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1. Introduction

The notion of fuzzy set was introduced by Zadeh [16]] in 1965. It is identified as a better tool for
the scientific study of uncertainty, and came as a boost to the researchers working in the field of
uncertainty. Many extensions and generalizations of fuzzy set was conceived by a number of
researchers and a large number of real-life applications were developed in a variety of areas. In
addition to this, parallel analysis of the classical results of many branches of Mathematics were
also carried out in the fuzzy settings. It was initiated by Rosenfeld [13], who coined the idea of
fuzzy subgroup of a group in 1971 and studied some basic properties of this structure.Properties
of fuzzy ideals in near-rings was studied by Hong et al. [5]. Fuzzy ideals in Gamma near-
ring R was discussed by Jun et al. [7,8] and gamma near-rings studied by Satyanarayana
[1]. Meenakumari and Chelvam [[12] have defined fuzzy bi-ideals in gamma near-rings and
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established some properties of this structure. Srinivas and Nagaiah [15] have proved some
results on T'-fuzzy ideals of I'-near-rings. Jun [9] introduced a new notion called a cubic set and
investigated several properties. Kahraman and Gundogdu [4] introduced spherical fuzzy sets
as an extension of picture fuzzy sets. Debabrata Mandal [11] defined the characterizations of
semi-rings by their cubic ideals. Jana et al. [6]] discussed different types of cubic ideals in BCI-
algebras based on fuzzy points. Chinnadurai et al. [2}3]] discussed spherical fuzzy and spherical
interval-valued fuzzy bi-ideals of gamma near-rings. In this research work, we introduce the
notion of spherical cubic bi-ideal of Gamma near-ring R, establish some of its properties and
study the relationship between bi-ideal and spherical cubic bi-ideal of Gamma near-ring R.

2. Preliminaries

In this section we present some definitions which are used in this research.
Let R be a near-ring and I" be a non-empty set such that R is a Gamma near-ring.
A subgroup H of (R,+) is a bi-ideal if and only if HT'RI'H < H.
Let R be a nonempty set. By a cubic set in R we mean a structure .« = {u,A(u),Mu)|u € R} in
which A is an interval-valued fuzzy set in R and A is a fuzzy set in R. A cubic set is simply
denoted by .o7 = (A, ).

A spherical fuzzy set A; of the universe of discourse U is given by,

A, = {u, (liw), ¥(w),Ew) | u e U,

where fi(u): U — [0,1], ¥(u) : U — [0,1] and &(u) : U — [0,1] and 0 < f2(w) + V2(w) + &2(u) < 1,
uel.
For each u, the numbers [i(z), V(x) and &(u) are the degrees of membership, non-membership
and hesitancy of u to A, respectively.
A spherical fuzzy set A5 =(u,v,¢), where p: R —1[0,1], v:R —[0,1] and : R —[0,1] of R is said
to be a spherical fuzzy bi-ideal of R if the following conditions are satisfied:
(i) e —v) = min{u(u), u()},
(i) v(u —v) = min{v(u),v(v)},
(iii) é(uw —v) <max{é(u),E()},
(iv) wuavpw) = min{u(u), W(w)},
(v) v(vavPfw) = min{v(u),v(w)},
(vi) ¢(uavpfw) =max{(u),{(w)},

for all u,v,weR and a,BeT.

3. Spherical Cubic Set

Definition 3.1. Let R be a non-empty set. A spherical cubic set in R is defined by €% s =
{(u, o (w), p(w)), (u, Bs(w),v(w)), (u, €:(uw),(w)) | u € R}, where o, Bs, €5 are interval-valued
spherical sets in R and y, v, ¢ are spherical fuzzy sets in R.

A spherical cubic set €% s = {(u, (), u(w)), (w, Bs(w),v(w)),(u,6s(uw),{(w)) | u € R} is simply
denoted by €% s = {{ot;, 1), {HBs,V),{Es,E)}.

Commaunications in Mathematics and Applications, Vol. 12, No. 4, pp.[1025H1044] 2021



Spherical Cubic Bi-Ideals of Gamma Near-Ring: V. Chinnadurai and V. Shakila 1027

Definition 3.2. Let R be a non-empty set. A spherical cubic set €% s = {(.%s, ), {PBs,V),{Es,E)}
in R is said to be a spherical internal cubic set if

A (w) < pw) < A (W), B (w) <v(w) < B (u) and €, (u) < &u) <E, (w),
for all u e R.

Example 3.3. Let €% s = {{(of;, u),{HBs,v),{€s,E)} be a spherical cubic set in R. If
s(u)=10.4,0.8] and u(u)=0.6, As(u)=[0.3,0.5] and v(u) = 0.4, and
(1) =[0.2,0.6] and é(u) = 0.4,

for all u € R, then €% s is a spherical internal cubic set in R.

Definition 3.4. Let R be a non-empty set. A spherical cubic set €% s = {{(s, u),{PBs,v),{Cs,E)}
in R is said to be a spherical external cubic set if

() & (7 (w), 7, (W), v(u) ¢ (B, (w), B (w) and &(u) ¢ (6, (w),%, (),
for all u e R.

Definition 3.5. Let €% ; = {(.9, u),{As,V),{Es, )} be a spherical cubic set in R. If
(1) =[0.4,0.8] and pu(u) =0.2, $,(u)=10.3,0.5] and v(u) = 0.6, and
%s(1)=10.2,0.6] and é(u) =0.7,

for all u € R, then €% s is a spherical external cubic set in R.

Theorem 3.6. Let €U s = {{els, W), {(ABs,V),{6s,E)} be a spherical cubic set in R, which is not a
spherical external cubic set in R. Then there exist u € R such that

ww) € (y (w), 2, (W), v(u) € (B, (u), By () and &) € (6, (W), €, (w)).
Proof. Given %% s is not a spherical external cubic set in R. Then it is a spherical internal
cubic set in R. Thus there exist u € R such that

pw) € (A, (w), 2, (W), v(u) € (B, (w), B (w) and &(u) € (6, (w), €, (w)). O
Theorem 3.7. Let €U s = {{s, uy,{(PBs, V), {6, &)} be a spherical cubic set in R. If €U s is both

a spherical internal and external cubic set, then

pw(u) € U(els) U L(), v(u) € U(HBs) UL(Hs) and &(u) € U(Cs) U L(6y)
for all u e R, where

U(ots) ={, (u) | u € R} and L(o;) = {, (u) | u R},

U(Bs) ={B; ()| ueR and L(B;) ={B; (u) |u e R},

U(%s) ={%, (w) | u € R} and L(€;) ={€, (u)|ueR}.

Proof. Given the condition that €% s = {{.o7;, u),{ABs,V),{€s,E)} is both a spherical internal and
external cubic set, then

A (w) < pw) < A (W), B (w) <v(w) < B (u) and €, (u) <&u) <E, (w),
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p(w) & (" (w), . (), v(u) ¢ (B, (w), BT (w) and &) € (€, (w), 6, ()
for all u € R. Now,

) = o, (w) or o, (u), v(u) = A, (u) or B (u) and é(u) = E, (u) or 6, (u).
Hence

p(u) € U(s) U L(s), v(u) € U(HB,) U L(X;) and &(u) € U(65) U L(6). O

Definition 3.8. Let Cg%sl = {<VQZ91’N1>9 (f@slavl>7 <Cg81761>} and Cg%sz = {<%2au2>5 («@32,1@),
(€s,,¢2)} be spherical cubic sets in R. Then the equality of spherical cubic set in R is defined as
(5%81 = Cg%sz if and Only lf%l = %2, t%81 = '%Sza (gsl :(gsz and H1= M2, V1 =7V2, 61 = 62-

Definition 3.9.Let €%, = {(sy,11),(Bs,,V1),{Csy,€1)} and CU s, = {(Asy, u2),(Bs,,V2),
(€sy,¢2)} be spherical cubic sets in R. Then P-order is defined as €% s, S, €% s, if and only if
f‘ysl g%g; c%Sl g%sgy (gsl g(gsg and U1 = U2, V1 = Vo, é-l = 52-

Definition 3.10. Let %%31 = K%p,ul),<<%81,V1>,<(531;‘51>} and (g%sz = {<%2,#2>,(<@s2,‘/2>,
(€s,,¢2)} be spherical cubic sets in R. Then R-order is defined as €%, Sr €%, if and
Only lf%l g52{82, ﬁsl gt@sz, Cgsl gcgsz and H1=p2, V1=Ve, ¢1=¢o.

Definition 3.11. Let €% s, = {{u, P, ), ki(w)), (W, Bs,w), Vi(w)), {u, Cs;w),&i(w)lu € R}, where
i € A be a family of spherical cubic sets in R. Now we define P-union, P-intersection, R-union
and R-intersection respectively as

UpCU s, = u, (U s )w), Vv ui(w)y,{u,(U Bs)w), v vi(w)y,{u,(U E)uw), v Eiw)lueR}
ieA IeEA e 1eEA e 1eEA 1eA

NpCUs; = {u, (N )W), A pi@)y,(u,( N Bs)w), Aviw),u,( N ECs)w), Aiw)lueR}
1A 1eEA 1eN ieA 1eA 1eEA 1eA

URC s, = {u, (U s )W), A piw)),{u,(U B )w), Avi),(u,(U E)Nu), Aiw)lueR}
ieA e 1eA 1eA 1eA ieA e

NRCU s, = {u,( N s)w), v i), {u,( N B )w), v vi),{u,(n EC)u), v w)lueR}
ieA 1eEA ieA IeEA ieA 1eEA e

Theorem 3.12. Let €U s = {{ s, uy,(HBs,v),{6s,E)} be a spherical cubic set in R. If €U s is a
spherical internal cubic set (resp. spherical external cubic set), then €% ¢ is also a spherical
internal cubic set (resp. spherical external cubic set).
Proof. Since € s is a spherical internal cubic set in R, we have

A (w) < wu) < A, (w), B, (w) <v(u) < A (u) and

€ (W) <& <6, (W), wu) ¢ (A, (w), D, (W), v(u) ¢ (B, (u), B, (w)) and

) e (6, (), %, (w),
for all u € R.
1-, (W) <1-pw)<1- (), 1-ZB;(w)<1-v(u)<1- %! (u) and
1-6, (W)<1-¢(W)<1-%, (w), 1-pw)¢e(1-o, (w),1-," (w)), v(w)¢(1-AB; (u), 1- %, (w)) and
1-¢w) e(1-6, (w),1-6, (w)).
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Then €% ¢ = {(u, 7L W), u(Ww)), (w, B(w),v¢(w)y, (u, ¢ (), (u)) | u € R} is a spherical internal
cubic set in R. A similar proof holds for the external cubic sets. O

Theorem 3.13. Let €U ; = {{(os;, ki), {PBs,,Vi),{Cs,;,¢i) |€ A} be a family of spherical internal
cubic sets in R. Then P-union and P-intersection of €U s, = {{<ls,, i), {(PBs,, Vi), (6s,, &) | i € A}
are also spherical internal cubic sets in R.
Proof. Since €% s, is a spherical internal cubic sets in R, we have

oy (W) < pi(u) < %j(u), B, (W) <vi(u) < ,%’;i(u) and

(W) < &i(w) < C, (u)
for i € A, which gives

(U ) ()<= v i) <(U ) W), (UBs) W< vviw)<(u Bs) ),

1eA 1eA ieA 1eA ieA 1eA

(U %) W= v &)< (U E,)" ()

1eA e e
and also

(N ) (W< Api@)<(n ) @), (N DBs) W< Aviw)<(n Bs) (),

IEA 1eA 1eEA 1eA 1eEA IeEA

(N %) W< A &) <(N C,) (w).

IeEA 1eA 1eEA

Then UpE % s; and NpE % s, are spherical internal cubic sets in R. O
1A €A

Example 3.14. Let €% s, ={{Fs,, u1),{(Bs,,v1),{Cs;,E 1)} and CU s, = sy, p2),{(HBs,y,V2),(Csy,E2)}
be spherical external cubic sets in I =[0, 1] in which
ol (u)=[0.2,0.4], p1(u) =10.7]; <, (u)=[0.6,0.9], pa(u) =[0.3]; A, (v)=[0.1,0.4], v1(u) =10.6];
PBs,(u) =10.5,0.8], vo(u) =1[0.2]; €,,(v)=[0.3,0.6], {1(u) =[0.8]; G5, (w) =[0.7,0.9], &1(u) =[0.5];
for u € I. Then

CU s, Up CU sy = ((u, Ay, 1), {0, Bsy, V1), (U, 65y, ¢1) | €T}
and hence

p1(w) € (, (W), o, (), vi(u) € (B, (w), B, (w)) and &1(w) € (6, (w), Gy ()
foruel. Thus €% s, Up € s, is not a spherical external cubic set in I. Now,

CU s, Np CU sy =, g w), p2W)), {u, Bs, (), va(w)), (u, €s,(w),&2(w)) | u € I}
and hence

pe(w) € (o (), o, (W), ve(u) € (B, (w), By, (w) and &1(u) € (6, (1), €, (w))

for uel. Thus €% s, Np € s, is not a spherical external cubic set in I.

Example 3.15.Let €%, = {(s;,p11),{Bs,,V1),{Cs,,$1)} and CU s, = (Ao, 2),{PBsy,V2),
(€s,,¢2)} be spherical internal cubic sets in I =[0,1] in which

s, (u) =10.2,0.4], u1(uw) =[0.3]; %%, (u) =[0.6,0.9], uao(u)=1[0.8]; A, (v) =10.1,0.4], vi(x)=10.2];
PBs,(u) =10.5,0.8], va(u) =1[0.6];%;, () =[0.3,0.6], ¢1(w) =[0.5];%5,(w) =[0.7,0.9], &1(w) =[0.8];
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for u € I. Then

CU s, VR CU sy = ((u, D, (), u1(w)), (w, Bs,(w),vi(w)), (u, €, (w),E1(w)) | u € I}
and hence

p1(u) € (g, (u), g (), vi(u) & (B, (u), By, () and &1(u) € (6, (w), 6, (1))
foruel. Thus €% s, Ur €% s, is not a spherical internal cubic set in 1.
Example 3.16. Let €%, = {5, 111),{PBs,,V1),{Cs,,¢1)} and CU s, = {{( sy, 12),{Psy,V2),
(€s,,¢2)} be spherical external cubic sets in I =[0,1] in which
g, (u)=[0.1,0.5], p1(u)=[0.6]; o7, (u) =[0.5,0.8], pa(u)=[0.9]; A, (u)=1[0.2,0.4], vi(u)=[0.5];
PBs,(u) =10.4,0.7], va(u) =10.8]; %, (w) =10.2,0.6], &1(w) =[0.8]; %5, (w) =[0.7,0.9], &1(w) =[1];
for u € I. Then

CU s, VR CU sy = (U, A, (), p1()), (w, Bs,(w),viw)), (u, €, (w),E1(w)) | u € I}
and hence

p1(w) € (A, (), o, (W), vi(u) € (B, (w), B, (w)) and &1(u) € (6, (w), Gy (w)
for uel. Thus €% s, Ur €% s, is not a spherical external cubic set in 1.
Example 3.17.Let €%, = {(%s;,111),{Bs,,V1),{Cs,, {10} and CU s, = (Asy, 42),{PBsy,V2),
(€s,,¢2)} be spherical external cubic sets in I =[0,1] in which
s, (w)=[0.3,0.5], u1(u)=[0.2]; o%,(u)=[0.6,0.8], pa(u)=[0.4]; Hs,(u)=10.2,0.4], vi(u)=1[0.1];
Bsy(1) =10.6,0.91, vo(u) =10.3]; €5, (u) =10.4,0.7], ¢1(w) =[0.3]; €s,(w) =10.8,1], &a(u) =[0.5];
for u € I. Then

CU s, "R CU sy =, s, (u), p2(w)), (u, Bs, (w), vo(w)), (u, €s, (u),é2(w)) | u € I}
and hence

pe(w) € (o (), o, (W), va(u) € (B, (w), B (u) and &a(u) € (€, (1), 6, (1))
for uel. Thus €% s, Nr €% s, is not a spherical external cubic set in 1.
Theorem 3.18. Let €U s, = {(Hs,,111),{Bs,,V1),(Csy,E1)} and CU sy = {{(Hsy, 1), {Psy, V),
(Csy,E2)} be spherical internal cubic sets in R, such that

max{</, (u), 7, (W)} < (u1 A p2)(w), max{A; (u), B, W)} < (vi Ava)(w),

max{%, (), ¢, (W)} < ({1 A2)(u)

for all u € R. Then R-union of €% s, and €U s, is also a spherical internal cubic set in R.
Proof. Let €U s, = (s, 1),{Fs1,V1),{Cs1,$1)} and CU s, = (s, 12}, (PBsy,V2),(Csy,62)} be
spherical internal cubic sets in R which satisfy the given conditions. Then

oy (w) < py(u) < o (w), o, w) < po(u) < o) (w);

By, (W) < vi(u) < By (w), B, () < va(u) < B (u),

Gy, (W) < &1(w) < 6, (), 6, (u) < &o(u) < €, (u).
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This gives

(p1 A p2)(w) < (A Uelsy) (W), (vi Ava)(w) < (Bs, U Bs,) (w), (61 AE)W) < (€5, UCs,) ().
Then

(g, U Hyy) ™ (w) = max{ e (), o, (W)} < (u1 A po)(w) < (s, U ,) " (w),

(PBs, U ABs,)” (1) = max{ B (u), B,,(wh < (vi Avo)(u) < (B, U HBs,)" (1),

(s, U Gsy)™ (w) = max{C, (w), 6, (W)} < (€1 A E)(w) < (B, UEC,) (1)
and so

CU 5, UR CU so = (A, U s, )W), (1 A )W)y, (Bs, U Bs, ) u),(vi Ava)u)),

((Cs; UECs,)w), ({1 A E)w)) | u e R}

is a spherical internal cubic set in R. O
Theorem 3.19. Let €U, = {(s,, 1), {PBs,,V1),{Cs,,E1)} and CU s, = {Hsy, 12),{(PBsy,V2),
(€s,,E2)} are spherical internal cubic sets in R, such that

min{&fs“;(u),ﬂfs;(u)} = (U1 V p2)(w),

min{%; (w), B;, (W)} = (v1 Vv ve)u),

min{%, (u), €, (w)} = (&1 v E)(w)
for all u € R. Then R-intersection of €% s, and € % s, are spherical internal cubic sets in R.
Proof. Let €U s, = ({ sy, 11),{PBs1,V1),(Cs1,6 1)} and CU s, = {(Asy, ), {PBs,y,V2),(Cs,,60)} are
spherical internal cubic sets in R which satisfy the given condition. Then

oy (u) < py(u) < o7 (), o, () < po(u) < o) (u);

By, (W) < vi(u) < By (w), B, (w) < va(u) < B (u),

Gy, W) < &1(u) < 6, (W), €, (w) < Ea(u) < 6, (u).
This gives

(g, N egy) () < (u1 V )W), (Bs, N ABs,) (1) < (viVva)u), (65, NCs,) (1) < (&1 VEN(w).
Then

(Ao, N g,)” (W) < (1 V p2)(w) < min{ed (u), A, ()} = (o, N ey) (w),

(B, N PBsy)” (W) < (v1V va)(u) < min{B; (u), By, (W)} = (Bs, N Bs,)" (W),

(G, NCoy)™ (W) < (&1 V E2) (1) < min{E, (w), 6, ()} = (€, N Csy) " ()
and so

CU s, NRCU sy = {{( s, N Asy) W), (1 V p2)@)), ((Bs, N Bs, ), (viVva)w)),

((Csy NCsy)w), ({1 VEW)) | u € R}

is a spherical internal cubic set in R. O

Theorem 3.20. Let €% s, and €U s, be any two spherical external cubic sets in R such that
min{max{.e/,’ (u), 7, (u)}, max{z, (u), o, (W)} = (U1 A p2)(w)
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>max{min{</,} (u), 7, (u)}, min{< (u), <, (W)}
min{max{%;, (u), B;,(w)},max{%B, (u), B (W)} = (vi Ava)(w)
>max{min{%; (u), B,,(w)},min{ %A (u), B, (u)}
min{max{%, (u), €, (u)}, max{€, (w), C,,(wWh = (u1 A p2)(w)
>max{min{% (u), €, ()}, min{€, (u), %, (w)H)

for all u € R. Then P-intersection of €% s, and €U s, is also a spherical external cubic set in R.

Proof. For each u € R, we take
a, = min{max{<7; (u), o7, (w)}, max{</, (u), o, W)},
b, = max{min{</; (u), o/, (u)}, min{< (u), o, W)}

Then a, is one of .7 (), < (u), 7 (u), F,}(u).

We consider a, = .27/ (u) or a, = 7 (u) only.

If a, = o (u), then @7 (u) < o} (u) < o (u) < A (u).
And so b, = 7} (u). Thus

A, () = (g N gy) ™ (w) < (g N Hyy) (W) = A (1) = by < (1 A p2)(w).

Hence (u1 A po)(w) € (g, N g, (w), (g, N g,) " (w)).
If ay = <7/ (u), then <7 (u) < o/ (u) < o} (u).

And so b, = max{</ (), Z, (u)}.

Assume that b, = &/ (u). Then

A, (W) < g (W) < (1 A pe)w) < o, (w) < g, ().
From this it follows that

o, (u) < o, () < (u1 A p)(w) < o, (u) < o, (u)
or

o, (u) < o, () < (u1 A p)(w) = o (u) < o, (u).

But &7 (u) < o7 (u) < (u1 A p)(w) < 2 (u) < o) (u) is a contradiction to the fact that €% s,
and €% s, are spherical external cubic sets in R.
For the case .7 (u) < o/, (1) < (u1 A p2)(w) = < (u) < o (u), we have

(1 A p2)(w) & (g, N s,) (W), (g, N s,) (1))

since (u1 A pe)(u) = o7 (u) = (s, N s,) " (w).
Assume that b, = &/, (u). Then

g (W) < o, (W) < (1 A pe)w) < o (u) < o) ().
From this we get

o (u) < o, (u) < (u1 A p2)(u) < o, (u) < o, (u)

or

oy (u) < o, (u) < (u1 A p2)(w) = o, (1) < o, (u).

1
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But </ (u) < o (1) < (u1 A p2)(w) < o (u) < o (u) is a contradiction to the fact that €%
and €% s, are spherical external cubic sets in R.
For the case .7 (u) < o/, (u) < (u1 A p2)(u) = <, (u) < o (u), we have

(1 A po)(w) & (g, N gy)™ (W), (s, N Asy) (w))
since (u1 A )W) = < (W) = (s, NAs,)" (w).
Similar proof holds for all other cases. Hence P-intersection of €% s, and €% s, is a spherical
external cubic set in R. O

4. Spherical Cubic Bi-ldeals of Gamma Near-Rings

In this section we define spherical cubic bi-ideals of gamma near-rings in R and study some of
it properties.

Definition 4.1. A spherical cubic set €% s = {{u, Zs(w), w(w)), (u, Bs(w),v(w)),{u,6s(w),é(w)) |
u € R} is said to be a spherical cubic bi-ideal of gamma near-ring if the following conditions are
satisfied
() Hs(u—v)=min'{F(w), )}, pu —v) < max{u(u), u@)},
(i) Bs(u—-v)=min{ZB(u), B(v)}, v(u —v) < max{v(u),v(v)},
(iii) €s(u —v) < max'{%;(u), €:(v)}, &(u —v) = min{é(n),E()},
(1v) s(uavBw) = min*{< (), Zy(w)}, wuavfw) < max{u(u), ww)},
v) Bs(uavpfw) = min*{%B(u), By(w)}, v(uavfw) < max{(v(u), v(w)},
(vi) Gs(uavpfw) <max‘{C,(u),Cs(w)}, E(wavfw) =min{é(w),Ew)},
for all u,v,w e R and «a, B € I', where <7 : R — D[0,1], %, : R — D[0,1] and %, : R — D[0,1]. Here
DI[0,1] denotes the family of closed subintervals of [0,1] and u: R —[0,1], v:R —[0,1] and
&:R—10,11.

Example 4.2. Let R ={0,1,2,3} with binary operation “+” on R, I' ={0,1} and R x I’ x R — R be
a mapping. From the Cayley table,

+(0(1]2]3 0/0|1/23 110123
001,23 0/{0(0|0|0 0/0]0|0|0
1(1(0]3]2 1/0(1]1]|1 1/0{0(0]O0
21213110 21012122 2/0/010]0
313|201 310[3|3|3 3/0/0/01]0

Clearly (R, +) is a group. Now we define spherical cubic set in R as

R A p R| P v R s S

(0.2,0.6) | 0.8 0(0.1,04) |09 0| (0.1,03) |04
(0.5,0.7) | 0.7 1(0.5,0.6) | 0.7 1(0.6,0.8) | 0.2
(0.6,0.8) | 0.5 21(02,05) 0.6 21(0.3,0.5) | 0.6
(0.7,0.9) | 0.5 31(0.3,0.7) | 0.6 31(0.4,0.7) 0.8

WIN| = O

Then ¢ % s is a spherical cubic bi-ideal of gamma near-ring.
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Theorem 4.3.If CU s, = (s, i), {PBs,;,vi),{Cs;,¢i) | L € A} be a family of spherical cubic bi-
ideals of gamma near-ring R, then

(CUs; = (u,(n e, )W), A pi@)),(w,( N B )w), A viw)),(u,(n C)w), A&w)|ueR)

P 1A 1A 1A 1A 1eA 1EA

1A

is also a spherical cubic bi-ideal of gamma near-ring R, where A is an index set.

Proof. Let €U s; = (s, 14i),{Bs,;,Vi),{Es;,¢i) | i € A} be a family of spherical cubic bi-ideals of
gamma near-ring R. For any u,v,w e R and a,B€eT.

() (), (w—v)=infl_, o (u—-v)
iEA
> inf'_, min‘{eZ, (1), %%, (v)}
=min {1nf*€A42f (w), 1nﬁ€Aﬁfsi(v)}

= min’{() %, (w), (%, )},

ieA ieA
ié\A,ui(u v)—1nF€Aul(u v)
Sinf;mmaxl{ui(u) wi(v)}
=max'{inf’_, y;(w),infi_, p;(v)}
:maxi{ié\Aui(u)’ié\Aui(v)}’

(i) [ %s(u-v)=inf_, B, (u-0)
iEA

> inf!_ , min‘{%;, (), %s,(v)}
=min {1nf;€A%si(u),lnﬂeA%Si(v)}
= mini{ﬂ%’si(u), () %s, ()},

1EA 1EA
/\ vi(u— v)—1nf’ caVilu—v)
<1nfl€Amax {vi(w),v;(v)}
= max {1nf‘€Av (u),inf EAV )}
=max'{ A v;(w), A v;(V)},
1EA 1eEA
(i) ()%, (u—v)=infi_, Cs;(w —v)
1eEA
<inf'_, max'{%;,(u), %, (v)}
= max {1nfL€A<€ (u),in LeACK (v)}
= max'{(") %,,w), [ %, )},

iEA iEA
A él(u v)=infl_, &(u—-v)
>1nf’€Amin’{£~(u) &i(v)}

=min {1nf’€A€ (w), 1nf”€Agt )}

=min {ié\Aéi(u),ié\Afi(v)},
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(v) )%, (uavpw)=inf_, o (uavpw)
ieA
>1inf]_, min’ {7, (u), s, (w)}
=min' {infl, , %, (u),infl_, o, W)}
= min*{[") %, W), (s w)},

1eEA 1eEA
A /,tl(uavﬁw)—lnfleAul(uav,Bw)
<infl, , max’{y;(w), y;(w)}
= maxi{inféeAul(u) mf‘E/\pl(w)}

= maxi{./\ wi(w), A pi (W)},

) [ %s,(uavpw) =inf._, Bs,(uavpw)

1eEA
>1nf’€Am1n {HBs,(w), Bs,(w)}

=min {1nf‘€A<%’ (u),in leA%’ (w)}

=min'{() %s,(w), [ Bs,w)}, | A Vviwavpw)
€A ieA

_1nfjEA vi(uavpw)
_1nF€Amax {vi(w),vi(w)}

= max {1nf‘€Av (w),inf EAV (w)}
= max {ié\Avi(u),ié\Avi(w)}, and

(vi) [)%s,(uavpw)=in leA%i(uavﬁw)

IEA
<inf'_, max'{%, (u), 6, (w)}
= max {1nfL€A<€ (u),in LeACK (w)}
= max'{() %, ), [ %, W)},

ieEA ieEA
./\Aéi(uavﬁw)—mfleAf (vavpfw)
> infl, , min’{&;(w), & (w))
=min {1nfleA§ (u),in eAcf (w)}

=min {ié\Afi(u),ié\A€i(w)}.

Hence Np6'% s, is also a spherical cubic bi-ideal of gamma near-ring R.

IeEA

O

Theorem 4.4. If CU s, = (s, i), {PBs;,vi),{Cs;,¢i) | 1 € A} be a family of spherical cubic bi-

ideals of gamma near-ring R, then

CU s, = {u,( N s )W), V i)y, w,( N Bs)w), vV vi(u),(u,(n E,)w), Vv Ew)|ueR)
R 1EA iEA 1eEA 1EA 1EA IeEA

1eA

is also a spherical cubic bi-ideal of gamma near-ring R, where A is an index set.
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Proof. Let €U s, = (s, 14;),{PBs,;,Vi),{Cs;,¢i) | L € A} be a family of spherical cubic bi-ideals of
gamma near-ring R. For any u,v,w e R and a,B€T.

() (), —v)=infl_, o (u—-v)
1EA
> inf'_, min‘{eZ, (1), %, (v)}
= mini{infj:EA %i(u),infﬁeA 5. (v)}
=min'{() %, (w), (%, )},

€A ieA
ié/A,ui(u —v) =sup;., Mi(u—v)

< supfeAmaxi{/Ji(u),/Ji(v)}
= maxi{supﬁEA wiw), supéEA wi(v)}
= max {i::/Aﬂi(u),i;/AHi(U)},

() [ Bs,(u-v)=inf_, Bs,(u-0)

ieA

> infl_, min'{%;, (u), B, (v)}
= min‘{inf’_, B, (w),inf._, B, ()}
=min'{{) %s,(w), [ Bs; W)},

1A €A
Avi(u —v) =sup;., vi(u—v)

i€
< sup! , max'{v;(u),v;(v)}
= maxi{supi:EA vi(u), supﬁEA v;(v)}
=max'{ v viw), v i)},

(i) ()%, (u—v)=infi_, €, (w —v)

ieA

<inf_, max'{%;,(u), %, (v)}
= max'{inf._, C;,(w),inf_, €, (v)}
=max'{[) €, w), (%, ®)},

1EA 1eEN
ié/Agfi(u —v) =sup;, &i(u—v)

> sup’, , min’{&;(w), &;(v)}
= min’{sup}_ , &;(w),supl, , & (V)
= min {ié/Afi(u),i;/Afi(U)},

iv) [, (uavpfw) = inf;:eA s, (uav pw)

1eEA

> infé€A mini{,ngsi(u),%i(w)}
= min'{inf’_, o, (w),inf._, o, (w)}

= min*{[") %, (), () %, W)},
€A €A
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.é/A,ui(uavﬁw) = supéEA ui(uavpw)
l

< supéEA maxi{,ui(u),,ui(w)}
= maxi{supﬁEA ui(w), supﬁ€A wi(w)}
= max {i;/Aﬂi(u),ié/AHi(w)},

) [ %s,(uavpw) =inf,_, Bs,(wavpw)

1eA

> inf_, min‘{%;, (u), Bs,(w)}
= min‘{inf_ , %, (),inf’_, B;, (W)}
=min'{() %s,(w), [ Bs, W)},

ieA ieA
.VAvi(ua:vﬁw) = supfEA vi(uavfw)
1€
< sup’_ , max {v;(u), v;(w)}
= maxi{supﬁEA vi(u), supi:EA v;(w)}
=max‘{ v v;(u), vV v;(w)}, and
1eA leEA
vi) (%, (wavpw) =infl, , C;, (uavpw)
ieA
< infﬁeA maxi{cfsi(u),%i(w)}
= max'{inf]_, 6;, (), inf}_, €, (w))

= maxi{ ﬂ (gsi(u)7 ﬂ Cgsi(w)h

1eA 1eEA
V Siluavfw) = sup;e p gi(uavfw)
l
> sup!_, min’{&;(w), &w))
= min‘{sup’, , &;(w),sup’,, & W)}
— min’ . .
=min {i;/Afl(u),i;/Afl(w)}.
Hence Nr €% s, is also a spherical cubic bi-ideal of gamma near-ring R. O
€A
Theorem 4.5. If €U s, = (s, i), {Ps,;,vi),{Cs;,¢i) | 1 € A} be a family of spherical cubic bi-
ideals of gamma near-ring R, then
P leA ieA 1eA 1eA ieA ieA
€A
is also a spherical cubic bi-ideal of gamma near-ring R, where A is an index set.
Proof. Let €U s, = {{s,, 14i),{PBs,;,Vi),{Es;,¢i) | i € A} be a family of spherical cubic bi-ideals of
gamma near-ring R. For any u,v,w e R and a,B€eT.

() U, (w—v)=sup_, %, (u-v)
€A

> supéEA mini{,@/si(u),%i(v)}
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= mini{supéeA g, (u), supéEA s, (v)}
= min*{{J «%,w), | %, )},

€A 1eA
v piu —v) = supjey pilu—v)
< supéEA max’ {y;(w), u; (v)}
= max'{sup’ ., w;(w),sup’. , iV}
= max {i;/AMi(u),ié/ANi(v)},
i) UBsuw-v)= supéEA Bs (u—v)
leA
> sup', , min‘{%;, (1), %s,(v)}
= min‘{sup’, \ B, (w),sup!. , Bs,v)}
= mini{U%si(u), Uf%si(v)}a

ieA ieA
ié/Avi(u —-v)= supéeA vi(u—v)
< supéEA max‘{v;(w),v;(v)}
= maxi{supﬁEA vi(u), supﬁEA vi(v)}
= maxi{i;/AVi(u), ié/AVi(U)},
(i) J%,w-v)= supﬁEA Cs,(u—v)
ieA
< sup}, max' {5, (u), €, (v)}
= max' {sup’._, €, (u),sup’,, Cs, )}
=max'{| %, w), %, 0},

ieA ieA
i;/Aéi(u -v)= supfEA $i(u—v)

> supfEA min{&; (), &;(v)}
= min'{sup}, , &;(w),supl , &)}
=min {i;/Afi(u),ié/Afi(v)},

(v) %, (uavpw) = sup’ ., %, (uavpw)

e

> supﬁEA mini{ézfsi(u),%i(w)}
= minl{supzeA %i(u)’ SupieA %t(w)}
=min*{{ %, ), | o, W)},

1eEA 1eEA

.;/A,ui(ua:vﬁw) = supfEA uiuavpw)
l

< sup!, , max{g; (w), p;(w)}

= maxi{supﬁEA wi(uw), sup§EA wi(w)}
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= max {iéfAui(u),iéfAui(w)},
) %, (uavpw) = sup!_, Bs,(uavpw)
1eA
> sup’, , min'{%;, (u), Bs,(w)}
= mini{supéeA %si(u), Supé(—:/\ %sl(w)}
= mini{U%si(u), U %, (w),

1eA €A
.VAvi(uavﬂw) = supéeAvi(uavﬁw)
1€
< supﬁeAmaxi{vi(u),vi(w)}
= maxi{supfEA vi(u), supfEA v;(w)}
= max‘{ v vi(u), v v;(w)}, and
1eEA IeEA
vi) %, (wavpw) = supéEA s, (uavpfw)
IeEA
< sup’, , max'{%;, (), C;,(w)}
= maxi{supﬁeACfsi(u),supﬁeAcfsi(w)}

=max' {{J %, W), J G, w)},

€A e
v &iluavpw) = sup’, , &i(wavpw)
> sup’, , min*{&;(w), &;(w)}
= min{sup}, , &;(w),sup’, &;(w))
— min’ . .
=min {i;/AEL(u),i;/Afl(w)}.
Hence Up6 % s, is also a spherical cubic bi-ideal of gamma near-ring R. O
ieA
Theorem 4.6. If €U 5, = (s, 1i),{PBs,;,Vi),{Cs,;,¢i) | 1 € A} be a family of spherical cubic bi-
ideals of gamma near-ring R, then
LRJ%%Si = {(U,(igAﬂfsi)(u),ié\A,ui(u)), (u,(igA@si)(u),ié\AVi(u)), <u’(ig/\(gsi)(u)’ié\/x€i(u» lueR}
e
is also a spherical cubic bi-ideal of gamma near-ring R, where A is an index set.
Proof. Let €U s, = {{s,, 14i),{Bs,;,Vi),{Es;,¢i) | i € A} be a family of spherical cubic bi-ideals of
gamma near-ring R. For any u,v,w e R and a,B€eT.

() U, (w—v)=sup_, %, (u-v)
€A

> supéEA mini{,@/si(u),%i(v)}
= mini{supéeA ,@/si(u),supéeA s, (v)}
= min*{{J o, @), | %%, )},

ieA 1eA
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ié\A,ui(u -v)= inféeA,ui(u -v)
<inf'_, max'{u;(w), u;(v)}
= maxi{infﬁ€A /,ti(u),inféeA wi(v)}
= max {ié\Aﬂi(u),ié\Aﬂi(U)}a
(i) |J%Bs;(u—v)=supl \ Bs,(u—0)
ieA
= Supée[\ minl {%si(u)w@si(v)}
= mini{supfEA Bs,(u), supfEA B, (v)}
= mini{U%’si(u), %, ()},

1A 1A
A Vilu—v)= inf._, vi(u—v)

< infﬁeA max{v;(u),v;(v)}

= maxi{infﬁEA vi(u),inﬁeA v;(v)}

= max'{ A v;(u), A v;(v)},
ieA 1eA

(i) Y%, (w-v)= supﬁeA‘Ksi(u -v)
IeEA
< supl, , max"{%;,(u), G, ()}
= max'{sup’_, €, (w),sup' , €, ()}

= maxi{ U CKSi(u), U ngi(v)},

1A IeEA
,/\Aéi(u -v)= inf’feA ¢i(w—v)

> inf'_, min*{¢;(w),&; ()}
= mini{infj:EA §i(u),inf§€A & ()}
=min {ié\A€i(u),ié\A€i(U)},

(v) %, (uavpw) = sup’ ., %, (uavpw)

1eA

> supﬁeAmini{ﬂfsi(u),%i(w)}
= mini{supﬁ€A &fsi(u),supéeA s (W)}

= min{|J %, (W), |J %%, W)},
€A ieA

.AA,ui(uavﬁw) = infg€A ui(uavpw)
1€
< infﬁeAmaxi{ui(u),#i(w)}
= maxi{inffEA ,ui(u),inf’l:EA wi(w)}

_ i . .
= max {ié\AHl(u)’ié\Aul(w)}’
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™) %, (wavpw) = sup, \ Bs,(uavpw)
ieA

> sup!, \ min'{%;, (), B;, (W)}
= mini{supﬁEA B, (u), supﬁ€A Bs, (W)}

= mini{Ue@si(uL U@Si(w)}’

1eEA 1eEA

./\Avi(uavﬁw) =inf._, vi(uavpfw)
1€

< inféeAmaxi{vi(u),vi(w)}
= maxi{inffEA vi(u),infi:EA vi(w)}
= maxi{ié\Avi(u),ié\Avi(W)}, and
vi) %, (wavpw) = supﬁeA‘Ksi(uavﬁw)
ieA
< sup!, , max‘{%;,(u), &, (w)}
- maxi{supéeA%si(u),supﬁeA Cs, (W)}

= maxi{ U (gsi(u), U (gsi(w)h
€A e
,é\Acfi(uavﬁw) =inf}_, &;(wavpw)
l
> inf_, min*{¢;(w),&;(w)}
= min'{inf}_ , &;(w),inf_ , & W)}
= min {ié\Afi(u),ié\Afi(w)}.
Hence Ur €% s, is also a spherical cubic bi-ideal of gamma near-ring R. O
ieA
Lemma 4.7. Let C be a bi-ideal of gamma near-ring R. For any 0 <m < 1, there exists €% s, a
spherical cubic bi-ideal of gamma near-ring R such that €% s, = C.

Proof. Let C be a bi-ideal of gamma near ring R. Define €% s by

m, ifueC

0, ifueC,

where m be a constant in (0,1). Clearly, €%, =C.

Let u,v € R. If u,v € C, then H(u—v) = m = min{H (), W)}, Bs(u —v) = m =
min‘{%,(u), Z:(v)} and €,(u —v) = m < max‘{&,(v),€,(v)}, wu —v) =m < max{u(u), u()},v(u -
v) =m <max{v(u),v(v)} and &(u —v) = m =min{é(u), {(v)}.

If at least one of u and v is not in C, then u —v ¢ C and so Z(u —v) = 0 = min*{<(v), (V)},
Bs(u —v) = 0 = min*{Bs(u), Bs(v)} and C,(u —v) = 0 = max‘{€,(u), €, (v)}, wWu—-v) =0 =
max{u(u), W)}, v(u —v) = 0 =max{v(u),v(v)} and {(z —v) = 0 = min{¢(u),¢(v)}.

Let u,v,weR and a,fe . If u,w € C, then ;(u), Bs(u),Cs(u) = m;As(w), Bs(w), 6s(w) = m,
), v(w), () = m; pw), vw),s(w) =m.

(g%s(u) = {
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Also, “y(uavPfw) = m = min{F), Z(w)}), BuavPfw) = m = min*{%(u),Bs(w)} and
Cs(uavpw) = m < max‘{%,(u), €,(w)}, wWuavPw) = m < max{u(u), pw)}, viuavPpw) = m <
max{v(u),v(w)} and {(uavPfw) =m =min{(u),E(w)}.

If at least one of ¥ and w is not in C, then Z(uavfw) = 0 = min*{(u), W)},
Bs(uavPw)=0= min*{%,(u), Bs(w)} and Cs(uavPw)<0= maxi{%s(u),‘gs(w)},u(uavﬁw) <0=
max{u(u), w(w)}, v(ravPw) < 0 =max{v(u),v(w)} and ¢(vavPfw) = 0 = min{é(u),E(w)}.

Thus €% s is a spherical cubic bi-ideal of gamma near-ring R. O

Theorem 4.8. If €% s be a spherical cubic bi-ideal of gamma near-ring R, then the complement
CU € is also a spherical cubic bi-ideal of gamma near-ring R.

Proof. For u,v,weR and a,B eI, we have
s (u—v)=1-(u—-v)
> 1—min’{e(u), %)}
= min*{1 - (u),1 - A (v)}
= min*{<Z.(v), 7 (v)},
B(u—-v)=1-Bs(u—-v)
> 1 - min‘{%B,(u), Bs(v)}
=min'{1 - By(u),1 - Bsv)}
= min*{%,;°(u), B;°(v)},
Cs‘(u—v)=1-%,(u—v)
< 1-max*{%,(u),%,(v)}
= max'{1 - %;(u),1 - Z )}
= max*{%,°(u), %, (v)},
wu—-v)=1-ulu-v)
< 1-max{u(u), u()}
=max{l—u(u),1- u@)
=max{u‘(u), u)},
viu-v)=1-v(u-v)
<1-max{v(u),v(v)}
=max{l—v(u),1—v(v)}
= max{v°(u),v(v)},
Eu—-v)=1-¢&u-v)
> 1-min{é(u), &)}
=min{l - ¢&(u),1 - &)}
=min{é(u),E(v)},
s (wavpw) =1- ds(uavPfw)
> 1 —min*{(v), (W)}
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=min’ {1 - (), 1 - Zw))
= min*{Z (u), 7. (w)},

B (uavpw) =1-ABs(uavfw)
>1—min*{%B,(u), Bs(w)}
=min*{1 - By(u),1 - Bs(w)}
= min{%, (v), B; (W)},

Cs“(uavPw) =1-Cs(uavpw)
< 1-max'{%,(u), C;(w)}
=max'{l—-%,(u),1-G,(w)}
= max'{%,°(w), %, (W)},

uuavpw) =1- wuavfw)
< 1-max{u(u), w(w)}
=max{l — u(u),1 - uw)}
= max{u‘(u), u“(w)},
vi(uavpfw)=1-v(uavpw)
<1-max{v(u), v(w)}
=max{1-v(u),1-v(w)}
= max{v°(u),v‘(w)},
E(uavpw) =1-¢(uavpfw)
> 1 -minf{&(u),(w)}
=min{l -¢&(u),1-&w)}
=min{¢°(u),E(w)}.

Hence €% € is also a spherical cubic bi-ideal of gamma near-ring R. O
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