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Abstract. Let G =(V,E) be a graph. A set S € G is a strong geodetic set, if each vertex v € G/S lies on
a fixed geodetic between the pair of vertices of S. A set S is called a minimal strong geodetic set, if no
proper subset of S is a strong geodetic set. The maximum cardinality of a minimal strong geodetic
set is the strong upper geodetic number. It is denoted by sg*(G). In this paper, we have proved the
NP-completeness of strong upper geodetic number. Some results on strong upper geodetic number and
strong upper edge geodetic number of graphs were also found.
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1. Introduction

Let G(V,E) be a connected graph. The distance d(u,v) between any two vertices u,v of the
graph G is the length of the shortest u —v path in G. The concept of geodetic number of a
graph was introduced in [4]]. For any two vertices u,v € V(G) the set I[u,v] consist of u,v and

all vertices lying on some u — v geodesic in G. For a non-empty subset S € G, I[S]1= U Ilu,v].
u,veS

A set S cV(G) is a geodetic set of G if I[S]=V(G). The minimum cardinality of a geodetic set
of G is the geodetic number g(G) of G. A geodetic set S in G is called a minimal geodetic set if
no proper subset S is a geodetic set of G. The maximum cardinality of the minimal geodetic
set of G is the upper geodetic number of G and is denoted by g*(G). For each pair of vertices
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x,y< S, x#y,let g(x,y) be a selected fixed shortest path between x and y and

I(S) = {g(x,y):x,y € S}
and

vasn= U va.

DpeI(S)

If V(I(S)) = V for some I(S), then the set S is called a strong geodetic set. The minimum
cardinality of a strong geodetic set is the strong geodetic number and is denoted by sg(G).
The strong geodetic problem is a NP-complete [8]]. The strong edge geodetic number is defined as
follows. If G is a graph, then S € V(G) is called a strong edge geodetic set if to any pair x,y € S
one can assign a shortest x, y-path P,, such that

U E@®P.y)=E@G).
tee(3)
The cardinality of the smallest strong edge geodetic set S will be called the strong edge geodetic
number of G and denoted by Sg.(G). The Upper edge geodetic number of graphs was introduced
in [10]]. A vertex v is said to be a simplicial vertex (extreme vertex) if the subgraph induced by
its adjacent vertices is a clique.

Definition 1. A strong geodetic set S in a graph G is a minimal strong geodetic set if no proper
subset of S is a strong geodetic set of G. The maximum cardinality of a minimal strong geodetic
set of G is the strong upper geodetic number of G and is denoted by sg™(G).

Definition 2. A strong edge geodetic set S in a graph G is a minimal strong edge geodetic set if
no proper subset of S is a strong edge geodetic set of G. The maximum cardinality of a minimal
strong edge geodetic set of G is the strong upper edge geodetic number of G and is denoted by
sgi(@).

We have derived certain bounds on strong upper geodetic number and strong upper edge
geodetic number. Also, the strong upper geodetic number for generalized Petersen graph,
Circulant network, Bipartite graph and certain graphs were found. The Realization results
for the strong upper geodetic and strong upper edge geodetic number of graphs have also been
presented in this paper.

Observation 1.1. Let G be a graph with order n.Then every simplicial vertex belongs to minimal
strong geodetic and minimal strong edge geodetic set of G.

Example 1.1. Consider the graph G in Figure Let S1 = {v1,vg,vs,v9,07} and Sg =
{vi,v9,vs,v4,V5,06,U7} are the strong geodetic sets of G and S3 = {vs,v7,v10,v11} is the upper
geodetic number g* of G. Since no proper subset of S1 and Sy are strong geodetic sets of G, it
is clear that S; and S are the minimal strong geodetic sets of G. The maximum cardinality
of the minimal strong geodetic set is the strong upper geodetic number. Therefore, Sy is the
strong upper geodetic number sg*(G).
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Figure 1

2. Computational Complexity

For a graph G(V,E), a subset S of V is a dominating set if every vertex v € V — S is adjacent to
al least one member of S. A dominating set y(G) is minimal if no proper subset is dominating.
The maximum cardinality over the minimal dominating set is the Upper domination number of
G and it is NP-complete [3]. We prove that the strong upper geodetic problem is NP-complete.
The proof is the polynomial reduction from the Upper domination number.

Theorem 2.1. The strong upper geodetic problem is NP-complete for general graphs.

Proof. We construct a graph G(V,E) as follows. Let V=V uUV'uUV” be the vertex set and
E =EUE'UE"UE" be the edge set of the graph G(V,E). For V let V be the vertex set
of the graph G, V' = {v/,v e V}, V' = {v",v € V}. For E, E be the edge set of the graph G,
E ={vw',veV}, E'"= {v;v},v eV/l<i<n,1<j<n;i#j}and E"” = {v'v”,v € V}. Thus the graph
G = (V,E) consist of three layers (refer Figure . First layer is the graph G. The second layer is
the complete graph which is induced by V'. The Independent set of vertices V" forms the third

layer.

G G

V'

Vll

Figure 2. Computational complexity of strong upper geodetic number
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Let S be a upper dominating set of G. Then it is easy to see that S UV"” is a strong upper
geodetic set of G.

By [8, Property 4.2], if X is a strong geodetic set of G, then there exist a strong geodetic set
Y with |[Y|<|X|suchthatY =SuV”and ScV.

Conversely, let T is a strong upper geodetic set of G. Since T is a minimal strong geodetic
set by above property, T NV’ = ¢. Since the vertices of V" are simplicial vertices, V' < T. It is
straight forward that T/V" is a upper domination set of G. O

3. Main Rsults

Preposition 3.1. For a graph G with strong upper geodetic number sg*(G) and strong geodetic
number sg(G), sg(G) <sg™(Q).

Proof. Since every minimal strong geodetic set of G is a strong geodetic set, sg(G) <sg™(G). O
Remark 3.1. The above bound is sharp for a cycle C,, in which sg(C,)=sg™(C,)=3.
Preposition 3.2. For any graph G of order n, 2<sg(G) <sg*(G) <n.

Result 3.1. For a graph G the strong upper geodetic set need not be a upper geodetic set.

For example, consider the graph in Figure (3l The set {b,f,k,d,i} forms the strong upper
geodetic number and the set {b,f,k} forms the upper geodetic number.

Figure 3

Preposition 3.3. For a connected graph G of order n, 2<sg8.(G)<sgi(G)<n.

Remark 3.2. The bounds given above are sharp. Consider the graphs in Figure [4|and [5| For a
path graph, sg*(P,) = sg.(P,) =2 and for a complete graph sg*(K,)=sg}(K,)=n.

Vi

V2 V3

V4 Vs

Figure 4. sg*(K5)=sg}(K,)=5
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Vi V2 V(n-1) Vn

Figure 5. sg*(P,) = sg.(P,) =2

Result 3.2. For a uniform theta graph 0(l,n) with [ levels n number of vertices in each level, the
strong upper geodetic number is

sgtO,1)=1,
sgt@U,n)=1+1, forn=2.

Corollary 3.1. Let G be a hexagonal silicate network. The set of simplicial vertices of G forms
the sg(G) set.

Proof. Let S be the set of simplicial vertices of the hexagonal silicate network GG. Clearly the
set S gives the strong upper geodetic number of G. The result follows form Observation O

Theorem 3.1. If G has the unique minimal strong geodetic set, then sg(G)=sg*(G).

Proof. Let S be a minimum strong geodetic set and |S| =sg(G). Since S is a minimum strong
geodetic set, this implies S is a minimal strong geodetic set. Since G has a unique minimal
strong geodetic set, S is the only minimal geodetic set and therefore S is the strong upper
geodetic set and sg*(G) =|S]|. O

Preposition 3.4. Let G be a graph then sg*(G) =2 if and only if G = P,,.
Theorem 3.2. For a graph G of order n, sg(G) =n if and only if sg*(G) = n.

Proof. Let sg(G) = n. Then by Preposition sg™(G) = n. Conversely, let sg*(G) = n. This
implies V(G) is the minimal strong geodetic set. Suppose sg(G) =n—1. Let S < V(G) be a
minimum strong geodetic set such that |S| =n — 1. This implies V(G) is not a minimal strong
geodetic set. Therefore sg(G) =n. O

Preposition 3.5. For a connected graph G with n =3, if sg(G)=n—1 then sg*(G)=n-1.

Proof. Let sg(G)=n— 1. By Preposition[3.2, sg"(G)=n or n—1. If sg*(G) = n, then sg(G) =n
(refer Theorem [3.3) which is a contradiction. Therefore sg*(G)=n - 1. O

Remark 3.3. The converse of the above theorem is not true. Consider the graph G in Figure[6]
where sg"™(G)=n-1 and sg(G) #n—1.

C

Figure 6
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Theorem 3.3. For a connected graph G of order n, sg.(G) =n if and only if sgi(G) =n.
Proof. The proof is similar to Theorem So we omit the proof. O
Preposition 3.6. If G is a graph with sg} =2 if and only if G = P,,.

Theorem 3.4. Let G be a connected graph and S be the minimal strong geodetic set of G. If there
exist a cut vertex v € G, then every component of G —v contains an element of S.

Proof. G is a connected graph and let A be a component of G —v such that A does not have
an element of S. By Observation [1.1]it is clear that A does not contain any vertex u € G such
that deg(u) = 1. Since S is a minimal strong geodetic set, every vertex of G — S lies on a unique
geodesic between the vertices of S. For every v € A there exist x,y € S such that v; lies on a
fixed x — y geodesic. It is clear that x — y is a path. Since v is a cut vertex of G, both x —v; and
v1— y should contain v. Which implies x — ¥ is not a path. This is a contradiction. Hence every
component of G —v contains an element of S. O

Result 3.3. The set of simplicial vertices of a Block graph forms the minimal strong geodetic set.
Theorem 3.5. For a Petersen graph, sg*(P(5,2)) =6.

Proof. Let G be the Petersen graph. We have the following observations. Consider the graph in
Figure |7l Three vertices on the outer cycle covers all other vertices of the outer cycle and three
vertices from inner cycle covers all vertices of the inner cycle. Therefore sg*(G) < 6. Also, it is
easy to see that G has a strong minimal geodetic set with 6 vertices. Therefore sg™(G)=6. [

Figure 7

Theorem 3.6. For a Petersen graph, sg;(P(5,2)) = 6.

Proof. Let G be a Petersen graph. It is easy to observe that three vertices from outer cycle will
cover all the edges of the edges of the outer cycle and three vertices from inner cycle will cover
all the edges of the inner cycle. Let it be A and B. The paths between the vertices of A and B
will cover the edges connecting both the cycles. Therefore sg;(G) < 6. Clearly, G has a strong
minimal edge geodetic set with 6 vertices. Therefore sg?(G)=6. O
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Theorem 3.7. The strong upper geodetic number for a circulant network C,{1,2} is
sgt(C{1,2D)=n, forl<n<5,
sgt(C,{1,2)=4, for6<n<7,
sgt(C{1,2) =5, forn=8.

Proof. Let G be a circulant graph C,{1,2}) (refer Figure [8|for odd and even cases) and S be

the minimal strong geodetic set of G.
The proof follows as cases:

Case (i): 1=<n <5.
For 1 <n <5, (G is a complete graph and hence |S|=n.

Case (ii): 6 <n<".

Vi Vi Va2

Va

Ve V7

Cs{l,2} C7{1,2}

Figure 8. Circulent graph

For n = 6, consider the vertex ve which is adjacent to v1,v3,v4 and vg. Here the fixed geodesic
between vg —v5 will cover almost one vertex say v4. Also, the vertex vy is covered by the fixed
geodesic between vg —v3. Hence S = {ve,v3,v5,06} is the minimal strong geodetic set. The proof
is same for the case n = 7, where the vertex v7 is covered by the fixed geodesic path vg —vs.
Therefore |S| =4.

Case (iii): n = 8.
For n = 8 we consider even and odd cases.

Case (iii)(a): n is even

In circulant graph C,{1,2} where n is even, we have two cycles C,1 and C,3 of equal lengths.
Let S =S{uUS2 where S; and Sy are the minimal strong geodetic sets of C,1 and C,9. Since
sg(C,) =3 and we have two cycles in this case, let us assume that C,{1,2} = 6. Now, let us
consider any circulant graph with n =2n, n = 8. A set of three vertices {a,b,c} € S1 will cover
all other vertices of C,,;1 in a fixed geodesic path. For the cycle C,2 let {x,y} € So. Then the x —y
geodesic will cover half the vertices of the cycle C,2. Since we have considered sg*(C,{1,2}) =6,
{x,y,2z} € S be the minimal strong geodetic set of C,2. In a circulant graph, each vertex v e C,,
is adjacent to {u,w} € C,9 and vice versa. Hence the paths y — b and b — x will cover the other
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half vertices of the cycle C,2. Hence the subset S’ = {a, b, c,x, y} will form the strong geodetic
set. Which implies S ={a,b,c,x,y,z} is not a minimal strong geodetic set. This contradicts our
assumption. Therefore sg*(C,{1,2}) =5 for n =2n.

Case (iii)(b): n is odd

For C,{1,2} where n is odd, we have two cycles C,1 and C,2. The cycle C, is from v{ to v,
which covers the odd vertices. The cycle C,9 starts from the vertex v, which passes through
the even vertices and ends at the vertex v;. Hence the two cycles are connected. The proof'is
similar to the previous case and hence omitted. Therefore sg™(C,{1,2))=5forn=2n-1. [

Theorem 3.8. For a grid graph P, 1P, with 2<n <m and n = [%], the strong upper geodetic
number is sg*(P,,P,)=m + 1.

Proof. Let G = P,,LIP,. Let V(P,,[1P,) ={(u;,v;)/1<i<m,1<j<n}. Consider S ={(u1,v;)/1=<
J=ntu{(ui,vep)i=n,k=[%1}. Let P ={P;/1<t<m+1} be the unique geodesics between the
vertices of S. The path P; starting from the vertex (u1,v1) covers the first uncovered row (u j,v1)
and reaches the vertex (u;,v;) covering the column corresponding to it. Likely the path Py from
(u1,v9) covers the row (u;,v9) until (u;_1,v2) and reaches (u;,v) covering the column (u;_1,v2)
(refer Figure[9).

Figure 9

The procedure is repeated for each pair of vertices of S and each vertex of G —S will lie on a
unique geodesic between the vertices of S. Hence it is clear that the set S needs at least m + 1
vertices to cover the graph in a unique geodesic. It is necessary to prove that S is the minimal
strong geodetic set of G. Let S; be the subset of S such that S; =S —a; where a1 = (u1,v1).
Let P; be the path between a1 and (u;,v). It is clear that the row {(u1,v1),(ug,v1),...,(u;,v1)}
will not be covered by any of the paths P;,2 <¢ <m + 1. Which implies there isno S; €S and S
is the minimal strong geodetic set. Therefore sg* (P,,[JP,)=m + 1. O

Theorem 3.9. For a grid graph P,,L 1P, with n,m = 3, the strong upper edge geodetic number
sge(PnOP,)=(m+n)-2.

Proof. Let G be a grid graph P,,[ 1P, and S be the minimal strong edge geodetic set of G.
A grid graph G is the cartesian product of two paths P, and P,,. Let V(P,,LUP,) ={(u;v;)/1 <
i<m,1<j<j}. If (u1v1) (ugv2) are two vertices then u ug € V(P,,) and vy,vg € V(P,). An edge
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(u1v1)(uguy) € E(P,,[0P,,) is horizontal if u1 = us and vertical if v; = v9. Hence the ith row is
the vertex set {(u;v1),...,(upv;)} with horizontal edges and the jth column is the vertex set
{(w1v)),...,(u;v,)} with vertical edges (refer Figure .

B 5
aS e

P;0OP;

Figure 10

Let S ={(ugqv1),(usv1),...,(unvy),(wive)w1vs),...,(u1v,)}. The edges adjacent to the vertex
(u1v1) is obviously covered by the unique path P; between (z1v2) and (u2v1). The path between
(uq1v9) and (ugve) will traverse through the horizontal edges form (z1v9) and reaches (ugvq)
by covering the vertical edge adjacent to it. Let it be Po. Similarly, the paths {P;/1 <t < |S|}
will cover every edge of the graph (G in a unique geodesic. Hence S is a strong edge geodetic
set of G. Now, it is necessary to prove that S is the minimal strong edge geodetic set. Let
S1< S be a subset of S such that S1 =S/(ugv1). The either the vertical edge (uov,_1)(uv,) or
the edges adjacent to (u,,v,) will be left uncovered. Which implies S is not a strong geodetic
set of G. Then S is the minimal strong geodetic set and |S| = (m — 1) + (n — 1). Therefore
sgy(P,0P,)=(m+n)-2. O

Result 3.4. The strong upper geodetic number of a Fan graph F1 ,, is sg™(F1,) = [51 for n>4.
Result 3.5. For a windmill graph, sg*(Wd(k,n))=n—-1.

Result 3.6. The strong upper geodetic number for a Wheel graph is sg* (W1 ,) = [g1.

Result 3.7. The strong upper geodetic number of a Fan graph F,, is sg*(F,)=n—-1.

Theorem 3.10. Let a,b = 2 be any two integers with 2 <a < b then there exist a graph G such
that sg™(G)=a and |V(G)| = b.

Proof. If a=b=2then G =K. For G =K3,a=b=3. Let b =a. Consider the complete graph
K,,. We know that sg*(K,)=b =a. Let a < b. Consider the graph k(n,1)/n = a. Attach a path
P, ={v1,09,...Up_q} to the u; € k(n,1) (Figure[11). It is clear to see that |V(G)| = b. The pendent
vertices of the graph will form the minimal strong geodetic set of G. Hence sg™(G) = a. Hence
the proof. O
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®
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us @ ® PY @ e o
up Vi \% Vb-a
u® . Ua
o
u7

Figure 11. Realization result of strong Upper geodetic number

Theorem 3.11. Let a,b = 2 be any two integers with 2 <a < b then there exist a graph G such
that sg(G)=a and |[V(G)| =b.

Proof. The proof follows from Theorem [3.10 O

Theorem 3.12. Let a,b = 2 be any two positive integers. For 2 <a < b, there exist a graph G such
that g7(G)=a and sg™(G) =b.

Proof. Given that a,b =2 are positive integers and 2 < a < b then there exist a graph G, such
that g*(G) =a and sg™(G) = b. Depending upon the integers a and b, we consider two cases
a=>band a <b. Let |S| be the minimal geodetic set and |S’| be the minimal strong geodetic set
of G.

Case(i):a=0b

Consider a path P,. Now attach a — 2 vertices {u1,uo,...... ,Ug-1} to P, by joining {u;/1 <
i <a-—2} to vy and vg respectively (refer Figure [12). Since v, is a simplicial vertex, v4 € S.
Also S ={vo,u1,us9,...,uq_9t Uv, forms a minimal geodetic set of the graph. Therefore S =

{vo,u1,u9,...,uq—9} = a. Since each vertex of the graph lies on a fixed geodesic between the pair
of vertices of S, S=S'=a =5.

Vi Vs V3 Vi Va

Ua-2

Figure 12. Realization result of strong upper geodetic number

Case (ii): b=a+1

Consider a path P5. Now add a — 2 vertices {u1,u9,...,uqs—2} to ve and vy, respectively.
Let T ={x1,x9,...,x4-3} be the vertex set such that the vertex x; € T' is adjacent to vs and u1.
Every other vertex of T' are added in between {u;/1 <i <a —3} such that each {x;/2<i<a-3}is

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp.|[737 , 2021



Strong Upper Geodetic Number of Graphs: L. G. B. Infanta and D. A. Xavier 747

adjacent to u; and u;_1. A set of vertices T" = {y1,y2,...,Yp—a+1} are added which are adjacent
to ug—3 and uq_g (refer the graph in Figure[13). Here the vertex set {v1,vs,v5,u1,...uq—2} forms
the minimal geodetic set. Hence |S| =a + 1. It is necessary to cover all the vertices of a graph
in a unique geodetic path for a strong geodetic set. The path between u,_3 and u,_9 can cover
only vertex say y; in a unique geodesic. Hence every other vertices of the set T’ belongs to
the minimal strong geodetic set. Which implies S’ = {v1,v3,05,%1,--+,%a-2,Y2,Y3,- -+ Vb—a+1}-
Therefore b = a + 1. O

Figure 13. Realization result of strong upper geodetic number

Theorem 3.13. Let a and b be any two positive integers where a,b = 2. Then for 2<a < b, there
exist a graph G such that g3 (G)=a and sg}(G)=b.

Proof. The construction of the graph G and the proof is similar to Theorem [3.12] O

4. Conclusion
We have proved that the strong upper geodetic number of graphs is NP-complete. Some results
for strong upper geodetic number and strong upper edge geodetic number of graphs were found.
The realization result for strong upper geodetic number and strong upper edge geodetic number
were also derived.
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