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Abstract. This paper deals with a sequence of the combination of Bernstein polynomials with a
positive function 7 and based on a parameter s > —%. These polynomials have preserved the functions
1 and 7. First, the convergence theorem for this sequence is studied for a function f € C[0,1]. Next,
the rate of convergence theorem for these polynomials is descript by using the first, second modulus
of continuous and Ditzian-Totik modulus of smoothness. Also, the Quantitative Voronovskaja and
Griiss-Voronovskaja are obtained. Finally, two numerical examples are given for these polynomials by
chosen a test function f € C[0,1] and two functions for 7 to show that the effect of the different values
of s and the different chosen functions 7.
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1. Introduction

For a function f € C[0,1], the well-known Bernstein polynomials [1] are defined as:
” k
B(f;x)=) bn,k(x)f(—) (1.1)
k=0 n

where b,(x) = (})x*(1-x)""* and x € [0, 11.


http://doi.org/10.26713/cma.v13i3.1619
https://orcid.org/0000-0002-3409-416X
https://orcid.org/0000-0002-7271-2360

1238 The Combination of Bernstein Polynomials with Positive Functions. . . : A. J. Mohammad and R. F. Katham

Voronovskaya ([11], [3]) showed that the convergence of B, (f;x) to f(x) as n — oo is slow

but sure
lim n{B(f;2) - f(x)} = ().

King [5] introduced a new modlﬁcatlon of the sequence Bernstein polynomials for f —

x(1—x)

B,(f)or,(x) for r,(x) € C[0,1] which is preserved two functions 1 and x? as follows:

” k
Va(fim)= 3 (”)(rnu))k(l—rn(x»"—kf(—), (12)
i=o\k n
where
) {xz, n=1,
rp(x) = ~
_—2(n1_1) + \/(m)xz + 4(7L£1)2 9 n = 2’ 37- DY

For the parameter s > —1/2, Pallini [9] introduced another modification of Bernstein

polynomials as:

Bu(f;2) = Z b s@f (x+

-1
k- x) (1.3)

For a given functlon 7:[0,1] - R, R is the real field, with the properties 7(0) =0, (1) =1
and 7'(x) >0, V x €[0,1]. Gonska et al. [4] are modified the King sequence by considered the

following combinations of B, and 7:
Bn,rf:anO(BnT)_loT, feCl[0,1]

which preserved 1 and 7. Their definition leads to the following sequence:
n
Bn,‘r(f;x) = Z bn,k,r(x)f(x) (1.4)
k=0

and bn,k,r(x) = bn,k(T(x))
Mohiuddine et al. [7] are dealt with the genuine Bernstein-Durrmeyer polynomials which
preserved certain functions. Also, they are presented Quantitative and Griiss-Voronovskaja [8]

as:
n—1 1
Ul(fi0=(-1) Y bypr(x) fo (f o™ )Dbp_ 1411
k=1

+0,0:X)(F 0T IN0) + by ()(f 0T 1)) (1.5)

For a and 8 two parameters such that 0 < a < 8, Srivastava et al. [10]] construct Stancu-type

of A-Bernstein operators

ﬁ(f x) = Z b k(x)f(

k+a) (1.6)

+p

This paper define and study for a given function 7 and a parameter s > —% the following

sequence:

Buralfi)= Y. b T(x)(for_l)(w T(x)), WD
k=0
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First, the convergence of B, ; s(f,x) to the function f is shown. Then, the rate of convergence
of B, ; s(f;x) in terms of the first, second-order modulus of continuity and Ditzian-Totik modulus
of smoothness are studied. Next, the Quantitative and Griiss-Voronovskaja are discussed.
Finally, two numerical examples are given for these polynomials by taking a test function
f € C[0,1] and two functions for 7 to show that the effect of the different values of s and the

different functions 7 on the polynomials B, ; s(f;x).

2. Primary Results

This section has introduced some fundamentals that help in the proofs of the coming results of

this work.

Definition 2.1 ([2]). Let & € R, the k-th order of modulus of smoothness is given:
k s

Z(—l)k—f( ) fx+j6) }

Jj=0 J

The classical k-th order modulus of smoothness has the following properties:
If f € CY[0, 1], then for all 0 < h < % there are functions v € C?*2[0,1] such that
@) 1f? =o' P < Jwa(F Vs h);

i) [0 9*V) < 201(fP;h);

(i) 09 < 2y we(fD;h).

wr(f;h) = sup {
16|<h
x+joel

Lemma 2.1 ([6,8]). For e;(t)=t!, i =0,1,2, the following properties are:
(1) B, (eg;x)=1;
(ii) B (e1;x) = 7(x);

(ifi) Bprleg;x)=(1-1)72(x)+ 22,

Lemma 2.2. The properties to By, ; s(e;(7);x) are:
(1) Bn,r,s(QO;x) =1;

(i1) Bjs(e1;x) =1(x);

coe 2
(i) Bprs(eg;x) =72(x) - 5 + S8

Proof. By using the properties of Bernstein polynomials, it easy to prove. O

Definition 2.2. For m e N?:={0,1,2,...}. The m-th order moments for By, 1.5(f;x) is defined as:
Bn,r,s((T(t) - T(x))m,x)

nms

Thomzs(x)=

Lemma 2.3. For the function Ty, p, 1 s(x), one has:
() Tn,O,T,s(x) =1;
(ii)) Tp,1,7,5(x)=0;
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(iii) Tn,2,r,s(x) = w;

(iV) Tn,4,T,s(x) — (3n—6)14(x)—(6n—12)13(x)+(7n—7)12(x)+r(x).

nds+3

Proof. From the properties in Lemma one gets the results above. O

4,7, (%) 3
n,2,7,s(x) = nZs+l

Lemma 2.4. For n € N, we calculate ;

Proof. For x €[0, 1] and using Lemma one has
Tpars®)  (Bn-6)1*x)—(6n-12)13x) +Bn -1 +1(x)  n>*!

Tpoqrs(x) nis+3 T(x)(1 - 7(x))

B 3(n-2)1(r-1)-3(n-2)1
- n23+2

3(n-2)
<
- n28+2

3

= n23+1 : O

Lemma 2.5. For f € C?[0,1] and x €[0,1]. Then |Bprs(f, ) < fIl, where | - || is the sup-norm
on [0,1].
Proof. By using B, ; s(1,x) =1, one has that
Br,rs(f, 0] < If 0T HBpr,s(1,2)
=1fI. O

3. The Main Results

This section is proved some approximation properties for modulus of smoothness for B, ; s(f,x).

Theorem 3.1. For f € C?[0,1] and x € [0,1]. Then one has
By ralf )~ fl) < T2 D (Ilf”ll Al ||T~||)

n2s+l a’ ad

Proof. By Taylor’s expansion formula:

(%)
F@) =(f ot Hr(x) + ((#) — T())(f o7 1) 1(x) + f (for Y (w)r(@®) - uw)du

T7(x)

and, since

1(t) ,
f e W - wdu

{0 £ 1)) fﬂt) £ w)r" (1 w)
= ) —u)——du— t)—
fm) R Y3  Chi ML 7 T e
So, one has,
Bural£,01 = G+ B | Y- LW g, )
nnstl W= FRXIT Bnrs () e T ) ) A
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@ fla )t w)
—Bn,r,s(fr(x) (x-S ).

Put @? = /(" 1w)))?, a® = (¢'(+71(w)))3, then

a2 as

|Bn,T,s(f,x)_f(x)| SBn,r,s((T(t)_T(x))z;x)(”f ” + Al ”)

ST(x);(ffD(HZz” LIf EXI;T ||). -
Theorem 3.2. For f € C1[0,1], x€[0,1]
Bp1s(f,2) = F@)] < pr@)w1((f 0T~ ); pp(x)).
Proof. Using the Taylor’s expansion
@) =(for Hr) + @@ —t@)for M 1(x)+ f ::)(f ot (W) x(t) - u)du
and applying B, . s(f,x), one gets
IBn,z,s(f,%)— f(X)| =Bp s (f;:)(f o 1Y (u)(z(t) - u)du.) )
By the modulus of continuity
B9~ [0 2T 2@ {14 1T s bon o7 i)
< \/To 2 s@w1(f o771 + [T 2.0 @01 (F 077 1):1)
<21/ Ty .r @01 0715/ T .r52)
=20, (@w1((f 0T 1); pn(x)). O

Theorem 3.3. Let f € C2[0,1] then the polynomials B, 1 s(f,x) are verify:
T(x)(t(x)—1) ( 3

n2s+1 "2

517"
had

3
IBp.rs(f,2)—f(x)| < §w2((for‘1,h)+ wo((for 1 h)+ w1((for 1, h)|.

Proof.
IBn,r,s(f,%) = f() = |Bpzs(f,x) = Bprs(v,%) +Bp 1 s(v,x) —v(x) + v(x) — f(x)]
<|Bp1,s(f —0,2)| + 1By 1,s(v,%) — v(x)] + [v(x) — f(x)].

Applying Theorem
() (T(e) =1 ("1 ']
=2|f —vl+ — 557 2 P )

T(x)(7(x) = 1)

3 -1
< ng((for Jh)+ TS

3
2h2a?

507"l 1
ol w1((fot ,h)). O

wa((Fot hh)+
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4. Voronovskaja-Type Theorem

Voronovskaja is the most important theorem in approximation theory to pointwise convergence

result, in this work Taylor’s expansion formula will be dependent to prove the result.

Theorem 4.1.
-1
By s(f,x)— f(x) - %(f o1 7(x)
1 1] 38
= §Tn,2,r,s(x)(1)( ,g n2s+1) .

Proof. By quantitative Voronovskaja theorem [4]]
%, :Cl0,1]— CI0,1]

then
‘fn,(f,x) — f) = F () ptn 1 () — %f”(x),un,z(x)

<-— (x)o ";—‘/’— ,
2,un,2 (f 3 ,Un,z(x))
by applied B, ; s(f,x) then

1
B s(f,x)—f(x)— f,(x)Tn,l,T,s(x) - Ef”(x)Tn,Zr,s(x)

1 1 |Thars(x)
1 e, Z | ZATS
5 n,2,r,s(x)‘“(f 3@)

1 1—
Brs(f,2) = @) - éf"(x)w

1 A | 3
= §Tn,2,‘[,s(x)w ( > § n2s+1 ) . O

Theorem 4.2. Let f, g be two functions such that f,g € C?[0,1]
f'(x)g'(x)
[7'(x)1

Bn,‘r,s (fg;x) _Bn,‘r,s(f§x)Bn,‘r,s(g;x) - Tn,2,‘r,s(x)
1 o -1 1
= §Tn,2,r,s(x)w((fg°'f ) 5tn)

i 1 ].
+lglld(fgor™1) st +IIflo((fgor™) tn)+ 3 Tn 2, ().

Proof.
fl(x)g'(x)
[7/(x)]?

1
=Bn,r,s(fg;x)—(fg)(x)—§T \ )(fgor 1) t(x)

Bn,r,s(fg;x) _Bn,r,s(f;x)Bn,T,s(g;x) - Tn,Z,T,s(x)
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_ f(x) 1)//

1
Bn,r,s(g;x)_g(x)_ ET (x)got™) 1(x)

n,2,7,s

1
Bn,‘r,s(f;x) - f(x) - ET 0 (.X')(f o Tl)"T(x)

-8(x)

+ [f(x)_Bn,r,s(f;x)][Bn,T,s(g;x)_g(x)]
=yl +1lyel +lysl+lyal,

1] < T(x)(1—-7(x)) | ol(Fgo . 1 [pna(x)
11 n2s+1 3 n,2(x) ’
T(x)(1-1(x)) , n 1 | pna(x)
|Y2|S||f||T (( ) 3 ,un2( ))
T(x)(1—1(x)) n 1| pna(x)
lysl<llg ”T ((f ) 3 ™ 2(x))

Since

IBn.r.s(f32) = F(0)] < =Bp1.s(f o1 "7(6) (1) — 7(x))?; %)

— DN | =

1
= _“fOT ”Tn,2,r,s(x)

_ 1@ - 1)
=gt 107

=1,(f,x).

[\

f(x)g'(x)
[7/(x)]?

()1 -1(x)) y'. 1 Hn a(x T(x)(1—-1(x)) . n 1 [ pn,ax)
=T e Y ((f '8\ hn ol ))”'”T (( ™ 3Vun2(x>)
T(x)(1-71(x)) . u 1 [pna(x)
+ g ”T ((f g\/ ,Un,z(x)) +1,(f,x)-I,(g,x). O

Corollary 4.1. For f € C1[0,1]

Bprs(f,0)— F)] < W ((f

Bn,‘r,s(fg;x) _Bn,T,s(f;x)Bn,T,s(g;x) - Tn,2,‘r,s(x)

2T(x)(1 T(x)))
vn

5. Numerical Result

This section shows that the effect of the approximation by the numerical example,
the polynomials B, ; s(f,x) will application by given s ={0,0.5,1} and two different functions
7(x) to see the faster convergence for the same test function.

Example 5.1. Let f = y/xcos(10x), 7(x) = 2’“;”, the polynomials B, , o(f,x), B, ,03(f,x) and
By, 1.1(f,x) given in Figure[I| when n =8 and Figure[2) when n = 15.
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0.8 0
0.61 0.6
0.41 0.41
021 02

‘ 0.2 08 I ’ 0.2 0.8 i
-0.2- 021
o4 0.4
e ~0.6-

Figure 1. When n = 8, black= £(x), Figure 2. When n = 15, black= f(x),

green= B, ;. 0.3(f,x), green= By 0.3(f,x),
blue= B, x,o)(}"‘,x), blue= Bn,x,O(fyx),

red=Bn,x,1(f,x) red= Bn,x,l(fax)

0.7
0.71
0.6 0.6
0.5 0.5+
0.41 0.41
y y
0.31 0.3
0.21 0.2
0 0.11
0_
0 02 0.4 0.6 0.8 1 0 . . , , ,
x 0 0.2 0.4 0.6 0.8 1

Figure 3. The error when n =20,
blue= Bn,x,O(f, x),
green= By, y 0.3(f,%),
red= B, , 1(f,x)

Figure 4. The error when n = 80,
blue= B, x o(f,x),

green= Bn,x,0.3(f’x)’
red= B,  1(f,x)

The error will be interpreted by the graph in Figures[3|and
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Example 5.2. Let f = /xcos(10x), 7(x) = sin(%x), the error of the convergent polynomials
By x0(f,%), Bnro3(f,x) and B, 1(f,x) given in Figure [, Figure [5| when n =8, n = 15,

respectively.

0.81 0.81
0.6' 06'
0.4 0.4
0.21 0.2
0 ; 0 ; ; ,
0.2 0.2 0.8 1
-0.2- -0.2+
-0.41 -0.41
0.6 -0.64
Figure 5. When n = 20, black= f(x), Figure 6. When n = 80, black= f(x),
green= B, , 0.3(f,x), green= B,  0.3(f,x),
blue= B, 1 o(f,x), blue= B, . o(f,x),
red= Bn,x,l(f,x) red= Bn,x,l(fax)
Figures[7] and [§| explain the error graphically.
12 12
1 1
0.8 0.8
" 0.6 ” 061
0.41 0.41
0.21 0.21
O T = T \'/ T ! 0 T T T v T 1
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1

Figure 7. The error when n =38, Figure 8. The error when n =15,

blue:Bn,x,O(f;x)a blueanxO(f,x),
green= B, . 0.3(f,x), green= B’nyx 0.3(f,%),
red= By .1(f ) red=By.1(/,)
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6. Conclusion
The theoretical study of this paper has constructed the polynomials B, ; ;(f,x) which are

drove from Bernstein polynomials. Also, the rate of convergence of these polynomials has
been studied and given by the rate of convergence of the modulus of smoothness. Next, the
pointwise convergence properties have discussed. On the second hand, a numerical study of
these polynomials has been done by given two numerical examples which have explained that
these polynomials have faster and more accurate than Bernstein polynomials whenever s > 0 is

increasing.
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