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1. Introduction

The perceptions of bitopological spaces is to introduced and studied by J.C. Kelly [4]. Recently,
more generalizations of closed sets and it is properties were introduced and investigated by
various researchers for some example ([[7]) and so on. We introduce and study a new classes
of sets namely (1,2)*-g,-closed sets, (1,2)*-Ag-set, (1,2)*-Ag-set and (1,2)*-g,-Locally closed
sets in bitopological spaces. We prove that this classes lies between (1,2)*-a-closed sets and
(1,2)*-ag-closed sets. Also, we discuss some essential properties of (1,2)*-g,-closed sets in
present of this paper.

2. Preliminaries

Throughout this paper, (X,71,72) and (Y,01,02) (or simply X and Y) represents the non-empty
bitopological spaces on which no separation axiom are assumed, unless otherwise mentioned.
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For a subset A of X, 712-cl(A) and 712-int(A) represents the closure of A and interior of A,
respectively.

Definition 2.1. A subset A of a bitopological space (X,71,72) or X is called
(i) a (1,2)*-semi open set if A 71 9-cl(112-int(A)).
(i) a (1,2)*-pre open set if A < 71 9-int(112-cl(A)).
(iii) a (1,2)*-a-open set [3] if A < 11 9-int(r12-cl(11 2-int(A))).

(iv) a (1,2)*-B-open (or) a (1,2)*-semi-pre open set if A €11 2-cl(11,2-int(11 2-cl(A))).
The complements of the above mentioned sets are called their respective closed sets.

Definition 2.2. A subset A of a bitopological space (X,71,72) or X is said to be
(i) a (1,2)*-generalized closed set (briefly, (1,2)*-g-closed) [5] if 71 2-cl(A) € U whenever
AcU and U is 11 2-open.

(ii) a (1,2)*-semi generalized closed set (briefly, (1,2)*-sg-closed) [2] if (1,2)*-scl(A) = U
whenever A cU and U is (1,2)*-semi-open.

(iii) a (1,2)*-generalized semi-closed (briefly, (1,2)*-gs-closed) set [2] if (1,2)*-scl(A) = U
whenever A cU and U is 77 2-open.

(iv) an (1,2)*-a-generalized closed (briefly, (1,2)*-ag-closed) set [2] if (1,2)*-acl(A) = U
whenever A cU and U is 71 2-open.

(v) a(1,2)*-generalized semi-preclosed (briefly, (1,2)*-gsp-closed) set [2] if (1,2)*-Bcl(A)cU
whenever A cU and U is 71 2-open.

(vi) a (1,2)*-g-closed set [2] if 71 2-cl(A) €U whenever A U and U is (1,2)*-sg-open.
(vii) a (1,2)*-3;-closed set [7] if 719-cl(A) U whenever AcU and U is (1,2)*-5-open.
(viii) a (1,2)*-G-closed set [7] if (1,2)*-scl(A) € U whenever A cU and U is (1,2)*-41-open.
(ix) a (1,2)*-g-closed set [7] if 71 2-cl/(A) €U whenever A U and U is (1,2)*-G-open.

The complements of the above mentioned closed sets are called their respective open sets.

3. 0n (1,2)*-g.-closed Sets

Definition 3.1. A subset A of a space (X,71,72) is said to be an (1,2)*-g,-closed set if 77 9-
acl(A) U whenever A cU and U is (1,2)*-G-open.

The complement of (1,2)*-g,-closed set is called (1,2)*-g,-open set.
The collection of all (1,2)*-g,-closed (resp. (1,2)*-g,-open) sets in (X,71,72) is denoted by
(1,2)*-g,C(X) (resp. (1,2)*-g,0(X)).

Proposition 3.2. In a space (X,71,72), every (1,2)*-a-closed set is (1,2)*-g -closed.

Proof. Let A be an (1,2)*-a-closed set and U be any (1,2)*-G-open set containing A. Since A is
(1,2)*-a-closed, we have 71 2-acl(A)=A cU. Thus A is (1,2)*-g,-closed. O
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Remark 3.3. The converse of Proposition [3.2| need not be true as seen from the following
example.

Example 3.4. Let X ={a,b,c} with 71 ={¢,{a,b},X} and 79 = {¢p, X} then 71 3 = {¢,{a,b},X}. In
the space X, then (1,2)*-g,C(X) = {¢,{c},{a,c},{b,c},X} and (1,2)*-aC(X) = {¢,{c},X}. We have
the subset {a,c} is (1,2)*-g,-closed set but not (1,2)*-a-closed.

Proposition 3.5. In a space (X,71,72), every (1,2)*-g-closed set is (1,2)*-g ,-closed.

Proof. Let A be a (1,2)*-g-closed set and U be any (1,2)*-G-open set containing A. Since A is
(1,2)*-g-closed, we have U 2cl(A) 2 11 2-acl(A). Hence A is (1,2)*-g,-closed. O

Remark 3.6. The converse of Proposition need not be true as seen from the following
Example.

Example 3.7. Let X ={a,b,c} with 71 = {¢,X} and 72 = {¢, {0}, X} then 712 ={¢,{b},X}. In a
space X, then (1,2)*-gC(X) = {¢,{a,c},X} and (1,2)*-g,C(X) = {¢,{a},{c},{a,c},X}. We have the
subset {a} is (1,2)*-g,-closed set but not (1,2)*-g-closed.

Proposition 3.8. In a space (X,71,72), every (1,2)*-g ,-closed set is (1,2)*-ag-closed.

Proof. Let A be an (1,2)*-g,-closed set and U be any 71 2-open set containing A. Since any
71,2-open set is (1,2)*-G-open, then 71 2-acl(A) cU. Thus A is (1,2)*-ag-closed. O

Remark 3.9. The converse of Proposition need not be true as seen from the following
example.

Example 3.10. Let X = {a,b,c} with 71 ={¢,{c},X} and 72 = {¢, X} then 712 = {¢,{c},X}. Then
(1,2)*-g,C(X) = {¢,{a},{b},{a,b},X} and (1,2)*-agC(X) = {¢,{a},{b},{a,b},{a,c},{b,c},X}. In a
space X, we have the subset {a,c} is (1,2)*-ag set but not (1,2)*-g,-closed.

Proposition 3.11. In a space (X,711,72), every (1,2)*-g,-closed set is (1,2)*-gs-closed ((1,2)*-
sg-closed).

Proof. Let A be an (1,2)*-g,-closed set and U be any 71 2-open set ((1,2)*-semi-open set)
containing A. Since any 71 2-open ((1,2)*-semi-open) set is (1,2)*-G-open, then T1,2-8cl(A) S 11 2-
acl(A)cU. Thus A is (1,2)*-gs-closed ((1,2)*-sg-closed). O

Remark 3.12. The converse of Proposition |3.11| need not be true as seen from the following
example.

Example 3.13. Let X = {a,b,c} with 171 = {¢,{a},{a,b},X} and 71 = {¢,{b},{a,b},X} then 71 =
{¢,{a},{b},{a,b},X}. We have (1,2)*-g,C(X) = {¢,{c},{a,c},{b,c},X} and (1,2)*-sgC(X) = (1,2)*-
gsC(X) = {¢,{a},{b},{c},{a,c},{b,c},X}. In the space X, then the subset {a} is both (1,2)*-sg-
closed set and (1,2)*-gs-closed set but not (1,2)*-g,-closed.

Proposition 3.14. In a space (X,711,72), every (1,2)*-g4-closed set is (1,2)*-gsp-closed.
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Proof. Let A be an (1,2)*-g,-closed set and U be any 71 2-open set containing A. Since any 71 2-
open set is (1,2)*-G-open, then 11 2-spcl(A) S 11 2-cl(A) cU. Hence A is (1,2)*-gsp-closed. [

Remark 3.15. The converse of Proposition |3.14| need not be true as seen from the following
example.

Example 3.16. In Example we have (1,2)*-gspC(X) = {¢,{a},{c},{a,b},{a,c},{b,c},X}. In
the space X, then the subset {a,b} is (1,2)*-gsp-closed set but not (1,2)*-g,-closed.

Remark 3.17. The following Examples show that (1,2)*-g,-closedness is independent of (1,2)*-
semi-closedness and (1,2)*-g-closedness.

Example 3.18. In Example [3.13] we have (1,2)*-sC(X) = {¢,{a},{b},{c},{a,c},{b,c},X}. In the
space, then the subset {b} is (1,2)*-semi-closed set but not (1,2)*-g,-closed.

Example 3.19. In Example we have (1,2)*-sC(X) = {¢,{c},X}. In the space, then the subset
{b,c} is (1,2)*-g4-closed set but not (1,2)*-semi-closed.

Example 3.20.Let X = f{a,b,c} with 77 = {¢,{a},X} and 72 = {¢,{a,b},X} then
712 = {¢,{a},{a,b},X}. We have (1,2)*-g,C(X) = {p,{b},{c},{b,c},X} and (1,2)*-gC(X) =
{¢,{c},{a,c},{b,c},X}. In the space, then

(i) the subset {b} is (1,2)*-g,-closed set but not (1,2)*-g-closed.

(ii) the subset {a,c} is (1,2)*-g-closed set but not (1,2)*-g.-closed.

Remark 3.21. From the above discussions are obtain in the following diagram.

(1,2)*-g-closed <« (1,2)*-g-closed < 71 ,9-closed
U U U
(1,2)*-ag-closed <« (1,2)*-g,-closed < (1,2)*-a-closed
U U U

(1,2)*-gsp-closed < (1,2)*-sg-closed <= (1,2)*-semi-closed

v

4. Properties of (1,2)*-g.-closed Sets
Definition 4.1. The intersection of all (1,2)*-G-open subsets in (X,71,72) containing A is said
to be a (1,2)*-G-kernel of A and denoted by (1,2)*-G-ker(A).
Lemma 4.2. A subset A of (X,11,72) is (1,2)*-g4-closed <> 11 9-acl(A)<(1,2)*-G-ker(A).

Proof. Suppose that A is (1,2)*-g,-closed. Then (1,2)*-acl(A) < U whenever A cU and U
is (1,2)*-G-open. Let x ¢ 71 2-acl(A). If x ¢ (1,2)*-G-ker(A), then there is (1,2)*-G-open set U
containing A such that x ¢ U. Since U is (1,2)*-G-open set containing A, we have x ¢ 71 2-acl(A)
and this is a contradiction.

Conversely, let 71 2-acl(A) =(1,2)*-G-ker(A). If U is any (1,2)*-G-open set containing A, then
T12-acl(A) =(1,2)*-G-ker(A) cU. Therefore, A is (1,2)*-g,-closed. O
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Proposition 4.3. If A and B are (1,2)*-g,-closed sets in (X,71,72), then AUB is (1,2)*-g,-
closed in (X,71,79).

Proof. If AUBcU and U is (1,2)*-G-open, then A cU and B< U. Since A and B are (1,2)*-
ga-closed, U 211 2-acl(A) and U 2 11 2-acl(B) and hence U 2 11 2-acl(A)UT12-acl(B) = T12-
acl(AUuB). Thus AUB is (1,2)*-g4-closed in (X, 71, 72). O

Proposition 4.4. If a set A is (1,2)*-g,-closed in (X,71,72) and A S B S 119-acl(A), then B is
(1,2)*-gq-closed in (X,71,72).

Proof. Let U be (1,2)*-G-open set in (X,71,72) such that B U. Then A c U. Since A is an
(1,2)*-g ,-closed set, T12-acl(A) cU. Also 112-acl(B) = t12-acl(A) < U. Hence B is also an
(1,2)*-gq-closed in (X,71,72). O

Proposition 4.5. If A is (1,2)*-G-open and (1,2)*-g4-closed in (X,71,72), then A is (1,2)*-a-
closed in (X,71,79).

Proof. Since A is (1,2)*-G-open and (1,2)*-g-closed, 71 2-acl(A) < A and hence A is (1,2)*-a-
closed in (X, 71,79). O

Proposition 4.6. For each x € X, either {x} is (1,2)*-G-closed or {x}¢ is (1,2)*-g4-closed in
(X,71,72).

Proof. Suppose that {x} is not (1,2)*-G-closed in (X,71,72). Then {x}° is not (1,2)*-G-open and
the only (1,2)*-G-open set containing {x}° is the space X itself. Therefore 71 2-acl({x}°) = X and
so {x}¢ is (1,2)*-g-closed in (X,71,72). O

Definition 4.7. A subset A of a space (X,71,72) is said to be (1,2)*-Ag-set if A =(1,2)*-G-
ker(A).

Definition 4.8. A subset A of a space (X,71,72) is called (1,2)*-Ag-closed if A = SN T where S
isa (1,2)*-Ag-set and T is (1,2)*-a-closed.

The complement of (1,2)*-Ag-closed set is called (1,2)*-Ag-open set.
The collection of all (1,2)*-Ag-closed (resp. (1,2)*-Ag-open) sets in (X, 71,72) is denoted by
(1,2)*-A5C(X) (resp. (1,2)*-150(X)).

Lemma 4.9. For a subset A of a topological space (X,71,72), the following conditions are
equivalent.

(i) Ais (1,2)*-Ag-closed.
(i) A=Snt12-acl(A) where S is a (1,2)*-Ag-set.
(iii) A =(1,2)*-G-ker(A)N T12-acl(A).
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Lemma 4.10. In a space (X,11,T2),
(i) every (1,2)*-a-closed set is (1,2)*-Ag-closed.
(ii) every (1,2)*-Ag-set is (1,2)*-Ag-closed.

Remark 4.11. The converses of Lemma [4.10| need not be true as seen from the following
examples.

Example 4.12. Let X ={a,b,c,d,e} with 71 = {¢,{a},X} and 72 = {¢p, X} then 712 = {¢,{a}, X},
we have
1) (1,2)*-aC(X) = {¢, {b},{c},{b,c},X} and (1,2)*-A5C(X) = p(X). In the space X, then the
subset {a} is (1,2)*-/1g-closed set but not (1,2)*-a-closed.
(i) (1,2)*-Ag-sets are {¢,{a},{a,b},{a,c},X} and (1,2)*-15C(X) = p(X). In the space X, then
the subset {b} is (1,2)*-1g-closed set but not (1,2)*-Ag-set.

Theorem 4.13. For a subset A of a topological space (X,711,T9), the following conditions are
equivalent.

(1) A is (1,2)*-a-closed.
(i) A is (1,2)*-g, and (1,2)*-/19.

Proof. (i)=(ii). Obvious.

(ii)=(). Since A is (1,2)*-g-closed, so by Lemma T19-acl(A) =(1,2)*-G-ker(A). Since A
is (1,2)*-Ag-closed, so by Lemma 4.9, A =(1,2)*-G-ker(A)N112-cl(A) = 71,2-cl(A). Hence A is
(1,2)*-a-closed. O

Remark 4.14. The following examples show that concepts of (1,2)*-g,-closed sets and (1,2)*-
Ag-closed sets are independent of each other.

Example 4.15. In Example we have (1,2)*-g,C(X) = {¢,{b},{c},{b,c},X} and (1,2)*-
AgC(X) = p(X). In the space X, then the subset {a} is (1,2)*-Ag-closed set but not (1,2)*-
g a-closed.

Example 4.16. In Example we have (1,2)*-g,C(X) = {¢,{c},{a,c},{b,c},X} and (1,2)*-
AgC(X) = {¢,{a},{b},{c}, {a,b},X}. In the space X, then the subset {a} is (1,2)*-Ag-closed set but
not (1,2)*-g,-closed.

v

5. (1,2)*-g.-Locally Closed Sets and It’s Property

Definition 5.1. Let (X,71,72) be a bitopological space. A subset A of X is called (1,2)*-gq-
Locally closed sets (briefly (1,2)*-g,-Lc) if A =S NT where S is (1,2)*-G-open and T is (1,2)*-
a-closed in (X, 71,72).

Example 5.2. In Example [3.4], we have the subset {a} is (1,2)*-g,-Lec-set in X.
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Proposition 5.3. In a space (X,71,72), every (1,2)*-G-open set is (1,2)*-g 4-Lc-set.
Remark 5.4. The converse of Proposition 5.3 need not be true seen from the following Example.

Example 5.5. In Example[3.4] we have (1,2)*-g,-Le-sets are {¢,{a},{b},{c},{a,b},X} and (1,2)*-
G-open sets are {¢,{a},{b},{a,b},X}. In the space X, then the subset {c} is (1,2)*-g,-Lc-set but
not (1,2)*-G-open.

Proposition 5.6. In a space (X,71,72), every (1,2)*-a-closed set is (1,2)*-g o-Lc-set.
Remark 5.7. The converse of Proposition need not be true seen from the following Example.

Example 5.8. In Example [3.4] we have (1,2)*-g,-Le-sets are {¢,{a}, {b},{c},{a,b},X} and (1,2)*-
aC(X) = {¢,{c},X}. In the space X, then the subset {a} is (1,2)*-g,-Lc-set but not (1,2)*-a-
closed.

Theorem 5.9. Let (X,71,72) be a bitopological space and A a subset of X. Then, A is (1,2)*-a-
closed < (1,2)*-g,-closed and (1,2)*-g ,-Lc-set.

Proof. Let A be an (1,2)*-a-closed. By Propositions and A is (1,2)*-g,-closed and
(1,2)*-go-Le-set.

Conversely, let A=SNT. Then S is (1,2)*-G-open and T is (1,2)*-a-closed. Since A is (1,2)*-
ga-closed, T12-cl(A) S S. Also 112-cl(A) S 112-cl(T)=T. We have 11 2-cl(A)=SNT =A. Hence
A is (1,2)-a-closed. O

Remark 5.10. The following Example shows that the concepts of (1,2)*-g,-closed sets and
(1,2)*-g 4-Le-sets are independent of each other.

Example 5.11. In Example[3.4] we have (1,2)*-g,-Lc-sets are {¢,{a}, {b}, {c},{a, b}, X} and (1,2)*-
8.C(X)={¢,{c},{a,c},{b,c},X}. In the space X, then
(i) the subset {a} is (1,2)*-g,-Lc-set but not (1,2)*-g,-closed.

(ii) the subset {a,c} is (1,2)*-g,-closed set but not (1,2)*-g,-Lc-set.

6. Conclusion

This paper extend an temptation to the budding mathematicians to make use of these above
concept in several area for better understanding and can be applied in other fields of science
and technology which always craves for new applications to solve troubles that baffle experts.
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