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Abstract. This paper deals with a sequence of the combination of Bernstein polynomials with a
positive function τ and based on a parameter s >−1

2 . These polynomials have preserved the functions
1 and τ. First, the convergence theorem for this sequence is studied for a function f ∈ C[0,1]. Next,
the rate of convergence theorem for these polynomials is descript by using the first, second modulus
of continuous and Ditzian-Totik modulus of smoothness. Also, the Quantitative Voronovskaja and
Grüss-Voronovskaja are obtained. Finally, two numerical examples are given for these polynomials by
chosen a test function f ∈ C[0,1] and two functions for τ to show that the effect of the different values
of s and the different chosen functions τ.
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1. Introduction
For a function f ∈ C[0,1], the well-known Bernstein polynomials [1] are defined as:

Bn( f ; x)=
n∑

k=0
bn,k(x) f

(
k
n

)
(1.1)

where bn(x)= (n
k
)
xk(1− x)n−k and x ∈ [0,1].
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Voronovskaya ([11], [3]) showed that the convergence of Bn( f ; x) to f (x) as n →∞ is slow

but sure

lim
n→∞n{Bn( f ; x)− f (x)}= x(1− x)

n
f ′′(x) .

King [5] introduced a new modification of the sequence Bernstein polynomials for f →
Bn( f )◦ rn(x) for rn(x) ∈ C[0,1] which is preserved two functions 1 and x2 as follows:

Vn( f ; x)=
n∑

k=0

(
n
k

)
(rn(x))k(1− rn(x))n−k f

(
k
n

)
, (1.2)

where

rn(x)=
{

x2, n = 1,

− 1
2(n−1) +

√( n
n−1

)
x2 + 1

4(n−1)2 , n = 2,3, . . . .

For the parameter s > −1/2, Pallini [9] introduced another modification of Bernstein

polynomials as:

Bn,s( f ; x)=
n∑

k=0
bn,k(x) f

(
x+ n−1k− x

n−s

)
. (1.3)

For a given function τ : [0,1] → R, R is the real field, with the properties τ(0) = 0, τ(1) = 1

and τ′(x) > 0, ∀ x ∈ [0,1]. Gonska et al. [4] are modified the King sequence by considered the

following combinations of Bn and τ:

Bn,τ f = Bn f ◦ (Bnτ)−1 ◦τ, f ∈ C[0,1]

which preserved 1 and τ. Their definition leads to the following sequence:

Bn,τ( f ; x)=
n∑

k=0
bn,k,τ(x) f (x) (1.4)

and bn,k,τ(x)= bn,k(τ(x)).

Mohiuddine et al. [7] are dealt with the genuine Bernstein-Durrmeyer polynomials which

preserved certain functions. Also, they are presented Quantitative and Grüss-Voronovskaja [8]

as:

Uτ
n( f ; x)= (n−1)

n−1∑
k=1

bn,k,τ(x)
∫ 1

0
( f ◦τ−1)(t)bn−1,k−1(t)dt

+bn,0,τ(x)( f ◦τ−1)(0)+bn,n,τ(x)( f ◦τ−1)(1). (1.5)

For α and β two parameters such that 0≤α≤β, Srivastava et al. [10] construct Stancu-type

of λ-Bernstein operators

Bλ
n,α,β( f ; x)=

n∑
k=0

b∼
n,k(x) f

(
k+α
n+β

)
. (1.6)

This paper define and study for a given function τ and a parameter s >−1
2 the following

sequence:

Bn,τ,s( f ; x)=
n∑

k=0
bn,k,τ(x)( f ◦τ−1)

(
n−1k−τ(x)

ns +τ(x)
)
. (1.7)
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First, the convergence of Bn,τ,s( f , x) to the function f is shown. Then, the rate of convergence

of Bn,τ,s( f ; x) in terms of the first, second-order modulus of continuity and Ditzian-Totik modulus

of smoothness are studied. Next, the Quantitative and Grüss-Voronovskaja are discussed.

Finally, two numerical examples are given for these polynomials by taking a test function

f ∈ C[0,1] and two functions for τ to show that the effect of the different values of s and the

different functions τ on the polynomials Bn,τ,s( f ; x).

2. Primary Results

This section has introduced some fundamentals that help in the proofs of the coming results of

this work.

Definition 2.1 ([2]). Let h ∈R, the k-th order of modulus of smoothness is given:

ωk( f ;h)= sup
|δ|≤h

x+ jδ∈I

{∣∣∣∣∣ k∑
j=0

(−1)k− j

(
k
j

)
f (x+ jδ)

∣∣∣∣∣
}

.

The classical k-th order modulus of smoothness has the following properties:

If f ∈ Cq[0, 1], then for all 0< h < 1
2 there are functions v ∈ Cq+2[0,1] such that

(i) ∥ f (q) −v(q)∥ ≤ 3
4ω2( f (q);h);

(ii) ∥v(q+1)∥ ≤ 5
hω1( f (q);h);

(iii) ∥v(q+2)∥ ≤ 3
2h2ω2( f (q);h).

Lemma 2.1 ([6,8]). For e i(t)= ti , i = 0,1,2, the following properties are:
(i) Bn,τ(e0; x)= 1;

(ii) Bn,τ(e1; x)= τ(x);

(iii) Bn,τ(e2; x)= (
1− 1

n
)
τ2(x)+ τ(x)

n .

Lemma 2.2. The properties to Bn,τ,s(e i(τ); x) are:
(i) Bn,τ,s(e0; x)= 1;

(ii) Bn,τ,s(e1; x)= τ(x);

(iii) Bn,τ,s(e2; x)= τ2(x)− τ2(x)
n2s+1 + τ(x)

n2s+1 .

Proof. By using the properties of Bernstein polynomials, it easy to prove.

Definition 2.2. For m ∈N0 := {0,1,2, . . . }. The m-th order moments for Bn,τ,s( f ; x) is defined as:

Tn,m,τ,s(x)= Bn,τ,s((τ(t)−τ(x))m; x)
nms .

Lemma 2.3. For the function Tn,m,τ,s(x), one has:
(i) Tn,0,τ,s(x)= 1;

(ii) Tn,1,τ,s(x)= 0;
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(iii) Tn,2,τ,s(x)= τ(x)(1−τ(x))
n2s+1 ;

(iv) Tn,4,τ,s(x)= (3n−6)τ4(x)−(6n−12)τ3(x)+(7n−7)τ2(x)+τ(x)
n4s+3 .

Proof. From the properties in Lemma 2.2, one gets the results above.

Lemma 2.4. For n ∈ N , we calculate Tn,4,τ,s(x)
Tn,2,τ,s(x) ≤ 3

n2s+1 .

Proof. For x ∈ [0, 1] and using Lemma 2.2, one has
Tn,4,τ,s(x)
Tn,2,τ,s(x)

= (3n−6)τ4(x)− (6n−12)τ3(x)+ (3n−7)τ2(x)+τ(x)
n4s+3

n2s+1

τ(x)(1−τ(x))

= 3(n−2)τ(τ−1)−3(n−2)τ
n2s+2

≤ 3(n−2)
n2s+2

≤ 3
n2s+1 .

Lemma 2.5. For f ∈ C2[0,1] and x ∈ [0,1]. Then |Bn,τ,s( f , x)| ≤ ∥ f ∥, where ∥ · ∥ is the sup-norm
on [0,1].

Proof. By using Bn,τ,s(1, x)= 1, one has that

|Bn,τ,s( f , x)| ≤ ∥ f ◦τ−1∥Bn,τ,s(1, x)

= ∥ f ∥.

3. The Main Results
This section is proved some approximation properties for modulus of smoothness for Bn,τ,s( f , x).

Theorem 3.1. For f ∈ C2[0,1] and x ∈ [0,1]. Then one has

|Bn,τ,s( f , x)− f (x)| ≤ τ(x)(τ(x)−1)
n2s+1

(∥ f ′′∥
α2 + ∥ f ′∥∥τ′′∥

α3

)
.

Proof. By Taylor’s expansion formula:

f (t)= ( f ◦τ−1)τ(x)+ (τ(t)−τ(x))( f ◦τ−1)′τ(x)+
∫ τ(t)

τ(x)
( f ◦τ−1)′(u)(τ(t)−u)du

and, since∫ τ(t)

τ(x)
( f ◦τ−1)

′
(u)(τ(t)−u)du

=
∫ τ(t)

τ(x)
(τ(t)−u)

f ′′(τ−1(u))
(τ′(τ−1(u)))2 du−

∫ τ(t)

τ(x)
(τ(t)−u)

f ′(τ−1(u))τ′′(τ−1(u))
(τ′(τ−1(u)))3 du .

So, one has,

|Bn,τ,s( f , x)| = f (x)+Bn,τ,s

(∫ τ(t)

τ(x)
(τ(t)−u)

f ′′(τ−1(u))
(τ′(τ−1(u)))2 du; x

)
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−Bn,τ,s

(∫ τ(t)

τ(x)
(τ(t)−u)

f ′(τ−1(u))τ′′(τ−1(u))
(τ′(τ−1(u)))3 du; x

)
.

Put α2 = (τ′(τ−1(u)))2, α3 = (τ′(τ−1(u)))3, then

|Bn,τ,s( f , x)− f (x)| ≤ Bn,τ,s((τ(t)−τ(x))2; x)
(∥ f ′′∥
α2 + ∥ f ′∥∥τ′′∥

α3

)
≤ τ(x)(τ(x)−1)

n2s+1

(∥ f ′′∥
α2 + ∥ f ′∥∥τ′′∥

α3

)
.

Theorem 3.2. For f ∈ C1[0,1], x ∈ [0,1]

|Bn,τ,s( f , x)− f (x)| ≤ ρn(x)ω1(( f ◦τ−1);ρn(x)).

Proof. Using the Taylor’s expansion

f (t)= ( f ◦τ−1)τ(x)+ (τ(t)−τ(x))( f ◦τ−1)′τ(x)+
∫ τ(t)

τ(x)
( f ◦τ−1)′(u)(τ(t)−u)du

and applying Bn,τ,s( f , x), one gets

|Bn,τ,s( f , x)− f (x)| = Bn,τ,s

(∫ τ(t)

τ(x)
( f ◦τ−1)′(u)(τ(t)−u)du.

)
.

By the modulus of continuity

|Bn,τ,s( f , x)− f (x)| ≤
√

Tn,,2,τ,s(x)
{

1+ 1
h

√
Tn,,2,τ,s(x)

}
ω1(( f ◦τ−1);h)

≤
√

Tn,,2,τ,s(x)ω1(( f ◦τ−1);h)+
√

Tn,,2,τ,s(x)ω1(( f ◦τ−1);h)

≤ 2
√

Tn,,2,τ,s(x)ω1(( f ◦τ−1);
√

Tn,,2,τ,s(x))

= 2ρn(x)ω1(( f ◦τ−1);ρn(x)).

Theorem 3.3. Let f ∈ C2[0,1] then the polynomials Bn,τ,s( f , x) are verify:

|Bn,τ,s( f , x)− f (x)| ≤ 3
2
ω2(( f ◦τ−1,h)+τ(x)(τ(x)−1)

n2s+1

(
3

2h2α
2ω2(( f ◦τ−1,h)+ 5∥τ′′∥

hα3 ω1(( f ◦τ−1,h)
)
.

Proof.

|Bn,τ,s( f , x)− f (x)| = |Bn,τ,s( f , x)−Bn,τ,s(v, x)+Bn,τ,s(v, x)−v(x)+v(x)− f (x)|
≤ |Bn,τ,s( f −v, x)|+ |Bn,τ,s(v, x)−v(x)|+ |v(x)− f (x)|.

Applying Theorem 3.1,

≤ 2∥ f −v∥+ τ(x)(τ(x)−1)
n2s+1

(∥v′′∥
α2 + ∥v′∥∥τ′∥

α3

)
≤ 3

2
ω2(( f ◦τ−1,h)+ τ(x)(τ(x)−1)

n2s+1

·
(

3

2h2α
2ω2(( f ◦τ−1,h)+ 5∥τ′′∥

hα3 ω1(( f ◦τ−1,h)
)
.
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4. Voronovskaja-Type Theorem

Voronovskaja is the most important theorem in approximation theory to pointwise convergence

result, in this work Taylor’s expansion formula will be dependent to prove the result.

Theorem 4.1.∣∣∣∣Bn,τ,s( f , x)− f (x)− τ(x)(τ(x)−1)
n2s+1 ( f ◦τ1)′′τ(x)

∣∣∣∣
≤ 1

2
Tn,2,τ,s(x)ω̌

 f ′′;
1
3

√
3

n2s+1

 .

Proof. By quantitative Voronovskaja theorem [4]

Ln : C[0,1]→ C[0,1]

then ∣∣∣∣Ln,( f , x)− f (x)− f ′(x)µn,1(x)− 1
2

f ′′(x)µn,2(x)
∣∣∣∣

≤ 1
2
µn,2(x)ω̌

(
f ′′;

1
3

√
µn,4(x)
µn,2(x)

)
,

by applied Bn,τ,s( f , x) then∣∣∣∣Bn,τ,s( f , x)− f (x)− f ′(x)Tn,1,τ,s(x)− 1
2

f ′′(x)Tn,2,τ,s(x)
∣∣∣∣

≤ 1
2

Tn,2,τ,s(x)ω̌

(
f ′′;

1
3

√
Tn,4,τ,s(x)
Tn,2,τ,s(x)

)
,∣∣∣∣Bn,τ,s( f , x)− f (x)− 1

2
f ′′(x)

τ(x)(1−τ(x))
n2s+1

∣∣∣∣
≤ 1

2
Tn,2,τ,s(x)ω̌

 f ′′;
1
3

√
3

n2s+1

 .

Theorem 4.2. Let f , g be two functions such that f , g ∈ C2[0,1]∣∣∣∣Bn,τ,s ( f g; x)−Bn,τ,s( f ; x)Bn,τ,s(g; x)−Tn,2,τ,s(x)
f ′(x)g′(x)
[τ′(x)]2

∣∣∣∣
≤ 1

2
Tn,2,τ,s(x)ω̌(( f g ◦τ−1)

′′
; tn)

+∥g∥ω̌(( f g ◦τ−1)
′′
; tn)+∥ f ∥ω̌(( f g ◦τ−1)

′′
; tn)+ 1

4
Tn,2,τ,s(x).

Proof.

Bn,τ,s( f g; x)−Bn,τ,s( f ; x)Bn,τ,s(g; x)−Tn,2,τ,s(x)
f ′(x)g′(x)
[τ′(x)]2

= Bn,τ,s( f g; x)− ( f g)(x)− 1
2

T
n,2,τ,s

(x)( f g ◦τ−1)′′τ(x)
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− f (x)
[
Bn,τ,s(g; x)− g(x)− 1

2
T

n,2,τ,s
(x)(g ◦τ1)′′τ(x)

]
− g(x)

[
Bn,τ,s( f ; x)− f (x)− 1

2
T

n,2,τ,s
(x)( f ◦τ1)′′τ(x)

]
+ [ f (x)−Bn,τ,s( f ; x)][Bn,τ,s(g; x)− g(x)]

= |γ1|+ |γ2|+ |γ3|+ |γ4|,

|γ1| ≤ τ(x)(1−τ(x))
n2s+1 ω̌

(
( f g ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)
,

|γ2| ≤ ∥ f ∥τ(x)(1−τ(x))
n2s+1 ω̌

(
(g ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)
,

|γ3| ≤ ∥g∥τ(x)(1−τ(x))
n2s+1 ω̌

(
( f ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)
.

Since

|Bn,τ,s( f ; x)− f (x)| ≤ 1
2

Bn,τ,s( f ◦τ1)′′τ (ϵ) (τ(t)−τ(x))2; x)

≤ 1
2
∥ f ◦τ1∥Tn,2,τ,s(x)

≤ τ(x)(1−τ(x))
2n2s+1 ∥ f ◦τ1∥

:= In( f , x).∣∣∣∣Bn,τ,s( f g; x)−Bn,τ,s( f ; x)Bn,τ,s(g; x)−Tn,2,τ,s(x)
f ′(x)g′(x)
[τ′(x)]2

∣∣∣∣
≤ τ(x)(1−τ(x))

n2s+1 ω̌

(
( f g ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)
+∥ f ∥τ(x)(1−τ(x))

n2s+1 ω̌

(
(g ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)

+∥g∥τ(x)(1−τ(x))
n2s+1 ω̌

(
( f ◦τ1)

′′
;
1
3

√
µn,4(x)
µn,2(x)

)
+ In( f , x) · In(g, x).

Corollary 4.1. For f ∈ C1[0,1]

|Bn,τ,s( f , x)− f (x)| ≤ 2τ(x)(1−τ(x))p
n

ω1

(
( f ◦τ−1);

2τ(x)(1−τ(x))p
n

)
.

5. Numerical Result
This section shows that the effect of the approximation by the numerical example,

the polynomials Bn,τ,s( f , x) will application by given s = {0,0.5,1} and two different functions

τ(x) to see the faster convergence for the same test function.

Example 5.1. Let f =p
xcos(10x), τ(x) = 2x2+x

3 , the polynomials Bn,x,0( f , x), Bn,τ,0.3( f , x) and

Bn,τ,1( f , x) given in Figure 1, when n = 8 and Figure 2, when n = 15.
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Figure 1. When n = 8, black= f (x),
green= Bn,x,0.3( f , x),
blue= Bn,x,0( f , x),
red=Bn,x,1( f , x)

Figure 2. When n = 15, black= f (x),
green= Bn,x,0.3( f , x),
blue= Bn,x,0( f , x),
red= Bn,x,1( f , x)

Figure 3. The error when n = 20,
blue= Bn,x,0( f , x),
green= Bn,x,0.3( f , x),
red= Bn,x,1( f , x)

Figure 4. The error when n = 80,
blue= Bn,x,0( f , x),
green= Bn,x,0.3( f , x),
red= Bn,x,1( f , x)

The error will be interpreted by the graph in Figures 3 and 4.

Communications in Mathematics and Applications, Vol. 13, No. 3, pp. 1237–1247, 2022
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Example 5.2. Let f = p
xcos(10x), τ(x) = sin

(
π
2 x

)
, the error of the convergent polynomials

Bn,x,0( f , x), Bn,τ,0.3( f , x) and Bn,τ,1( f , x) given in Figure 4, Figure 5 when n = 8, n = 15,

respectively.

Figure 5. When n = 20, black= f (x),
green= Bn,x,0.3( f , x),
blue= Bn,x,0( f , x),
red= Bn,x,1( f , x)

Figure 6. When n = 80, black= f (x),
green= Bn,x,0.3( f , x),
blue= Bn,x,0( f , x),
red= Bn,x,1( f , x)

Figures 7 and 8 explain the error graphically.

Figure 7. The error when n = 8,
blue= Bn,x,0( f , x),
green= Bn,x,0.3( f , x),
red= Bn,x,1( f , x)

Figure 8. The error when n = 15,
blue= Bn,x,0( f , x),
green= Bn,x,0.3( f , x),
red= Bn,x,1( f , x)
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6. Conclusion
The theoretical study of this paper has constructed the polynomials Bn,τ,s( f , x) which are

drove from Bernstein polynomials. Also, the rate of convergence of these polynomials has

been studied and given by the rate of convergence of the modulus of smoothness. Next, the

pointwise convergence properties have discussed. On the second hand, a numerical study of

these polynomials has been done by given two numerical examples which have explained that

these polynomials have faster and more accurate than Bernstein polynomials whenever s > 0 is

increasing.
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