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Abstract. Many measures of irregularity were introduced and studied before. Among them, the most
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defined as sum of absolute values of difference of vertex degrees over all vertices of the graph. A graph
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1. Introduction

In many fields of applications, especially in the case of manufacture of drugs, we can model
chemical compounds by graphs. Topological index of a molecular graph (the graph which
represents molecule) is a numeric quantity and it does not depend on its pictorial representation.
It is proved that there is some connections between the characteristics of the compounds and
their topological indices. Among different topological indices, the indices which based on degree
of vertices have important application in chemical graph theory. In this paper we see one degree
based topological index called Total Irregularity which is an important irregularity measure.
In many applications it is very significant to know the measures of irregularity of a graph which
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is a model of some chemical substance. These measures of irregularity will lead to determine
many chemical properties of the chemical substance. When doing experiments in the case
manufacture of medicines, many chemical substance are very costly. In that cases, we can
find its some properties using these measures of irregularity even in the absence of chemical
substances. In literature, several measures of such irregularity were proposed [2], [5], [4] and [3].
Among them, the most investigated one is the Total Irregularity of a graph. It is found by Abdo
et al. [1] as:
i == Y lda@)-du). @D
u,veV(H)

In a graph H, if dg(u) # dg(v), for every adjacent vertices u and v € V(H), the graph is said to
be totally segregated graph. Jackson and Entringer [6] studied this class of graphs. Here, we use
TS graph to represent totally segregated graph. Three types of bicyclic graphs are introduced
and investigated by You et al. in [7]]. In this paper, Totally Segregated oo Bicyclic Graphs are
discussed and maximum 7otal Irregularity of the graphs is determined and the extremal graph
is presented.

Here, we see oo bicyclic graphs which is given in [7]. Let C, denotes a cycle of length e.
A bicyclic graph is a connected graph in which the number of edges exceeds exactly one than
the number of vertices. The basic bicycle co-graph denoted by oco(e, f,1) is got from two vertex-
disjoint cycles C, and Cy by pasting one vertex of C, and one vertex of Cy (Figure|1) where
e,f=3.

Figure 1. The graph oo(e,f,1) with e=3 and f =3

In Figure let w1 = V(Ce) N V(Cf), w9 € V(Ce)\V(Cf) and ws € V(Cf)\ V(Ce).

Let P* ={P : P is a rooted path with length at least one and the root is the initial vertex},
R* ={R :R is a rooted star and the root is its center}, PR* ={P+R :P € P* and R € R*}. Here,
we get the rooted graph P + R by pasting the end vertex of P € P* with the center of a star R.
Note that the root of P + R is the root of P. Here R, denote the star on r vertices. Let H; and
Hjy be two graphs with v; € V(H7) and vg € V(H3). The graph H = (H1,v1)o(Hg,v2) denote the
resultant graph obtained from pasting v with ve. Let x € V(co(e, f,1)) and v be the starting
vertex of the tree T'. We denote (oco(e, f,1,x))o(T,v) by oole,f,1,x0T). In this case, we say that
a tree T is affixed to the basic bicycle oco(e, f,1) at x. For example, see Figures |2 and
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Figure 3. The graph oo(e, f,1,xo0R;+1)

Note that we get a bicyclic graph H from a basic bicycle co-graph (co(e, f,1)) (possibly)
by affixing trees to some vertices of the basic bicycle. We say H as bicyclic graph with basic
bicycle oco(e, f,1) if we get H by affixing trees to some of the vertices of basic bicycle co(e, f, 1).
The oo-bicyclic graph is a bicyclic graph with a basic bicycle oco(e, f,1). The bicyclic graph
oople, f,1,wi0T1,we 0 Ty) denote co-bicyclic graph on n vertices, with basic bicycle oco(e, f,1)
with affixed trees T';1 and T'9, such that root of the rooted tree T7 and T is affixed at w; and
wq of basic bicycle, respectively.

A Totally Segregated Bicyclic (TSB) Graph is a bicyclic graph which is totally segregated.
The set denoted by B,(C,oT1,CroTs) is the set of those graphs each of which is an co-bicyclic
graph such that a tree is affixed to at least one vertex (say ws) in V(C,) \ {w1} and a tree
is affixed to at least one vertex (say ws) in V(Cr) \ {w1}, where w1,wz,w3 are as defined in

Figure
Remark 1.1. If H is a Totally Segregated oco-Bicyclic Graph, then H € B,(C,0T1,CfoTs).

Remark 1.2. For n <6, a Totally Segregated oo-Bicyclic Graph of order n does not exist.

2. Maximum Total Irregularity of Totally Segregated ~o Bicyclic Graphs

Definition 2.1 (Type 1 - Transformation, [7]). Let H = (V,E) be a bicyclic graph with basic
bicycle oo(e, f,1) with rooted trees T',---,Ts (s = 1) affixed and let u € V be one of its vertices
with maximum degree and let b be any vertex of H of degree 1, and is adjacent to vertex
a(a # u). Let H' be the graph obtained from H by deleting the pendant edge ab and adding
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a pendant edge ub. The transformation from H to H' is a Type 1 - Transformation on H (see
Figure [4).

In Figure 4} the edge ab € E(T;) and u € V(T;). In fact, ab € E(T)) for any j € {1,2,---,s}.

Figure 4. Type 1 - Transformation

Lemma 2.1 ([7]). Let H = (V,E) be a oo bicyclic graph with s(= 1) rooted trees T1,T9,---,Ts
affixed and let H' be the graph obtained from H by Type 1- Transformation. Then irr;(H) <
irr(H').

By Lemma [2.1] and by the Definition [2.1) we get the result as follows.

Lemma 2.2. Let H =(V ,E) be a Totally Segregated oo-Bicyclic Graph on n vertices.

(a) If the graph Hy = (V,E') € B,(C, 0 T1,Cr o T3), which is obtained from H by repeating
Type 1-Transformation until it is not possible to get a new graph which belongs to
B,(C,0oT1,CroTe) from Hi, then we can find some rooted tree T such that Hi =
oole, f,l,wioT,weoRe,wzoRy) or Hy = oole,f,1,weoT,w30Ry) or Hy = ocole,f,1,wg0
Ro,w3oT) and irry(H) < irry(Hy), where T € R* UPR*; e =3, f = 3; w1, we, w3 are as
defined in Figure

(b) In Casel[(a)] let u be a vertex of T and let ui,us,---,u; be the pendant vertices belongs to
neighbourhood of u. Then dg,(u) =2dg,(x) V x€V.

Definition 2.2 (Type 2 and Type 3 - Transformation). Let H = (V,E) be a oo bicyclic graph,
such that all trees affixed to the basic bicycle are Ry (star on two vertices) except T', where
T e R*UPR* and Rs-s are affixed to vertex x, x € V(H) \ {w1}.

Let u € V be one of the vertices of greatest degree and let wui,ug, - - ,us(t = 1) be the
vertices of degree one adjacent to u. We get the graph H' from H by removing the leaves
of H, say uui,uus, - ,uu; and adding the pendant edges wiui,wiug, - ,wius;. We call the
transformation from H to H' a Type 2 - Transformation on H.

Let u € V be one vertex with maximum degree which is the root of the rooted star R* (= Rs+1)
and u1,usg, - ,u; (¢ =2) be the vertices of degree one adjacent to u. Suppose we get H” from H
by removing the leaves uug,- - ,uu; and adding the leaves wiug,- - ,wiu;. The transformation
from H to H" is said to be a Type 3 - Transformation on H (refer Figures[5|and [6).
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Figure 6. Type 3 - Transformation on oo-bicyclic graph with one Ry and T € R* are affixed

Lemma 2.3. Let H be a co-bicyclic graph on n vertices obtained as in Lemma e, His
oo-bicyclic graph and H = oo(e, f,1,wioT,wgoRo,w3oRy) or H = ocole,f,1,wgoT,wsoRs) or
H=oo(e,f,1,wgoRs,wgoT).

Let T € PR* and let v be the root of the rooted tree T. Let u be a vertex of maximum degree and
let uy,ug, -+ ,us(t = 1) be the vertices of degree one and belongs to neighborhood of u. If we get
the graph H' from H by Type 2- Transformation (Figure @) then, irry(H) <irr,(H').

Proof. Let H =(V,E) be the graph. Let v be the root of the rooted tree and it is not compulsory
that v is different from ws. It is clear that only the degrees of vertices u and w is changed after
the Type 2 - Transformation, then dg/(u) =1, dg(w1) =dg(w1) +dg(u) —1 and dg/(x) = dg(x)
for any vertex x € V\{u,w1}. Let U =V \ {u,w1}.

It is given that the vertex u is one of the vertices of H with greatest degree, that is, d () = dg(x)
for any vertex x € V. Then

ldp(w)—dp(w)l—dg(w) -dg(wi)| =2dg (w1) -2, (2.1
Y ldpw)—dp@) - ) ldaw)—da) =2 ) du(x)—(n—2)(da(u) +1). (2.2)
xeU xeU xeU
Now, we discuss Z |dgr(wq) — dgi(x)] — Z |dg(w1) — dg(x)| as follows:
xeU xeU

Here ¢ = 3 since u is one of the maximal degree vertices of H.
As dg(wq) =dg(x) for any x e U,

Y ldpw1)—dp@)] - ) lda(wi) - dux)|
xeU xeU
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=) (dpw)+daw)-1-dpx) - ) (drwi) - dax)
xeU xeU

=(n-2)(dg(u)-1).
Then we have

Y ldgwy) —dp)| - ) ldawi) - dg@)| = (n-2)0dguw)-1)-2. (2.3)
xeU xeU

By equations (2.1), (2.2), (2.3) and since dg(w1) =3 and dy(x) =1 for any x € U, we have

irry(H") —irri(H) = |dg(w) - d gl + ) ldgw) —dg(@)| + ) [dg(w1) - dgi(x)|
xeU xeU

—(ldag@)—dal+ Y 1da@w) - da@)|+ Y_ |da(wi) - da(x)|

xeU xeU
=2dy(w1)—-2+2 Z dyx)—-(n-2)dgw)+1)+(n-2)(dyg(u)—1)-2
xeU
>2 Z dH(x)
xeU
>0. (2.4)
It follows the result. O

Lemma 2.4. Let H be oo-bicyclic graph and H = oo(e, f,1,weoT,w3oRs) or H = oo(e,f,1,wgo0
Ro,w3oT), where TeR™*. Let T = R;,1 and u € {wg,ws} be a vertex of maximal degree which is
the root of the rooted tree T and uq,us9,---,u; (t = 2) be the vertices of degree one adjacent to u.
If we get the graph H' from H by Type 3- Transformation (Figure @ then

(1) H =oole,f,1,wioRs,wgoRo,ws o Ry).
(2) irry(H) <irry(H").

Proof. By the definition of Type 3 - Transformation (Definition result|(1)|is obvious. Now,
we show that result|(2) holds. Here only the degrees of vertices u and w; is changed after the
Type 3 - Transformation. Then dg/(u) =3, dg(w1) =dg(w1) +dg(u) -3, and dg/(x) = dg(x) for
any vertex x € V \{u,w1}. Let U =V \ {u,w1}. Note that ¢ = 2.

The vertex u is one of the vertices of H with greatest degree. Then dy(u) = dg(x) for any
vertex x € V and dg(w1) = dy(x) for any x € U, dg(u) = dg(x) for any vertex x € U and
dy(w1) = dg(x) for any xe U. Then

l[d(uw)—dg(wi)l - 1dp(u) —dr(wi)l = 2dg(w1) -6, (2.5)
Y ldmw)—dp@)) - ) ldpwy) - da(x)| = (n-2)t-1), (2.6)
xeU xeU

Y ldgw)—dp )] - Y ldupw) - dux) = (n-2)(1-1). (2.7)
xeU xeU

By equations (2.5), (2.6), (2.7) and since dg(w1) =3, t =2 and dy(u)—3 =1, we have

irry(H'") —irry(H) = |dg(w) - d gl + ) ldg(w) —dg () + ) [dg(w1) - dgr(x)|
xeU xeU

—(lda@)—dal+ Y 1da@w) - da@)|+ Y_ |da(wi) - da(x)|
xeU xeU
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=2dg(w1)-6+(n-2)t-1)+(n-2)(1-¢)=0. (2.8)
Hence irry(H')—irr;(H) = 2 since dg (w1) = 4. It follows the result. O

By Lemma and [2.3|we have:
If e,f(= 3) are given, then max{irry(H) : H € B,(C,0T1,CfoTs)} = irry(oole,f,1,wioR,,wg 0
Ry, w3oR3)), where r=n—(e+f).

In the following theorem, the Totally Segregated oo-Bicyclic Graph with the maximum Total
Irregularity is found.

Let n,e,f,r be positive integers with e,f =3 and e+ f +r =n and

H = oon(e, f7 17w2 0R2,LU3 0R2,U)1 OR,.),

Then the degree sequence of H is ((r +3)!,32,2¢*/4 17*1) and by simple calculation, using
equation (1.1), we have

irriH)=(e+f-4)2r+4)+(r+2)(r+1)+6r+4. (2.9)

Theorem 2.1. If n = 7 is a positive integer and H is a Totally Segregated oco-Bicyclic Graph with
basic bicycle oole,f,1), e =3, f = 3, on n vertices, then irr,(H) < n? +n — 28 and the equality
holds if H = 00,(3,3,1,wioR,_g,waoR9,wzoRy).

Proof. Let H be a Totally Segregated oo-Bicyclic Graph with basic bicycle co(e, f,1) on n vertices
where e+ f +r=n.

Since H is totally segregated, by Remark there exists a vertex wg € V(C,) \ {w1} with
d(wg) = 3 and a vertex w3 € V(Cr) \ {w1} with d(w3) = 3. Then H € B,(C,0T1,CroTs).

We prove this theorem in two stages: In Stage 1, we obtain oo-bicyclic graph H' =
oople,f,1,wgoRo,w30oRy,w1oR,) from H such that irr,(H) < irr;(H') by repeating Type 1,
Type 2, Type 3 - Transformations until it is not possible to get a new graph, which belongs to
B,(Co0T1,CroTsy), from H' by any of these transformations.

In Stage 2,we obtain Totally Segregated oo-Bicyclic Graph H" = 00,(3,3,1,wg 0o Ro, w3 o
Rs,w1oR,_g) from H' such that irr;(H') <irr;(H") by repeating replacement of edges so that
one can not find a new Totally Segregated oco-Bicyclic Graph from H" by the replacement of
edges.

Stage 1. If r =1, then n = e+ f +1 and the rooted trees are Ry affixed at wo, R9 affixed at ws
and all other affixed trees T'; are trivial; namely, |V(T;)| = 1. Then,

H =oop(e,f,1,wgoR2,w3oR3)
and
irriH)=(e+f-4)2r+4)+(r+2)(r+1)+6r+4.

Let r = 2. We get H; from H by repeating Type 1 - Transformation. Then H; = oo(e, f,1,wg0
Ro,wzoT) or Hy Zoole,f,1,weoT,wzoRs) or Hi = oole,f,1,wgoR9,wzoRao,wq10T), where
T € R* UPR* and irry(H) <irry(H;) by Lemma 2.1]

Case 1: H1 Zoole,f,1,wgoR9,wzoT, where T e R™).
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In this case we can get a new graph Hs = oo(e,f,1,wg o Ro,wgo Ro,w10oR;) by Type 3 -
Transformation on Hy. Thus irr;(H) <irr;(Hq) <irry(Hg)=(e+f—-4)2r+4)+(r+2)(r+1)+6r+4
by Lemma [2.4] and equation (2.9).

Case 2: Hi = oo(e, f,1,wgoRo,w3oT) where T € PR*.

Let Hy be the graph obtained from H; by Type 2 - Transformation. Then irr;(H1) <irr;(Hg2) by
Lemma We get Hs from Hy by repeating Type 1 - Transformation until it is not possible
to get a new graph which belongs to B,,(C,oT1,CroTs9) from H3 by Type 1 - Transformation.
Then Hs = oo(e, f,1,wa0oRg, w30 Ry, w10 R;). Then by Lemma 2.1} irr,(Hg) <irr,(Hs) and thus

irri(H) <irry(Hy) <irrg(Hg) <irry(Hg)=(e+f —4)2r+4)+(r+2)(r+1)+6r +4.

Case 3: Hi = oole, f,1,wgo T, w3oR5), where Te PR* UR™.
The proof is as in the proof of Cases 1 and 2.

Case 4: Hi = oo(e, f,1,wgoRo,wgoRs,w10T) where T € PR*.
Let v be vertex of T' such that pendant vertices are adjacent to v and u be the starting vertex of
the rooted tree. If dg, (u,v) = 1, suppose we get Hg from H; by Type 2 - Transformation; then

Hy =oo(e, f,1,wgoR2,w3goRa,w1oR;)
and
irri(H) <irry(Hy) <irri(Hg)=(e+f —4)2r+4)+(r+2)(r+1)+6r+4

by Lemma 2.1

If dg,(u,v) > 1, suppose we obtain Hy from H; by Type 2 -Transformation and get Hj
from Hjy by doing successively Type 1 -Transformation until it is not possible to get a
new graph which belongs to B,(C,oT1,CroT3) from H3 by Type 1 -Transformation. Then
Hsz =oole,f,1,weoR2,wzoRy,w1oR,). By Lemma|2.3]

irri(H) <irry(Hy) <irri(Hg) <irry(Hg)=(e+ f —4)2r+4)+(r+2)(r+1)+6r +4.
Case 5: Hi Zoo(e, f,1,wgoRg,wgoRo,w10T) where TeR*.
Then

Hi=oole,f,l,wgoRg,wzoRg,wioR,;)
and

irri(H) <irry(H1)=(e+f-4)2r+4)+(r+2)(r+1)+6r+4

by Lemma 2.1
From the above arguments, we get the proof of Stage 1.

Stage 2. Let ¢, f,r be positive integers with e,f =3 and e+ f +r =n.
In this stage, we prove:

(1) If e =4, then
irrg(ocole, f,1,wgoRg,wzoRo,w10R;)) <irryoole —1,f,1,wgoRg,w3oRg, w10 R;.1)).
(2) If f =4, then

irr(oole,f,1,wgoRo,wzoRo,w1oR,)) <irryoco(e,f —1,1,waoRo,wzoRo,w1oR;11)).
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Let n =e+ f +r; by equation (2.9) we have
irr(oo(e —1,f,1,wgoRe,w3oRg,wi 0 Ryy1)) —irryoo(e, f,1,wg o R, w3 o R, w10 R;))
=2e+2f+3r+6>0, (2.10)
irry(oole, f —1,1,wgoRg,w30Rg,wi 0 Ry11)) —irryoo(e, f,1,wg o R, w3 o Ra,w1oR;))
=2e+2f+3r+6>0. (2.11)

The graph co(e—1,f,1,we0oR9,wgoR9,w10R 1) is obtained from H; =ool(e, f,1,wooRo, w30
Ry, wi0oR,) by contracting an edge of the cycle C, which is different from wiwo and adding
a pendant edge to w1 and the graph oo(e,f —1,1,wgoRg,w3oRo,w1oR,,1) is obtained from
Hi=o0ole,f,1,wgoR3,w3oRy,w10R,) by contracting an edge of the cycle Cy which is different
from wqiws and adding a pendant edge to w1. Let Hy be the graph obtained from H; by repeating
this kind of edge replacements until the length of the cycles C, and C¢ cannot be reduced. Then
we know that He = 00,(3,3,1,weoRg,w3zoRo,w10oR,_g) and is Totally Segregated oo-Bicyclic
Graph for n =7 (see Figure[7). By equations and (2.11), we have irry(H1) <irr;(Hs) and
by simple calculation we get irr,(Hy) = n? +n — 28. O

Figure 7. The graph c0,(3,3,1,waoRg,wsoRe,w1oR,_¢)

3. Conclusion

We have studied total irregularity of certain graphs and found maximum total irregularity of
totally segregated oo Bicyclic graphs. More problems in this area still remain unsettled. More
studies on different types of irregularities for different graph classes can be done. We focused
our investigation to find greatest total irregularity of certain class of graphs. It would be
interesting to compare the irregularity indices of various graphs. Another interesting problem
is to characterise the set of graphs having identical irregularity indices. It is also interesting to
find the relationship between number of edges and number of vertices in the case of extreme
irregularities.

Competing Interests
The author declares that she has no competing interests.
Authors’ Contributions

The author wrote, read and approved the final manuscript.

Commaunications in Mathematics and Applications, Vol. 12, No. 4, pp.[931 , 2021



940 Study on Total Irregularity in Totally Segregated oo Bicyclic Graphs: T. F. Jorry

References
[1]1 H. Abdo, S. Brandt and D. Dimitrov, The total irregularity of a graph, Discrete Mathematics and
Theoretical Computer Science 16(1) (2014), 201 — 206, DOI: 10.46298/dmtcs.1263.

[2] F. K. Bell, A note on the irregularity of graphs, Linear Algebra and its Applications 161 (1992), 45 —
54, DOI:|10.1016/0024-3795(92)90004-T.

[8] G. Chartrand, P. Erdoés and O. R. Oellermann, How to define an irregular graph, The College
Mathematics Journal 19 (1988), 36 — 42, DOI: 10.1080/07468342.1988.11973088.

[4] G. H. Fath-Tabar, I. Gutman and R. Nasiri, Extremely irregular trees, Bulletin (Académie serbe
des sciences et des arts. Classe des sciences mathématiques et naturelles. Sciences mathématiques)
38 (2013), 1 — 8, URL: https://www. jstor.org/stable/44097193.

[5]1 I. Gutman, P. Hansen and H. Mélot, Variable neighborhood search for extremal graphs. 10.
Comparison of Irregularity Indices for Chemical Trees, Journal of Chemical Information and
Modeling 45(2) (2005), 222 — 230, DOI:|10.1021/ci0342775.

[6]1 D. E. Jackson and R. Entringer, Totally segregated graphs, Congress. Numer. 55 (1986), 159 — 165.

[7]1 L. H. You, J. Yang, Y. Zhu and Z. You, The maximal total irregularity of bicyclic graphs, Journal of
Applied Mathematics 2014 (2014), Article ID 785084, 9 pages, DOI: 10.1155/2014/785084.

Commaunications in Mathematics and Applications, Vol. 12, No. 4, pp.[931 , 2021


http://doi.org/10.46298/dmtcs.1263
http://doi.org/10.1016/0024-3795(92)90004-T
http://doi.org/10.1080/07468342.1988.11973088
https://www.jstor.org/stable/44097193
http://doi.org/10.1021/ci0342775
http://doi.org/10.1155/2014/785084

	Introduction
	Maximum Total Irregularity of Totally Segregated   Bicyclic Graphs
	Conclusion
	References

