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Abstract. This paper deal with the initial-value problem for a linear first order Fredholm delay
integro differential equation. To solve this problem numerically, a finite difference scheme is presented,
which based on the method of integral identities with the use of exponential form basis function. As
a result of the error analysis, it is proved that the method is first-order convergent in the discrete
maximum norm. Finally, an example is provided that supports the theoretical results.
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1. Introduction

Integro-differential equations have many applications of science and engineering. They are
an important subject of mathematical physics and biology, which are modelled in many areas
such as the elasticity, fluid dynamics, electromagnetic, heat and mass transfer, biomechanics,
propagation of nervous impulse, population dynamics, polymeric liquids [[11,/13},14,16,/18-22].

Motivated by these works, we deal with the following Fredholm integro-differential equation
(FIDE) with delay in the interval Q =[0,1] :

l
Lu:=u'(x) +a(x)u(x) + b(x)ulx —r) = f(x)+ /lf K, Hu(t-r)dt, xec(Q, (1.1)
0

u(x)=@x), xe€Q (1.2)
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m —
where Q=(0,l1= U Q,, Qp ={x:rp_1<x=<rp, 1=<p=m}, Q=[0,l],rp, =kr,0<k<m and
p=1

Qg =[-r,0] (for simplicity we suppose that I/r is integer; i.e., [l = mr). Also, A is a real parameter
and r is a constant delay term. a(x) = a > 0, b(x), f(x), ¢(x) and K(x,t) are given sufficiently
smooth functions. Under the conditions in Lemma the existence and uniqueness of the
solution to problem (1.1)-(1.2) are guaranteed.

There are many methods for the numerical approximation of FIDEs, such as the collocation
method [6,[23], the variational iteration method [[10]], the Wavelet method [9]], the direct method
[15], the Tau method with polynomial bases [17]], the finite difference method [2,12], the
reproducing kernel Hilbert space method [5]], and references there in. Although, there are many
studies on FIDEs without delay in the literature, there are few works on FIDEs including delay
terms. Especially, in the last two decades, interest in these equations has been remarkable.
For example, to solve FIDEs with delay, various types of computational methods have been
proposed, such as the collocation technique with the Haar wavelet [1]], the Jacobi matrix method
with collocation points [8], the Tau method with the some special polynomials [24,25], the
polynomial approach with spline functions [7]].

Even if the equation (1.1) is linear, it may not always be possible to find its analytical
solution. Because, it is not possible to benefit from Taylor’s expansion because of the delay term
is large. Therefore, it is necessary to develop suitable numerical solutions for such equations.

In this paper, we have developed a new approach to solve (1.I)-(1.2), numerically. This
approach is based on the method of integral identities with the use of interpolating quadrature
rules with the weight and remainder terms in integral form for differential part and the
composite integration method for integral part. As a result of this, the local truncation errors
occur that include up to first order derivative of the exact solution and so facilitates examination
of the convergence.

The remainder of this paper is as follows. In Section [2] a priori estimate of the exact solution
is given. The finite difference scheme is constructed in Section [3] In Section[4} the error analysis
for the approximate solution is presented and convergence is proved in the discrete maximum
norm. In Section |5, the iterative algorithm for solving the discrete problem is formulated and
numerical results are presented, which computationally verify the theoretical analysis. The
paper ends with a summary of the main conclusions.

Throughout the paper, C denotes a generic positive constant. Some specific, fixed constants
of this kind are indicated by subscripting C.

2. The Statement of the Problem
In this section, we present some estimates for the solution of (1.1)-(1.2), which are needed in later

sections for the analysis of appropriate numerical solution. For any continuous function g(¢), we
use |l gll,, for the continuous maximum norm on the corresponding interval. In particular, we

will use |1 llco,p = IIgIIOOQp :=max|gx)|, 0<p<m and Q; ={x:0<x<rp},1sp=m.
’ x€Qp
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Lemma 2.1. Let a,b,f € C(Q), K€ C(QxQ), ¢ € C(Qo) and |A| < a/(Kl). Then for u which the
solution of the problem (1.1)-(1.2) the following estimates hold:

||u||oo,§2; =Cp, 2.1)
||u,||OO,Q; <llalleoCp+blloo + |/1|Kl)Cp—1 + 11 lloos (2.2)
where

Cp = lplloool(@— UKD HIblloo

_ _ 0
+(1-a YARD 19O+ a I flleo + @ HAIK I(p(s)IdS]
—-r

p —_
x Y (a-ARD bl ™, p=12,...,m

k=1
and
K= max |K(x,?).
(x,)eQx Q)
Proof. From (1.1)-(1.2) we can write
u@)+axulx)=F(x), x€ Q; , (2.3)
where

!
Fx)=fx)-bx)ulx—r)+ /lf K, tu(t—r)dt.
0
Then
!
IFOI < 1flgoa + 10l ax Ul g+ + Mle lu(t—r)idt
=op »24p =op-1 0
and based on assumptions of this lemma and from it follows that
!
0! = 9O+ 07 I ooy + 1Bl Vil | + 07 HAIK [ ute =i,
»=p »=p | 0

After replacing s =t —r we arrive at

0 l-r
lu@) <y, +a UK |(p(s)|ds+cx_1|/1|Kf lu(s)lds
-r 0

0 l
Syp+a_1|/l|K I(p(s)lds+a_1|/1|Kf lu(s)|ds,
0

-r
where
-1
Yo = 0O+ @ [If ooy + 1003 2l |-

So, we have

0
Il gy = (1= 617" [|<p(0)| £ Nl 0 +0 f p(s)lds
-r

-1 -1
+a (1= blla lullwar >
»S4p »“p-1
where

6=a Y AK.

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021



622 A Numerical Approach for Fredholm Delay Integro Differential Equation: E. Cimen and K. Enterili

From here, the following first order difference inequality follows
Up S qQUp_1+p

with
vp = lullwgy, 6=a MK,

g=a ' (1= bl e,

b

0
p=(1=0D7 {190+ 0~ If ooy +0 [ Ip(o)lds

which yields the estimate

p
-k
vp<vog’+p ) q°
k=1

so we arrive at (2.1).
Now, from (1.1), we easily get
1
lu' ()] < la(o)l[w()] +16(x) | [ulx — 1) + £ ()] + le |K (x,)l|lu(t—r)ldt
0
and from hence we obtain
”u/”oo,Q; = ||a||oo,Q;; ||u||oo,Q; + ”b”oo,(z; ||u||oo,g‘2;_1 + ”f”oo’Q; + Mlllulloo,(z;_lKl,

which completes the proof. O

3. The Difference Scheme and Mesh
Let @y, be a uniform mesh on Q:
wn, ={x;=ih,i=1,2,...,N,h=1/No=r/N}, &n,=wn,U{0},
which contains by N mesh point at each subinterval , (1< p <m):
wn, ={xi:(p—-1DN+1<i<pN,1<p<=m}

and consequently
m
wNO = U a)Np
p=1
and also

wz*vp:{xizlsiSpN}, (1<p=<m).

For any mesh function g(x), we use g; = g(x;) and moreover y; denotes an approximation of
u(x) at x; and

82i=(8i=8i-0/h, N8loop = Iglloown, = =~ max I8,

I8loow;, = 1;?2;(N|gi|, (I=p=m).
For the difference approximation the problem (1.1)-(1.2), we are using the following identity

X X [
Bl f Lu(x)pi(x)dx=h"" f [f(x)+A f K(x,8)u(s —r)dslpi(x)dx, 1<i<Npy, (3.1)
Xi-1 Xi-1 0
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with basis function
¢i(x) —e ' atydt e I <x<x; (3.2)
which is the solution of the following problem
—Pi(x)+a(@)pi(x) =0, xi_1<x<x;, ¢i(x;)=1.
The relation (3.1) is rewritten as
pol f Y i+ k) f Y ou@ i odx+ b f " bt — i dz
Xi_1 Xi-1 xi-1

Xq

X l
=h71 | fpix)dx+ 7 ()1 f K(x,s)u<s—r)ds)</>i(x>dx- (3.3)
0

Xi-1 Xi-1
First, using the formulas (2.1) and (2.2) from [3]] on interval (x;_1,x;) taking into account the
left hand side equation (3.3), we have

h‘lfxi u'(x)pi(x)dx + 1 B a(x)u(x)¢i(x)dx+h‘1fxi b(x)ux — r)d; (x)dx
it Yi-1 xi-1

(1)

1 >

:Aium +Biu5c,i—N +Ciui +Diui—N +R

where
A=t piodx+ b f " (2 —x)a@)d; ()dx, (3.4)
Xi-1 Xi-1
Bi=h ' [ (o xpbpsx)dx, Ci=h1 f Y @ idz, (3.5)
Xi-1 Xi-1
D;=h-! f " bz, (3.6)
Xi-1

Xi

i—

X
RV =p1 f b(x);(x)dx f
Xi-1 X
Ko(x,&) =Tox—&)-h Ha—xi—1), To)=1,t=0;To()=0, t<O0.
Second, for the integral term from the right hand side eqution (3.3), we have

Bl f N
xi-1

x; l
= h_lxlf dx<pi(x)f K(x;,8)u(s—r)ds,
Xi-1 0

u'(¢ - r)Ko(x,§)dg, (3.7
1

l
/1-[ K(x,s)u(s—r)ds| ¢;(x)dx
0

X

i l
+h71A dx(pi(x)f [K(x,8)—K(x;,s)]lu(s—r)ds.
0

Xi-1
Further using the composite right side rectangle rule, we obtain

X

l Ny Ny 0
f K(x;,9)u(s—r)ds=nh Z K;ju; n- Z (s —xj_l)g[K(xi,s)u(s -r)lds.
0 j=1

Jj=1v%j-1

Therefore, we get

x; l
h_lf [xlf K(x,s)u(s—r)ds
Xi-1 0

X No
di(x)dx=h"1A f dxpi(x)h Y K;ju;-n+RP
xi-1 j=1
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with remainder term

RP=h"12 f dxp;(x) f [K (x,8) — K (x;,8)]u(s —r)ds

+Ah~ f (,bl(x)dxz (s—xj_l)—[K(xi,s)u(s—r)]ds. (3.8)
im1dxjo 0s

Hereby, we write the exact relation for u(x;):
Cuj=Ajuzi+Biugi-n+Ciuj+Diui-n
No
:Fi+Ei/lZKi,juj—N+Ri, 1<i<N,y, (3.9

j=1
with

E=fL@uM&
X1

Fo=n'[ feide,

Xi-1
R;=R"+R? (3.10)
where A;, B;, C;, D; and ng) (k =1,2) are determined by (3.4)-(3.6) and (3.7), (3.8), respectively.
By virtue of (3.9) we suggest the following difference scheme for approximating (1.1)-(1.2):
Ny
Cyi=A;yz;+Biyzi-n+Ciyi+DiyiN=F; +E;1)_K;jyj-n, 1<i=<Ny, (3.11)
j=1
yi=¢;, -N=<i1=<0. (3.12)
We also propose another difference scheme that can be easily obtained using the implicit Euler
method which is known as the classical method and appropriate quadrature rules:

Ny

yei+aiyi+biyi-n=fi+hAY K;ijyj-n, 1=i<Ny, (3.13)
j=1

Yi=¢i, —-N=i=0. (3.14)

4. Error Analysis

To analyze the convergence of the method, we define the error function z; =y; —u;, 1 <i <Ny is
the solution of the following discrete problem

No

gzi:Ei/lzKi,ij—N_Ri, 1<i<N,y, 4.1)
j=1

z2;=0, -N=<i<0, 4.2)

where the truncation error R; is given by (3.10).

Lemma 4.1. If a,b, f € C(Q), ¢ € C1(Qp), K € CL(Q x Q) and then for the truncation error R; we

have

IR|lo < Ch. (4.3)
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Proof. From (3.7), we write
X; X
RV1<h™ | dxlb@)pix) | |u'E-r)IdE.

Xi-1 Xi-1

Due to Lemma[2.T|and 0 < ¢;(¢) < 1, we have
x; x;
IR sCh‘lllblloof dxf lu'(€—r)\dé¢
Xi-1 Xi-1

<c|" we-rde=ch.

Xi-1

From (3.8), we write

X l
REPI=h [ dugite) | IKGe8) - K, 9lluts—lds
Xi-1

X No px; 0
+|7L|h_1f (,bi(x)dxz (s—x;-1) g[K(xi,s)u(s—r)] ds
Xi-1

Jj=1v%j-1

X l
sh‘ll/llf dxc/)i(x)f (x—xi)IiK(x,S)llu(s—r)Ids
%i-1 0 Ox

x; l
+|7L|h_1f (,bi(x)dth g[K(xi,s)u(s—r)] ds
X1 0 |0s

x; l
<1\l f () f
Xi-1 0

x; l
T piwds f [
0

Xi-1

0
—K(x,s)||lu(s—r)|ds
Ox

0
&K(xi’s)

lu(s — )| + 1K (x;,9)l|u'(s =)l | ds.
By virtue of Lemma |%K(x,t)| =C, |%K(x,s)| <C and 0 < ¢;(¢) <1, we have

x; l
IR < wf dxf [lu(s =) +u'(s - )] ds < Ch,
Xi-1 0
and so we arrive at (4.3)).

O

Lemma 4.2. Let |G;| < G; and G; be nondecreasing function, we consider the following problem

lvi=Ajvz;+Civ; =G, 1<i<N,
vo = B.

Then the solution of difference problem (4.4)-(4.5) hold:
lil<IBl+a1G;, 1<i<N.

Proof. The proof is almost identical that of [4].

Lemma 4.3. Let z; be the solution of (4.1)-(4.2) and
Ny
2a b lloo + a Al ‘max YK <1
i=1

<i<Np

holds true. Then
12lloo < ClIR oo -

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021
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Proof. From (4.1), we write
No
Aiz‘f,i +Biza’c,i—N +C;zi+Diz; N=E;hA Z Ki,jzj_N -R;.
j=1
Here, we rewrite as

Aizzi+Ciz; =Gy,
Ny
i1

and here, we have

No
IGil < 1blloolzi-N|+ 1Dlloolzi-N-1] +AlR Z IK; jllzj-N1+ 1 Rlloo -

Jj=1
Considering Lemma we can write
1 1 Q 1
Izl < 207 1B llcollZlloo + @ AllI2lloo max kY IK; ;I +a IR oo,
1SLSNO J:]-

which completes the proof.

Now, we give the main convergence result.

Theorem 4.4. Let u be the solution of (1.1)-(1.2) and y be the solution (3.11)-(3.12). Then

1Y = tlloowy, < Ch.

Proof. This follows immediately by combining the previous lemmas.

5. Numerical Results

In this section, we present numerical results obtained by applying the new numerical scheme
(3.11)-(3.12) to the particular problem. Also, we present numerical results obtained by using

implicit Euler method in (3.13)-(3.14).

First, we suggest the following iterative technique for solving problem (3.11)-(3.12). So, if

we reformulate (3.11) then we can write

Ny
-1 .
Aiygfi)+Biy;r’Li)_N+Ciy§n)+DiyEr_L)N =F;,+E;A ZlKijyyiN), 1<i<Ny-1,
J:

y=¢;, -N=i<O,
n=12,..., yEO) (1<i<Np-1) are given and stopping criterion is
maxlyin) _ygn—l)l < 10—5.
l

Latter, for the iterative error 2™ = y(.") —; from (3.11)-(3.12) and (5.1)-(5.2), we have
1A l

Ny
Az +Bi2") +Ci2V+ D2V =Bl Y K2, 1sisNp-1,
J=1

2M=0, -N<i=<o.
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According to maximum principle

Ny
-1
12 lloo < 1AIR ) 1Kij11207 Y]
J=1
<qlz" o

with
No
=|Alh K.
q=1Al Orsr}g;\c,ojzzll ijl
No
For || <1/|h lmaz)\(, > |K;j|| the iterative process obviously convergent.
<1< 0j=1
Example 5.1. Now, we consider the test problem:
3 12
u'(x)+4u(x) +u(x—1)= Ze(x_l) + Zf e tu(t-1dt, 0<x<2,
0
u(x)=e*, -1<x<0

the exact solution of the problem is given by

die ™ +dge* 1 O<x=<1,
u(x) = Ax-1 1
[ds+(1—x)d1le D4 de™ 1l 1<x<2,

where X ]
di=1- 1006— 4e_—el —e®
1—e-5
%= 00514
ds=|e - Fl()(l —e®)|d1+ (1 + 3;(_)1)d2 - %,
dy= Flo(l—e_5)d1 - 3;;1012 . %

We define the exact error e]iV and the computed maximum pointwise error eV for any N as

follows:

N_iy ul oV N

e; =lyi—uil, e Jnax e;’,
where y; is the numerical approximation to exact value u; for the nodes x;. The computational
results of the test problem obtained by using both methods are presented in Tables [1H3]
Furthermore, the maximum pointwise errors by means of the corresponding numbers eV

obtained by taking y(O) =1-e7% for the test problem are listed in Table

i
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Table 1. The numerical results for the test problem on (0,2] (PM)

X u; yi (N =64) e?4 yi (N =128) e}28
0.125 0.6084837 0.6085000 1.628E-5 0.6084920 8.282E-6
0.250 0.3712771 0.3713054 2.832E-5 0.3712915 1.441E-5
0.375 0.2276987 0.2277368 3.808E-5 0.2277181 1.937E-5
0.500 0.1409479 0.1409947 4.678E-5 0.1409717 2.380E-5
0.625 0.0887093 0.0887645 5.521E-5 0.0887374 2.809E-5
0.750 0.0574537 0.0575176 6.390E-5 0.0574862 3.251E-5
0.875 0.0389820 0.0390553 7.322E-5 0.0390193 3.725E-5
1.000 0.0283289 0.0284124 8.346E-5 0.0283714 4.246E-5
1.125 0.0518891 0.0519606 7.150E-5 0.0519313 4.219E-5
1.250 0.1105784 0.1106571 7.874E-5 0.1106252 4.682E-5
1.375 0.1808347 0.1809297 9.495E-5 0.1808888 5.404E-5
1.500 0.2532287 0.2533440 1.154E-4 0.2532915 6.280E-5
1.625 0.3251265 0.3252646 1.381E-4 0.3251992 7.269E-5
1.750 0.3969579 0.3971204 1.625E-4 0.3970415 8.364E-5
1.875 0.4703886 0.4705773 1.888E-4 0.4704843 9.577E-5
2.000 0.5474807 0.5476979 2.173E-4 0.5475899 1.093E-4

Table 2. The numerical results for the test problem on (0,2] (EM)

x; u; yi (N =64) 6?4 y; (N =128) 6%28
0.125 0.6084837 0.6175932 9.109E-3 0.6131136 4.630E-3
0.250 0.3712771 0.3823978 1.112E-2 0.3769083 5.631E-3
0.375 0.2276987 0.2378741 1.018E-2 0.2328320 5.133E-3
0.500 0.1409479 0.1492148 8.267E-3 0.1451027 4.155E-3
0.625 0.0887093 0.0949942 6.285E-3 0.0918559 3.147E-3
0.750 0.0574537 0.0620265 4.573E-3 0.0597342 2.281E-3
0.875 0.0389820 0.0421995 3.217E-3 0.0405800 1.599E-3
1.000 0.0283289 0.0305259 2.197E-3 0.0294153 1.086E-3
1.125 0.0518891 0.0550450 3.156E-3 0.0534830 1.594E-3
1.250 0.1105784 0.1123125 1.734E-3 0.1114465 8.681E-4
1.375 0.1808347 0.1810065 1.718E-4 0.1809065 7.179E-5
1.500 0.2532287 0.2523515 8.772E-4 0.2527695 4.592E-4
1.625 0.3251265 0.3237562 1.370E-3 0.3244212 7.053E-4
1.750 0.3969579 0.3955066 1.451E-3 0.3962162 7.417E-4
1.875 0.4703886 0.4691072 1.281E-3 0.4697369 6.517E-4
2.000 0.5474807 0.5464950 9.857E-4 0.5469813 4.994E-4

Table 3. Comparison of EN both methods on (0, 2]
N ENEW EY®M) N ENY@EM EYPM)
32 2.170E-2 4.195E-4 256 2.834E-3 5.350E-5
64 1.112E-2 2.173E-4 512 1.421E-3 2.519E-5
128 5.631E-3 1.093E-4 1024 7.115E-4 1.092E-5
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6. Conclusion

In this paper, we proposed a difference scheme using the finite difference method for solving
a linear first order Fredholm delay integro-differential equation. This method was based on
a fitted difference scheme on an equidistant mesh on each time subinterval. By applying the
method, first order convergence in the discrete maximum norm was obtained. A numerical
example was solved not only by the presented method but also using the implicit Euler method.
Moreover, the computational results for N = 64,128 were displayed in the Tables and the
maximum pointwise errors for various N obtained by both methods were shown in the Table
From the results in these Tables, we conclude that the proposed approach more effective than
the other approach. The ideas presented approach here can be used for the study of initial or
boundary value problems for Fredholm integro-differential equations with delay as well as

neutral type.
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