Jan+3, Fon+2)
<(a+B+y+n+8Ed(Fon+2, Fon+3),
that is
|d(F2n+3, Fon+a)| < (@ + B4y +1+ONd(F2n+2, F2n+3)l. (2.2)
Therefore from and dGn,Fni1) <@+ B+y+0+EdFn_1,5n). S =a+p+y+n+i<1.
Then it is concluded that d(¥,,¥,+1) < 0d(¥n-1,Vn)
A(Fn,Fn+1) < 6°A(Gn—2,Fn1) < 6°d(Fn-3,In—2) < --- < 8"d(F0,§1)-
Now, for all m > n, we have
d(Fm» In) < dGny Ina1) + d(Gnr1, Fnr2) + .o+ d(Fm-1,5m)
<8"d(§0,51)+ 6" 1d (o, 1) + -+ + 6™ d(F0, 1)
n
1-6
Hence Igl(jim,jin)l < %I&(&o,&l)l — 0 as m,n — oo, that is r}ilglolc?(ym,yn)l =0.

|d(50, 51|

Hence {j,} is Cauchy sequence. Since X is completed, so {j,} is converges to some point z,

that is lim y, = lim S&%g, = lim BDX9,+1 = lim T%9,.1 = lim AMZXs, .9 = z. There exist some
- n—0o0 n—.oo n—o0 n—.-oo n—00

u € X such that y, — u as n — oo.

Si = AMu = BDu = Ta = 2. Since the pair (AM,S) and (BD,T) are weakly compatible.
Then they commute at their coincidence point. Hence SZ = S(AMi) = AM(Si) = AMZ and
BDz=BD(Tu)=TBDu)=T:=.

Now, we shall show that T'Z = SZ. Putting ¥ =2 and y = X2,,+1 we have
d(AM%,S2)+d(BDXgp+1, TH2n+1).d(AMZ,S%)
1+d(Sz,Txon+1)

+ pmax { c~l(j4M§,BD5€2n+1) ’ Ez(foz,Sg) ’ C~i(~BD3~62n+1,S§) }

1+d(AMZ2,BD%9,,1) 1+d(AMZ,S2) 1+d(BD%2,41,S2)
d(BD#gp+1, TRon+1) + d(TR2n+1,AMZ) +d(Sz,BDX9y11)
1+d(BD%gn+1, Tx2n+1) + d(TRon 1, AMZ) + d(SZ,BDX2p 1)
d(T%9y11,BDXop.1).d(S2,AM?2)
1+d(T%9,11,AM2)+d(S2,BD%2,+1) + d(BD#2,41,AM2)
e ) &(Sé,BDicz,erl) + &(Bmznﬂ,Az{lz)
1+d(S2,BD%9;,.+1).d(T%9,,+1,BDX9,+1).d(SZ,AMZ2)
d(S2,S82)+d(Jan+1, Yon+2).d(SZ,S2)
1+d(SZ,2n+2)
d(SZ,5on+2)  d(S2,82)  d(§2n+1,5%)
1+d(Sz,¥on+2) 1+d(Sz,82)" 1 +c7(5/2n+1,82)}
&(5’2n+1,5’2n+2) + C~l(5’2n+2,sg) + d(SZ~, Yon+1)
1+d(on+1,V2n+2) + d(Fon+2,82) +d(SZ, Jan+1)

d(SZ,TRons1) <@

Ty

+1n

b

d(SZ,§ons2) < @

+ﬁmax{
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n _ a(§2n+2,~5’2n+1)-c~l(SZ~,S~§)
1+d(J2n+2,S2)+d(SZ,yon+1) + d(Fon+1,52)

vl d(SZ,Jon+1) +d(Fan+1,52)

1+d(SZ, Yon+1)-d(Yon+2, Yon+1)-d(SZ,S%)

Letting n — oo, we get

. d(Sz,S2)+d(2,2).d(S2,S3) d(Sz,2) d(Sz,S%) d(3,8%)
d(S2,2)<a —— +,6max{ — e, ~}
1+d(Sz,2) 1+d(S2,2) 1+d(S2,S2) 1+d(2,S2)
.\ d(z,5)+d(3,83)+d(Sz,3) .\ d(z,2).d(Sz,S%)
N153G.2+dG.S5)+dSz2 ]| T 1+dG.S2)+d(Sz.2) +d(.82)
e d(S3,5)+d(5,83)
1+d(Sz,2).d(3,5).d(S3,82))

< Bd(SZ,2)+2yd(S%,2) + 2Ed(SE, 3).
Then d(S%,2) < (B + 2y + 28)d(S%,2), that is |d(SZ,2)| < (B + 2y + 20)|d(SZ,2)|, which is
contradiction f+ 2y +2¢ < 1. Therefore SZ = Z, which implies AMZ = 2. Now we prove that
Tz =2, putting X = j = 2, we get
d(AM3,S2)+d(BDz,T2).d(AM2,S3)
1+d(S3,T3)
+ pmax { a(foz,BDg) , a(quz,sz) , a(fmz,sz) }
1+d(AMZ2,BD2)’ 1+d(AM%,S2)’ 1+d(BD2,S%)
d(BD%,T3)+d(Tz,AM2)+d(Sz,BDz)
|1+d(BDz,T3)+d(T%,AM2)+d(Sz,BDz)
d(T2,BD%).d(Sz,AM3)
| 1+d(T2,AM2)+d(Sz,BD2)+d(BDz,AM3)
e ] Zl(Sé,BD%HEZ(BDé,{lME)
1+d(Sz,BD%).d(T%,BD3).d(Sz, AM3)
d(z,2)+d(T2,T%).d(3,3) { d(z,Tz)  d(,2)  d(Tz,3) }
= + fmax = , = , =
1+d(3,T3) 1+d(,T3) 1+d(2,2) 1+d(T3,3)
d(Tz,T2)+d(T2,2)+d(2,T2)
1+d(T2,T2)+d(T%,3)+d(2,T2)
d(2,TZ)+d(T3,2)
1+d(2,T%).d(T3,T2).d(,3)
< Bd(2,T2)+2yd(2,T2) +2&d(2,T2).Thend(2,TZ) < (B + 2y +28)d(TZ,2),
that is |[d(3,T3)| < (B +2y+2g‘)|&(T§,§)|, which is contradiction g+ 2y +2¢ < 1. Therefore Tz = 2,
since BDZ = T'Z, which implies BDZ = Z. Now, we prove that Mz = Z, putting X =M3 and y=2,

d(Sz,T3) <a

TY

+1n

2

diz,T?)<a

s d(Tz,T2).d(3,2)
MN1+aTrz2+dG. T2 +d(T5.2)

Ty

we get
d(AM(M2),S(M2))+d(BD2,T%).d(AM(M2),S(M2))
1+d(S(M2),Tz2)
+ pmax { Ei(flM(Mé),BDz”) , Ei(jAM(Mz),S({wz)) ’ &(?DZ,S({VIE)) }
1+d(AM(M2),BD2) 1+d(AM(M%),S(M?2)) 1+d(BDz,S(M%))

d(E(M2),T3) <«

Communications in Mathematics and Applications, Vol. 12, No. 4, pp. , 2021



Common Fixed Point Theorems on Compatibility and Continuity in Soft Metric Spaces: R. Bhardwaj et al. 959

d(BD%,T3)+d(Tz,AM(M2)) +d(S(M2),BD3)
| 1+d(BD2,T3)+d(T2,AM(M2))+d(S(M2),BD%)
d(T%,BD2).d(S(Mz),AM(M%))
| 1+d(Tz,AM(M2))+d(S(M2),BD2)+d(BDz,AM(M32))
e ' - &l(S(Mﬁ),B{)éHEZ(BDz:,A~M(Mz~))
| 1+d(S(M2),BD3).d(T%,BD3).d(S(M2), AM(M32))
d(Mz,M2)+d(2,2).d(Mz,M2))
1+d(M3,2)
{ d(Mz,2) dMz Mz  d(z,M3) }
+ fmax = , = , =
1+d(M2,3) 1+d(M2,M3)’ 1+d(Z,M32)
iy al(~z~,z~) + &(;,Mz) + c~l(~M§,2) . ) 5l(z~,z”){l(M§,M§)~
1+d(Z,2)+d(EZ,M2)+d(M2z,2) 1+d(E,M2)+d(Mz,2)+d(Z,M2)
e ] &l(Mé,z:) + (?l(z”le”)
1+d(M2,2).d(2,5).d(M3,M3)
< Bd(MZ2,2) +2yd(M%,2) + 2Ed(M 2, 2).
Then d(z,T%) < (B + 2y + 28)d(MZ,2). That is |d(MZ,2)| < (B + 2y + 28)|d(MZ, )|, which is
contradiction B+ 2y +2¢ < 1. Therefore Mz = 2, since AMZ = Z, which implies AZ = Z. Now, we
prove that Dz = 2, putting X = % and j = D2, we get
d(AM3,8%)+d(BD(D2), T(D2).d(AM2,S%)
1+d(Sz,T(D3))
+ prmax { Zi(jAMz,BD(Dz)) , a(foz,Sz) ’ c~i(~BD(Dz~),Sz~) }
1+d(AMz,BD(D3))’ 1+d(AMZ2,S2)’ 1+d(BD(D2),S3)
d(BD(d2),T(d2))+d(T(dz),AM2)+d(Sz,BD(D%))
1+ d(BD(d2),T(d3))+d(T(dz),AM3)+d(Sz,BD(D32))
d(T(Dz),BD(D2)).d(Sz,AM(D3))
1+d(T(d3),AM3)+d(S2,BD(d2))+d(BD(D2),AM%)
e [ ) Ez(sz,BD(d;)) + &(BD(D%),AZE/IZ)
| 1+d(S2,BD(D2)).d(T(D2),BD(D%)).d(Sz,AM3)
d(2,5)+d(Dz,D3).d(z,2) y { d(z,Dz) d(,2)  d(Ds3,2) }
1+d(z,D3) 1+d(,D3)’ 1+d(5,5) 1+d(Dz,3)
iy El(flé,dz") + Ei(fié,z) + <~Z(~z",D2) . ) &(Dz,qz").c?l(é,Dz:)
1+d(dz,d2)+d(dZ,2)+d(2,D2) 1+d(dz,2)+d(2,d2)+d(Dz,2)
e ) d(g,dzz +51(Dz~,z)~
1+d(z,D3).d(Dz,D3).d(z,3)
<(B+2y+28d(2,D3),
that is |d(3,D2)| < (,B+2y+2€)|c?(2,Dz~)|, which is contradiction f+2y+2¢ < 1. Therefore Dz =2,
since BDZ = 2, which implies BZ = 2.

Ty

+n

dMz,35)<a

d(Sz,T(D3)<a

Y

+n

d(z,D3)<a

Therefore, Z is a unique common fixed point of A, B, D, M, S and T
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Uniqueness: Let @ be an another common fixed point of A, B, D, M, S and T'. Then, we have
d(AM3,82)+d(BDa,Tii).d(AM2,S2)
1+d(Sz,Ta)

+ prmax { Ez(foz,BDﬁ) , Ei(foz,Sz) ’ &(pDa,Sﬁ) }

1+d(AM2,BDa)’ 1+d(AM%,S2)’ 1+d(BDi,S2)
d(BDi,Ta)+d(Ti,AM2)+d(Sz,BDii)
| 1+d(BDu,Ti)+d(Tiu,AM3)+d(Sz,BDu)
d(Ti,BDii).d(S2,AM%)
| 1+d(Ta,AM2)+d(Sz,BDi)+d(BDii,AM3)
e ' ) &(Sz,BDz}Ha(BDa,{ng)
| 1+d(S2,BD@).d(Ti,BDa).d(S3,AM3)
d(z,2)+d(a,d).d(z,2) { diz,a)  d,2)  d,z) }
= + fmax = , = , =
1+d(z,a) 1+d(z,a) 1+d(5,2) 1+d(@,5)
iy a(fi,ﬁ)+3(fi,§)+c?(~§,ﬁ) . ) &(a,ﬁ).&(é,z) ]
1+d(@, i) +d(@,2) + d(2,i) 1+d(@,2)+d(Z,a) +d(@, 2)
dz,a)+d@,z)
1+d(z,a).d(@,a).d(Z,2)
<(B+2y+28)d(Z,q),
that is |d(2,@)| < (B + 2y + 28)|d(Z,@)|, which is contradiction B+ 2y + 2¢ < 1. Therefore Z = i,
therefore Z is a unique common fixed point of A, B, D, M, S and T'.

d(Sz,Ta)<a

Ty

+n

dE, i) <a

+

Case II: We consider the case: d(T%o,+1,AM%2,) + d(S%9y,, BD%on1) + d(BD %9y 1, AM%2,) =0
(fOI‘ any I’L) implies that C?(S:f?zn,ngn.ﬂ). So that 5’2n = S.?Z‘gn = 5’2n+1 = BDJ?IQ,H.l = T.?Egn.,.l =
AMZXoy, 19 = Yon+2. Thus we have jo, .1 = SXo, = AMX9, = y2,, there exists n; and m1, such that
np= Sm1 = AMm1 =mj. Similarly, 5’2n+2 = Tﬁ2n+1 = BDi2n+1 = 5/2n+1, there exists noy and mo
such that ng = Tmg = BD,,9 = ms. As d(Tmo,AMm1)+d(Sm1,BDms)+d(BDmy,AMm1) =0
implies that, d(Sm1,Tm9) =0, so that ny =Sm1=AMm1=Tmgy=BDmy = ns, which is turn
yields that ny = Sni = AMm = AMn1, similarly, one can also have ng = Tng = BDns. As
ni=ng,implies n1 =Sn1=Tn1=BDn, therefore n1=Sn1=Ani1=Mn,=Tn1=Bn1=Dn;.
Hence, n1 = no, is common fixed point.

Uniqueness: Let v is an another common fixed point of A, B, D, M, S and T. Then, we
have vy = Sv; = Avy = Mvy = Tvy = Bvy = Dvy. Therefore, d(Tv{,AMv1)+d(Sny1,BDvq) +
d(BDvi,AMn)=0, so that d(n1,v1) = 0. Hence this implies that n; = v1. Hence n; is a unique
common fixed point of A, B, D, M, S and T'. O

Corollary 2.2. Let (X,d) be a complex valued soft metric space and D, M, S and T be four self
mappings in X satisfying the conditions:
(i) SX)<=DX) and T(X) = M(X),

(ii) for each %,y € X, such that % # 7,d(Ty,Mz)+d(S%,D7)+d(Dy,M%) # 0, where a,B,v,n
and & are non-negative real number with a+p+2y+n+& <1, or d(S%,TH) =0 if
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d(T5,M%)+d(Sx,D¥)+d(Dy,Mz) =0, such that
d(Mz,8%)+d(D3y,Ty).d(Mz,S%)
1+d(S%,T7)
{ dM#%,Dy)  dM#%,S8%)  d(D¥,S%) }
+ fmax = , = , =
1+d(M%,D3) 1+d(M%,S%)’ 1+d(D7,S%)
d(D%, T3 +d(Ty,M%)+d(S%,D5)
1+dDy, T +d(Ty, M%)+ &(Saz,Dy)]
d(Ty,D#%).d(Sx, M%)
1+d(T35, M%) +d(Sz,D¥)+d(Dy, M%)
d(S%,D#)+dDy, M%)
1+d(S%,D%).d(T%,D¥%).d(Sx, M%)

dSz Ty <a

+Y

1

+¢

b

(iii) the pair (M,S) and (D,T) are weakly compatible.
Then D, M, S and T have a unique common fixed point.

Corollary 2.3. (M,S) and (D,T) are four commuting self mappings defined on a complete
complex valued metric space (X,d) satisfying the condition:

dM™%,8™%)+d(d" 5, T"5).d(M™"%,S™%)
1+d(S™x,T"5)
{ dM™%,d"y) dM™%,S™%) d(d" 5/,Sm5c)}
+ fmax = , = =
1+dM™%,d"5) d(M™%,8™%) d(d"§,S™m%)
d(d"y,T"5) +d(T"5,M™%) +d(S™%,d" )
1+dd"3,Tr5) + d(T" 5, M™%) + &(smfc,dny)]
d(T"9,d"9).d(S™x%, M™%)
1+d(T"y,M™%) +d(S™%,d"5) + d(d" 5, M™%)
e ' ) &(Smo”c,di‘y)ﬂ?l(d" y,{wmx)
| 1+d(S™%,d"5).d(T",d").d(S™%, M™%)
For each X,y € X, such that X # ¥, where a,B,y,n and ¢ are non-negative real number with
a+B+2y+n+E<1, orif d(S™X,T"9) =0if d(T"5,M™X)+d(S™X,D"¥)+d(D"y5,M™X) = 0.
Then D, M, S and T have a unique common fixed point.

dSz Ty <a

Ty

+1

Theorem 2.4. Let A, B, D, M, S and T be self mappings of a complete complex valued soft
metric space (X,d) satisfying conditions:
(i) S(X)cBD(X) and T(X)c AM(X),

(ii) foreach %,5€X, where a, B,y,n and ¢ are non-negative real number with a+p+2y+n+& <1,
such that
d(AM%,S%)+d(BD#,T%).d(AM%,S%)
1+d(S%,TH)
d(AM#%,BDj)  d(AM%,S%)  d(BDj3,S%)
1+d(AM%,BD3)’ 1+d(AM#%,S%)’ 1+d(BD y,ssc)}

dSz Ty <a

+,6max{
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iy d(BD#,T9) +d(Ty, AM%)+d(S%,BD5) ]

1+d(BD#,TH) +d(Ty,AMZ)+d(S%,BD5)
d(T%,BD#).d(Sx, AM%)
1+d(Ty,AM%)d(S%,BD¥%)+d(BD3, AM%)
d%+d(BDj,AM%)
1+d(S% BD#%).d(T% BD#%).d(S%, AMX)
(iii) (AM,S) are compatible, and AM or S is continuous and (BD,T) are weakly compatible,

1

+¢

>

(iv) (BD,T) are compatible, and BD or T is continuous and (AM,S) are weakly compatible.
Then A, B, D, M, S and T have a unique common fixed point.

Proof. By above theorem {7,} is a Cauchy sequence. Since X is completed, so {,} is converges
to some point 2. Thus subsequence {S%2,}, {(BDX2,+1}, {T%2,+1} and {AMXs, .2} also converges
to Z, that is

lim 5’n = lim Sﬂzgn = lim BD.?Z‘Q,H.;[ = lim AM:)?ZQ,H.Q = lim T.?Egn.,.l . (2.3)
n—oo n—oo n—oo n—oo n—oo

Assume that § is continuous. Since (AM,S) are compatible, we have
lim AM(S%2n42) = lim S(AM3#g,+9)=S2. (2.4)

Putting X = Xo,,+2, = Xon+1, then we have
d(AM(S&z2p), T2n+1)
d(AMZ3n+2,8%an+2) + d(BDEgn 11, TEon+1)-d(AM %o 19,S%2n12)
1+d(Sxon, T¥2n+1)
N ,Bmax{ 3(:4M562n+2,BD5€2n+1) , a(fAM£2n+2,S£2n+2) ’ &(~13D5€2n+1,33?2n+2) }
1+d(AMXg,12,BD%2p+1) 1+d(AMXo,42,SX2,+2) 1+d(BD%2p+1,S%on+2)
d(BDZop+1, TRon11) + d(T X9y 41, AMEop19) + d(SZon+2, BDE2n11)
| 1+ d(BDZXgp+1, TH2n+1) + d(TR9n+1,AMZop49) + d(SX9y+2, BDE2n+1)
d(T#%2n+1,BD X9y 11).d(SXoy 12, AMZo, 42)
1+d(Txn+1,AMZon.2) + d(SEgp+2, BDF9n+1) + A(BDXgns1, AM &gy 42)
v _ &(S-’z2n+2,BD3:C2n+1) + d(BDiznﬂ,ziﬂMszmz)
1+d(S%op+2,BDX2,41).d(TX2y+1,BD%2n11).d(Sxapn 2, AMX2,42)
Letting n — oo, in the above inequality and using and (2.4), we get
d(z,2)+ &52,2).&(5,2) . . { Ez(f,z) d(z,2)  d(z,3) }
1+d(z,2) 1+d(2,2) 1+d(,2) 1+d(3,2)
d(z,2)+d(z,2)+d(2,2)
[ 1+d(2,2)+d(2,2) +d(3,2)
d(3,2).d(3,3)
| 1+d(3,5)+d(5,2)+d(2,3)
d(2,2)+d(z,2)
+d(2,2).d(3,2).d(3,2)

=a

Ty

+1n

d(Sz,2)<a

Ty

+n

+61

<0,
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that is |d(S2,2)| <0, hence SZ = 2. Now putting % = Z and J = 9,41, we have
d(AM3,82)+d(BD#oy+1, TXon+1).d(AMZ,S2)
1+d(S2,T%op+1)

+ max { El(jAMé,BDian) , &Z(quz,sz) , &(}apxm,sz) }
1+d(AMZ,BD%9+1) 1+d(AMZ,82)’ 1+d(BDXop41,S2)
d(BD#gn+1, Tx2n+1) + A(T&on+1,AMZ) + d(SZ,BD%2,41)

1+d(BDZ&aon+1, TE2n+1) + d(TXon+1,AMZ) + d(SZ,BD9,41)

d(T#%n+1,BD%9p+1).d(SZ,AMZ)
14+ d(T%op+1,AMZ)+d(S2,BD%9p+1) + d(BDXop41,AMZ)
d(Sz,BD%9p+1) + d(BDXop41,AMZ)
|14+ d(SZ,BD%2y+1).d(T%2n+1,BD%on+1).d(SZ,AM2)

d(S2,Txons) < @

Ty

+1n

+¢

Letting n — oo, we get
d(AMz,2)+d(2,2).d(AMZ,%) .
1+d(3,2)
iy 51(?,5) + &(g,AMz) - c~l(~z~,2)
1+d(£,2)+d(Z,AM2)+d(2,2)
e ~c~i(§,z~)~+ 51(2,{xMz~)
1+d(2,2).d(2,2).d(2,AM2)
< ad(AMZ,3)+ Bd(AMZ,2) + yd(AMZ,2)
<(a+B+y)d(AMz,2),
thatis0<(a+p+ y)&l(AMZ,Z). Then |d(AMZ,2)| =0, hence AM2 =3.
Since S(X) c BD(X), there exist a point i € X such that Sz = BDw. Suppose that BDw # Tw.
Now to prove BDw = Tw and given that Sz = 2 = BDw. Putting X = # and # = w, obtain

d(AM3,2)  d(AM3,2)  d(,2)

X{ 1+d(AMz,2) 1+d(AMZz,2) 1 +EZ(§,5)}

. ) &(z,z).(g(z,AM%)
1+d(Z,AM2)+d(2,2) +d(Z,AM?2)

d(z,5) < a[

- d(AM3,83)+d(BDz,Tw).d(AMZ2,S3)
dSzZ,Tw)<a =
1+d(Sz,Tw)
+ prmax { d(AM:,BDw) d(AM:,S3) d(BDw,Sw) }
1+d(AM:,BDw)’ 1+d(AM3,S3)’ 1+ d(BDw,Sw)
.\ dBDw,Tw)+d(Tw,AMZ2)+d(Sz,BDw)
4 1+dBDw,Tw)+d(Tw,AMZ)+d(S3,BDw)
s d(Tw,BDw).d(Sz,AM3)
1 |1+ d(Tw,AM%)+d(S2,BDw)+d(BDw,AM3)
e [ d(Sz,BDw)+d(BDw,AM3)
|1+d(Sz,BDw).d(Tw,BDw).d(S5,AM3) |’
- d(z,2)+d(2,Tw).d(2,2) dz,3 dEz  dG,2)
dEZ,Tw)<a = X = , = , =
1+d(Z, Tw) 1+d(Z2,2) 1+d(2,2) 1+d(2,2)

d(Tw,?).d(3,3)

dGG,Tw)+d(Tw,3)+d(3,3) .
M1+ d(Tw,2)+d(z,3)+d(3,3)

+ - - =
153G, Tw) +d(Tw.5) +dG.2)
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e ) d(z”,z”~)+d(§,§)~
1+d(2,2).d(Tw,2).d(3,2)
<2yd(2,Tw),
that is |[d(Z, Tw)| < 2y|c~i(z”,Tu7)|, which is contradiction to 2y < 1. Therefore Tw = 2. Hence
BDw = 2 = Tw. Thus BDw = Tw. Since BD and T are weakly compatible then BDZ =
BD(Tw) =TBDw) = Tw. Thus Z is a coincidence point of BD and T'. Now to prove TZ = Z,
putting X =% and 5 = 3.
d(AM%,S2)+d(BD2,T3).d(AM2,S%)
1+d(Sz,T?)
+ prmax { c?l(f\Mz",BDZ) ’ [i(flMé,Sé) ’ c~l(~BDz~,S§) }
1+d(AM3,BD3)’ 1+d(AM%,S2)’ 1+d(BD3,S3)
d(BDz,Tz)+d(T3,AM3)+d(S2,BDz2)
|1+d(BDz2,T3)+d(T3,AM2)+d(S3,BDz)
d(T2,BD3).d(Sz,AM3)
|1+d(T%,AM2)+d(S3,BD2)+d(BD3,AM3)
e ) d(sz,BDz:)+&(BDz,{1Mz)
1+d(Sz,BD2).d(T%,BD2).d(S3,AMZ)
d(2,2)+d(T3,T%).d(z,2) { d(z,T3  d,3  d(Tz3) }
= + fmax = , = , =
1+d(z,T?) 1+d(2,T2) 1+d(5,3) 1+d(T3,3)
iy tﬂ?zTa+&q%erﬂ§Ta . ) &H%Q%uﬂaz{
1+d(T2,T2)+d(Tz,2)+d(2,TZ2) 1+d(Tz,2)+d(2,T2)+d(Tz,2)
d(z,T3)+d(Tz,2)
14+d(2,T3).d(T2,T3).d(Z,2)
< Bd(2,TZ)+2yd(z,T3) +2Ed(3,T3).
Then d(z,T3) < (B + 2y + 26)d(T%,5). That is |d(Z,T3)| < (B + 2y + 26)|d(T%,2)|, which is
contradiction f+ 2y +2¢ < 1. Therefore Tz = 2, since BDZ = TZ, which implies BDZ = 2. Now
we prove that Mz = 2, putting X = M2 and j = 2, we get
d(AM(M3),S(M2))+d(BDz,T3).d(AM(M2),S(M3))
1+d(S(M2),T2)
+ pmax { El(jﬁlM(Mé),BDé) 7 El(:4M(M2),S(M§)) , a(pDz,S(Mz)) }
1+d(AM(MZ2),BD3)’ 1+d(AM(M2),S(M2))’ 1+d(BDz,S(M3))
d(BD2,Tz)+d(Tz,AM(M2))+d(S(M%),BDz)
|1+d(BD2,T3)+d(Tz,AM(M2))+d(S(M2),BD%)
d(T2,BD3).d(S(M2),AM(M32))
1+d(Tz,AM(M3))+d(S(M2),BD2)+d(BD3,AM(M3))
e ) &(S(Mé),BPz”) +5l(BDZ~,AM(Mz"))
1+d(S(M3),BD3).d(T3,BD3).d(S(M3),AM(M3))
d(M3,M3)+d(3,2).d(Mz,M2))
1+d(M3,2)

d(Sz,T3) <a

Ty

+n

)

di,T3)<a

d(S(M2),Tz) < a

Ty

1

b

dMz,35)<a
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dMz,2)  dM:zMz)  d(E,M3)

1+d(M2,2) 1+d(M3,M23)" 1+ Ei(é,Mé)}

o ] &(2,2).~5l(Mz“,Mz“)~
1+d(E,M3)+d(M3,5)+d(Z,M2)

+ ,Bmax{
d(z,2)+d(Z,M3)+d(M3,2)
1+d(2,2)+d(Z,M2)+d(M3,2)

e ) c~i(M§,§~)+5l(z~,~Mz~)
1+d(Mz,2).d(2,2).d(M3,M3)
< Bd(M%,2)+2yd(M2,2) + 2éd (M2, 2).
Then d(2,T2) < (B + 2y +28)d(MZ,%). That is |d(M2,3)| < (B + 2y + 28)|d(MZ,2)|, which is
contradiction + 2y +2¢ < 1. Therefore M2 = Z, since AMZ = Z, which implies AZ = 2. Now we

+Y

prove that Dz = Z, putting X = % and j = D2, we get
d(AM2,S2)+d(BD(D3),T(D2)).d(AMZ2,S%)
1+d(Sz,T(D2))
+ fmax { [i(fAMZ,BD(Dé)) , a(quz,sg) ’ a(pp(pz),sz) }
1+d(AM2,BD(D2))’ 1+d(AMZ2,S2)’ 1+d(BD(D%2),S2)
d(BD(d2), T(d2))+d(T(dz),AM2)+d(Sz,BD(D3))
1+d(BD(d2),T(d2))+d(T(d3),AM2)+d(Sz,BD(D3))
d(T(D%),BD(D%)).d(Sz,AM(D%))
1+d(T(d2),AM2)+d(Sz,BD(d%))+d(BD(D2),AM32)
e ' ) El(sz,BD(d;)) + d(BD(DE),AZElé)
| 1+d(S2,BD(D2)).d(T(D2),BD(D%)).d(Sz,AM3)
ax{ 5l(~z~,Dz~) | c~i(~§,z~) | Ei(pz,z) }
1+d(2,D2) 1+d(2,2) 1+d(Dz,2)
o ) EZ(DE,DF).JZ(Z,Dz:)
1+d(dz,2)+d(z,dz)+d(Dz,2)

d(Sz,T(Dz)<a

Ty

+1

M

d(2,2)+d(D%,D3).d(z,2)
1+d(z,D2)

oy &(flé,dé) + 51(512,2) + El(~z~,D2)
1+d(dz,d2)+d(d2,2)+d(Z,D3)
d(z,dz)+d(D3,2)

1+d(3,D%).d(D2,D3).d(3,3)

<(B+2y+28)d(z,D3).
that is |d(2,D2)| < (B+2y +2&)|d(2,D 2)|, which is contradiction S+ 2y +2¢ < 1. Therefore Dz = 2,
since BDZ = Z, which implies BZ = Z. Therefore by combining all the above result, we conclude

that Z is a unique common fixed point of A, B, D, M, S and T

Uniqueness: Let @i be an another common fixed point of A, B, D, M, S and T. Then, we have

- d(AMZ:,82)+dBDi,Ti).d(AM3,S2)
dSZ,Ti)<a =
1+d(S3,Ta)
+ pmax { d(AM:,BDi) d(AM:,S3) d(BDa,S3) }
1+d(AMZ2,BDa)’ 1+d(AMZ2,S3)’ 1+d(BDa,Sz)
. di+d(Ti,AM2)+d(Sz,BDii)
Y\11d@BDa, Ta)+d(Ta,AMZ) +d(Sz,BDa)
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d(Ti,BDii).d(Sz,AM3)
1+d(Ta,AMZ2)+d(Sz,BDi)+d(BDia,AM3)
e d(Sz,BDa)+d(BDui,AM3)
1+d(Sz,BDi).d(Ti,BDii).d(Sz,AM3)
d(3,2)+d(@,i).d3,2) { d(z,i) d(3,%)
= + fmax = , =
1+d(z,3) 1+d(,2) 1

+n

b

=

+¢

<(B+2y+28)d(2, @),

that is |d(2,@)| < (B+ 2y + 28)|d(Z, )|, which is contradiction g+ 2y +2¢ < 1.
Therefore Z = i, therefore Z is a unique common fixed point of A, B, D, M, S and T'. O

Corollary 2.5. Let (X,d) be a soft metric space and D, M, S and T be four self mappings in X
satisfying the conditions:
i) S(X)cDX) and T(X) < M(X),

(ii) for each %,% € X, such that % # %,d(T%,M%) + d(S%,D¥)+d(Dj,MZ) # 0, where a,f,y,n
and & are non-negative real number with a+ p+2y+n+& <1, or d(Sx,Ty) =0 if
d(Ty,M%)+d(S%,D5)+d(Dy,M%) =0, such that

d(M%,8%)+d(Dy,T).d(M%,S%)

1+d(S%,TH)
{ dMzDy)  dMzxz,S%)  d(D3y,S%) }

+ fmax = , = , =

1+d(M%,D5) 1+d(M%,S%)’ 1+d(D7,S%)
dDy, Ty + d(Ty,M%)+d(S%,D5)
1+dDy, Ty +d(Ty,Mz)+ &(S&,D&)]
d(T9,D3).d(Sx, M%)
d(T,M%)+d(S% Dy)+d(Dy, M%)
d(Sx,Dy)+d(D5j, M%)
1+d(S%,D3).d(T5,D#).d(S%, M%)

dSz, Ty <a

Ty

+1n

+<

K

(iii) the pair (M,S) and (D,T) are weakly compatible.

Then D, M, S and T have a unique common fixed point.

3. Conclusion

For the imperfect knowledge or for uncertainty the theory of soft sets can be used. Obtained
results of the fixed-point theorems related to soft sets can be used in decision making problems.
All the results can be used in image processing also. Soft metric extensions of several important
fixed point theorems for metric spaces can be directly deduce from comparable existing results.
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