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Abstract. The Bianchi type I cosmological model in the framework of Variable Speed of Light (VSL)
theory is investigated, by taking into account the effect due to viscosity, considering p = p−3ζH where
ζ = ζ0ρH−1. The Einstein field equations are solved for variable G, c and Λ in which G, c, Λ and
shear parameter σ2, all are coupled. It is shown that the viscosity term exhibits the influence on the
form of solutions, in the framework of varying speed of light theory.
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1. Introduction
The Varying Speed of Light (VSL) cosmology has been received considerable attention as
alternatives to cosmological inflation to provide different basics for resolving the problems of
the standard models. Albrecht and Magueijo [1] have investigated possible consequences of a
time variation in the velocity of light in vacuum. In particular, it offers new ways of solving
the problems of the standard big bang cosmology, distinct from their resolutions in context of
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the inflationary paradigm (Guth [6]) or the pre big bang scenario of low energy string theory
(Veneziano [10]). However, a new approach, which has been widely investigated (Kalligas et
al. [7]), is appealing. In the relativistic cosmological models, generally the energy momentum
tensor of matter generated by perfect fluid is considered. For approaching to more realistic
model, the consideration of effect of viscosity mechanism is important. In the present paper, we
have extended our previous work, Khadekar and Ghogre [8], by introducing a viscosity term as
p̄ = p−3ξH.

2. Model and Field Equations
We consider the Bianchi type I space-time with metric

ds2 =−c2(t)dt2 + X2(t)dx2 +Y 2(t)d y2 +Z2(t)dz2 (2.1)

in the comoving co-ordinates ui = δi
0. An average expansion scale factor is defined by

R(t) = (XY Z)
1
3 and the Hubble parameter is H = Ṙ

R . Here G, c and Λ are considered as
functions of cosmic time t. We use the field equations in the form

Ri j − 1
2

R g i j = 8πG(t)
c4(t)

Ti j +Λ(t)g i j, (2.2)

where Ri j is the Ricci tensor and R is Ricci scalar. For the physical interpretation of the model,
the energy momentum tensor is defined as Ti j = (ρ+ p̄)uiu j + p̄g i j , where ρ is the energy
density, p is the pressure of the cosmic fluid and p̄ = p−3ξH. Here ξ is a viscosity term. We
consider viscosity coefficient (Sheykhi and Setare [9]) as ξ= ξ0ρH−1, where ξ0 is constant. As
per the procedure given by Belinchón [3], for the metric (2.1), the Einstein field equations can
be written as:

Ẋ Ẏ
XY

+ Ẏ Ż
Y Z

+ Ż Ẋ
ZX

= 8πGρ
c2 +Λc2, (2.3)

Ẍ
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− ċ
c

(
Ẋ
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= −8πG p̄

c2 +Λc2, (2.4)

Ÿ
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+ Ẏ Ż
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Ẏ
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+ Ż
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= −8πG p̄

c2 +Λc2, (2.5)

Z̈
Z
+ Ẍ

X
+ Ż Ẋ

ZX
− ċ

c

(
Ż
Z
+ Ẋ

X

)
= −8πG p̄

c2 +Λc2. (2.6)

The shear tensor σi j is defined as

σi j = 1
2

(
ui; j +u j;i + qiu j + q jui

)− 1
3
ϑhi j, (2.7)

where ϑ= uk;k, hi j = g i j +uiu j and qi = ui; ju j .
The magnitude σ2 = 1

2σ
i jσi j is obtained as

σ2 = 1
6c2

[(
Ẋ
X

− Ẏ
Y

)2

+
(
Ẏ
Y

− Ż
Z

)2

+
(

Ż
Z
− Ẋ

X

)2]
. (2.8)
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Using equations (2.4)-(2.6) we get,(
Ż
Z
− Ẋ

X

)2

+
(

Ẋ
X

− Ẏ
Y

)2

+
(
Ẏ
Y

− Ż
Z

)2

= 3α2
1c2

(XY Z)2 , (2.9)

where α1 is constant. By using eq. (2.8) and (2.9), we get σ2 = α2
1

2(XY Z)2 . Hence σ2 ∝ R−6 or
σ=α2R−3, where α2 is proportionality constant. Thus, we get

σ̇

σ
=−

(
Ẋ
X

+ Ẏ
Y

+ Ż
Z

)
=−3H. (2.10)

Squaring, we get

H2 = 1
9

[
Ẋ2

X
+ Ẏ 2

Y
+ Ż2

Z
+ 2Ẋ Ẏ

XY
+ 2Ẏ Ż

Y Z
+ 2Ż Ẋ

ZX

]
. (2.11)

From eqs. (2.3), (2.8) and (2.11), we can write the analogue of Friedman equation as

3H2 = c2(σ2 +Λ)+ 8πGρ
c2 . (2.12)

Differentiating eq. (2.3) and using eq. (2.4)-(2.6) in it, we get the conservation equations as:
8πG

c2

[
ρ̇+3(p+ (1−3ξ0)ρ)H

]= −8πρ
c2

[
Ġ− 4ċ

c
G

]
− c2Λ̇. (2.13)

We assume that the conservation of energy momentum tensor of matter holds. i.e. T j
i; j = 0,

which implies

ρ̇+3(p+ (1−3ξ0)ρ)H = 0. (2.14)

Hence we get the relation between G and Λ as
8πρ
c2

[
Ġ−4G

ċ
c

]
+ c2Λ̇= 0. (2.15)

Assuming p =ωρ, eq. (2.14) leads to the relation as ρ =α3R−3(1+ω−3ξ0), where α3 is constant of
integration. Using this value of ρ in eq. (2.15), we get

Ġ− 4ċ
c

G =− c4Λ̇R3(1+ω−3ξ0)

8πα3
. (2.16)

Now using H2 from eq. (2.11) in eq. (2.14), it becomes
ρ̇2

ρ3 = 3(1+ω−3ξ0)2
[

8πG
c2 + c2σ2

ρ
+ c2Λ

ρ

]
. (2.17)

Differentiating eq. (2.17), and then putting the value of Λ̇ from eq. (2.15), the value of σ̇ from
eq.(2.10) and ρ̇ from eq. (2.14), in the R.H.S. of the resultant equation, we get

2ρ̈
ρ

− 3ρ̇2

ρ2 = 3c2(1+ω−3ξ0)2
[
σ2

(
1−ω+3ξ0

1+ω−3ξ0

)
−Λ

]
+ 2(1+ω−3ξ0)

H
ċ
c

[
8πGρ

c2 + c2(σ2 +Λ)
]

.

(2.18)
The early highly anisotropic universe is reduced to a smooth present universe during
the physical processes. These physical processes are also responsible for bringing down the
large value of Λ to its small present value. Hence there must be some relation between the two
parameters σ2and Λ. Hence we choose Λ such that the R.H.S. of above equation becomes zero,
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i.e.,

3c2(1+ω−3ξ0)2
[
σ2

(
1−ω+3ξ0

1+ω−3ξ0

)
−Λ

]
− 2(1+ω−3ξ0)

H
ċ
c

[
8πGρ

c2 + c2(σ2 +Λ)
]
= 0. (2.19)

Here we consider G
c2 as a constant α0, (Belinchón [4]), c = c0Rn (Barrow [2]) and value of ρ as

ρ =α3R−3(1+ω−3ξ0) in eq. (2.10), where c0 is constant, we get

α4σ
2 −α5Λ= AR−α5 , (2.20)

where α4 = 3−3ω+9ξ0 −2n, α5 = 3+3ω−9ξ0 +2n, A = 16nπα0α3
c2

0
. Using the value of R from

σ2 ∝ R−6 or σ=α2R−3, we solve eq. (2.20) to get the value of Λ as:

Λ= B1σ
2A1σ

−α5
3 (2.21)

where B1 = α4
α5

, A1 = A

α5(α1)
α5
3

. Using this value of Λ in eq. (2.18), we get 2ρ̈
ρ̇
= 3ρ̇

ρ
, after solving

which we get,

ρ = Dt−2, (2.22)

where D = 4
d2

2
and d2 is constant of integration. Using ρ from ρ =α3R

−3(1+ω)
1+3ξ0 and eq. (2.22), we

get the scale factor R as

R = at
2

3(1+ω−3ξ0) , (2.23)

where a = α3(d2)2
4 . By using the value of R from the above in eq. (2.10), we get

σ= B3t
−2

(1+ω−3ξ0) , (2.24)

where B3 = d0
a3 .

Using this value in eq. (2.21), we get the value of Λ as:

Λ= B4t
−4

(1+ω−3ξ0) −B5t
−2(3+3ω−9ξ0+2n)

3(1+ω−3ξ0) , (2.25)

where B4 = B1B2
3 and B5 = A1B

α5
3

3 . Substituting this value of Λ in eq. (2.16), and then solving
the resultant linear differential equation in G, we get

G =G0t
−8n

3(1+ω−3ξ0)

[
B6t

−2(1−ω+3ξ0)+4n
(1+ω−3ξ0) +B7t

2(3+3ω−9ξ0)+8n
3(1+ω−3ξ0)

]
, (2.26)

where B6 = B4C4
0(1+ω−3ξ0)a3+3ω−9ξ0+4n

4πα3(1+ω−3ξ0)(1−ω+3ξ0) , B7 = B5α5C4
0(1+ω−3ξ0)a3+3ω−9ξ0+4n

8πα3(3+3ω−9ξ0−α5) , G0 is constant of integration.

Also using q =−RR̈
Ṙ2 we get the deceleration parameter as

q = 1+3ω−9ξ0

2
. (2.27)

3. Conclusion
We have extended the previous work of Vishwakarma [11] in the framework of VSL theory
proposed by Albrecht and Magueijo [1], by taking into account the viscosity mechanism. The
effect of variable c on the dynamics and the evolution of Bianchi type I universe is essentially
determined by G, c and Λ. Observational existence of the variation of the speed of light
seems to be suggested by the variation of the fine structure contact in the spectra of quasars
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(Drinkwater et al. [5], and Webb et al. [12]). Here we have obtained the solutions for Bianchi
type I cosmological model, for the viscous fluid by considering p̄ = p−3ξH, where ξ is the
viscosity coefficient defined as ξ= ξ0ρH−1. We have obtained solutions of the field equations
under the assumption that G

c2 =α0 = constant and varying speed of light c is proportional to the
expansion rate of the universe i.e. c0Rn, where c0, n are constants. The resultant equations
(2.23)-(2.26) clearly exhibit the essential influence of the viscous term on the values of σ, Λ and
G. For ξ0 = 0, the values of cosmological constants approach to the results discussed earlier
in Khadekar and Ghogre [8]. From this study of the Bianchi I model, it is observed that such
models are compatible with the results of recent observations.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References
[1] A. Albrecht and J. Magueijo, Time varying speed of light as a solution to cosmological puzzles,

Physical Review D 59 (1999), 043516, DOI: 10.1103/PhysRevD.59.043516.

[2] J. D. Barrow, Cosmologies with varying light speed, Physical Review D 59 (1999), 043515,
DOI: 10.1103/PhysRevD.59.043515.

[3] J. A. Belinchón, About Bianchi I with VSL, Astrophysics and Space Science 315 (2008), 111 – 133,
DOI: 10.1007/s10509-008-9806-7.

[4] J. A. Belinchón, Perfect fluid Lrs Bianchi I with time varying constants, Astrophysics and Space
Science 302 (2006), 161 – 170, DOI: 10.1007/s10509-005-9023-6.

[5] M. J. Drinkwater, J. K. Webb, J. D. Barrow and V. V. Flambaum, New limits on the possible
variation of physical constants, Monthly Notices of the Royal Astronomical Society 295(1998), 457 –
462, DOI: 10.1046/j.1365-8711.1998.2952457.x.

[6] A. H. Guth, Inflationary universe: A possible solution to the horizon and flatness problems, Physical
Review D 23 (1981), 347, DOI: 10.1103/PhysRevD.23.347.

[7] D. Kalligas, P. Wesson and C. W. F. Everitt, Flat FRW models with variable G and Λ, General
Relativity and Gravitation 24 (1992), 351 – 357, DOI: 10.1007/BF00760411.

[8] G. S. Khadekar and A. S. Ghogre, Bianchi type I cosmological model with varying G, Λ & σ2

in VSL theory, Journal of Dynamical Systems and Geometric Theories 13(2) (2015), 149 – 162,
DOI: 10.1080/1726037X.2015.1076220.

[9] A. Sheykhi and M. R. Setare, Interacting new agegraphic viscous dark energy with varying G,
International Journal of Theoretical Physics 49 (2010), 2777 – 2785, DOI: 10.1007/s10773-010-
0469-0.

[10] G. Veneziano, Inhomogeneous pre-big bang string cosmology, Physics Letters B 406 (1997), 297 –
303, DOI: 10.1016/S0370-2693(97)00688-6.

Communications in Mathematics and Applications, Vol. 12, No. 4, pp. 913–918, 2021

http://doi.org/10.1103/PhysRevD.59.043516
http://doi.org/10.1103/PhysRevD.59.043515
http://doi.org/10.1007/s10509-008-9806-7
http://doi.org/10.1007/s10509-005-9023-6
http://doi.org/10.1046/j.1365-8711.1998.2952457.x
http://doi.org/10.1103/PhysRevD.23.347
http://doi.org/10.1007/BF00760411
http://doi.org/10.1080/1726037X.2015.1076220
http://doi.org/10.1007/s10773-010-0469-0
http://doi.org/10.1007/s10773-010-0469-0
http://doi.org/10.1016/S0370-2693(97)00688-6


918 Bianchi Type I Cosmological Model with Viscous Fluid in the Framework of VSL Theory: A. S. Ghogre et al.

[11] R. G. Vishwakarma, A model to explain varying Λ, G and σ2 simultaneously, General Relativity
and Gravitation 37(7) (2005), 1305 – 1311, DOI: 10.1007/s10714-005-0113-0.

[12] J. K. Webb, V. V. Flambaum, C. W. Churchill, M. J. Drinkwater and J. D. Barrow, Search for
time variation of the fine structure constant, Physical Review Letters 82 (1999), 884 – 887,
DOI: 10.1103/PhysRevLett.82.884.

Communications in Mathematics and Applications, Vol. 12, No. 4, pp. 913–918, 2021

http://doi.org/10.1007/s10714-005-0113-0
http://doi.org/10.1103/PhysRevLett.82.884

	Introduction
	Model and Field Equations
	Conclusion
	References

