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1. Introduction
Let z1 = a1 +1b71 and z9 = a9 +ibg. Then the set BC of bicomplex numbers is defined as follows:
BC = {z1 +29j | 21,22 € C and j% = -1}, (1.1)

where i and j are commuting imaginary units, i.e., ij =ji and C is the set of complex numbers
with the imaginary unit i. So the set of bicomplex numbers can be expressed by the basis
{1,1,j,1j} as

BC = (x1 +iy1 +jo +ijy2 | x1,%2, 51,2 € R, ij =i, i = -1 =1%). (1.2)

Now, the addition and the multiplication of bicomplex numbers are defined in a natural way:
given b1 = z1 +jzg and by = 2] +jz; in BC, then

b1+bg=(21+27) +j(z2 +2y), (1.3)
bl-bz:(21-2'1—22-2'2)+j(21-z'2+22-z'1). (1.4)
The multiplication of a bicomplex number b = x1 + y1i + x2j + y2ij by a real scalar k% is defined as

kb =kx1+ky1i+kJC2j+ky21j. (1.5)
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Thus, BC is a real vector space according to addition and scalar multiplication.

From the Propositions 1 and 3 in [12], (BC, +,-) is a commutative ring. BC also has zero
divisors and non-trivial idempotent elements.

Given a bicomplex number b = z1 + z9j, its (bicomplex) conjugate is defined by b = z1 — z9j.

From, Proposition 3 in [12], v1 = % and vy = % are zero divisors. Both vy and vy are
linearly independent and also satisfy the following rules:

vitve=1, vi—-v9g=ij, vi-v2=0, vy1= 012, v = 022. (1.6)

For ¢t € BC can be described in terms of the elements v{ and vg;
t=q1+]jq2 = p1v1 +pgve = (g1 —igo)vy +(q1 +ig2)va. (1.7
The eq. is described as the idempotent representation of element ¢. Indeed, y; and ug

are defined as idempotent coefficients (see, for example [[13]]). Now, for q1,92 € BC, ¢1 and g2
can be stated as

g1=p1v1+ V2, g2 =&101+E2U2 (1.8)
and the algebraic operations in this set are described as

q1+q2=(u1+&1)v1 + (2 + E2)ve, (1.9)

q1-92=(p1-§1)v1 +(ug-E2)vg, (1.10)

q1™ = 1" vy + " vs. (1.11)

In [1,/3,/6,9,12-14]] authors have studied bicomplex numbers. Some of them are as follows;
Halici [6] studied bicomplex numbers with coefficients from Fibonacci sequence and gave some
identities. In [[14], Nurkan and Guven introduced bicomplex Fibonacci and bicomplex Lucas
numbers and they computed d’Ocagne, Cassini and Catalan identities of them. In [1], Aydin
defined bicomplex Pell and bicomplex Pell-Lucas numbers, she investigated some algebraic
properties of bicomplex Pell and bicomplex Pell-Lucas numbers. Babadag [3], introduced a
new generation of dual bicomplex Fibonacci numbers, author gave some formulas, facts and
properties about dual bicomplex Fibonacci numbers.

2. Bicomplex Jacobsthal and Jacobsthal-Lucas Numbers
The Jacobsthal sequence {<J,} is defined by the following recursive relation, for u =0
Ju+2:Ju+]_+2Ju (2.1)
with initial values Jy =0, J71=1.
The Jacobsthal-Lucas sequence {j,} is defined by the following recursive relation, for u =0
ju+2:ju+1+2.ju7 (2.2)
where jo =2, j1 =1.
The Binet formulas for these sequences are given by
A¥ — 7/u
A=y

Ju: 5 ]u:/lu‘*‘)’u, (23)

where A, y are roots of the equation x? —x — 2 associated to the recurrence relations (2.1) and
(2.2). For more knowledge about Jacobsthal numbers, one can see [2,/4,8,,10,(11,(16, 18]
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From the aid of the Jacobsthal and Jacobsthal-Lucas numbers, we next define two bicomplex
sequence with coefficients are from Jacobsthal and Jacobsthal-Lucas sequences, so, let us denote
them BC,; and BCj, respectively. For m >0

BC. = (I +Jm+2i | Im = I +idme1,3% = ~ 1) (2.4)
and

BC; = {gm +&m+2) | &m = jm +ijm+1,i° = -1}. (2.5)
Let us write bicomplex Jacobsthal and bicomplex Jacobsthal-Lucas sequences as follows:

BC,; ={No,N1,Ns,...,Np,...}, BC;={Ko,K1,Ks,...,Kp,...}. (2.6)
Now, any element N, in BC; can be written in terms of the elements v; and vq:

N =Jm +jIm+2 = #mV1 +$mV2 = (Im —1dm+2)v1 + (Jm +1dm+2)v2. (2.7
Hence, it can be written as

Nm = tmv1 +<Emva, (2.8)
where

Pm =JIm —idm+2, ¢m=JIm+1dm+2. (2.9)

Considering eq. (2.8), the idempotent representation of the element N,, is unique in BC,.
Using the idempotent representation of N,, and N and the algebraic properties of v; and
ve, the following results are obtained:

N + Ny = (i + vy + Em + S, (2.10)
Ny - Nx = (tm - vt + (Em - Ev2, (2.11)
NE = phvr +Eqvs. (2.12)

Lemma 2.1. For m =2, BC; has the following recursive relation
Npio=Npyi1+2N,,, (2.13)

where No = pov1 +<&ove and N1 = pivg +<&qve.

Proof. From eqgs. (2.8) and (2.9),
N, = Im + 3m+2.] =(Jm —1Im+2)v1 +(m +1Jm+2)v2.

The coefficients uy, and ¢, in give us the following recurrence relation:
Pm+2 = fm+1+ 2Hm,  $m+2 = Sm+1+2m. (2.14)
N1 +2Np = (Ume1 + 2pm)v1 + (Emy1 + 2Em)ve
= Um+201 + Sm+202

=4iVm+2- O

Using the properties of Jacobsthal and Jacobsthal-Lucas numbers, the following proposition
is obtained (for details, see [8]]).

Proposition 2.2. For N,, e BC; and K,, € BC,
Npi1+2Ny, 1=K, (2.15)
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Ny + K =2N 41, (2.16)
Kpns1+2K_1=9N,,, (2.17)
3N, + K, = 2™ 11+ 20)(1 +4)), (2.18)
Kmi1+Km =3 i1+ Np) =321+ 2i)(1 +4)), (2.19)
Kpmi1—Kpm =201 +20)(1 +4))+2(-1)" 11 - )1 + ), (2.20)
K1 —2Kp =3@2N,, — Nppo1) =3(-1" 11— )1 + ), (2.21)
2K i1+ Km-1=32Nps1+Nm_1)+6(=1)" 11 -0)(1+)), (2.22)
Kmir +Kpm_yr =2"72% + 1)1+ 20)(1 +4)) + 2= (1 - i)(1 + ), (2.23)
Kpir —Km—r =3Npir — Npp—y) = 2777(227 — 1)(1 + 20)(1 + 4)), (2.24)
Ky =8N +2(-1)™(1 - i)(1+ ). (2.25)

Proof. The proof of Proposition can be done from the definitions of /;,, j», BCs, BC; and
interrelationships in [8]]. 0

Theorem 2.3 (Binet Formula). The Binet formula for N, € BCy is,
1
Np = g{(Elﬂp+D1)/p)Ul+(Egﬂp+D2)/p)vz}, (2.26)
where the values A and y are the roots of the characteristic equation in (2.13), Eq = pu1 — oy,
D1=—p1+ oA, Eg=¢1—&oy and Da = oA <.

Proof. From (2.14), {pi2 = &ps1 +2¢p and ppi2 = pps1 + 2up. Now both formulas have the same
relation as N2 = Npi1+2Np, also

Npio = tprov1 +¢piava. (2.27)
Thus, the Binet formula for y, can be written as
1
pp = g(ﬂpEl +vPD1) (2.28)
here D1 =2i, E1=9-2i, uyp =3 and pu; =6-2i.
Similarly, the Binet formula for ¢, can be given as
1
$p= §(E2/1p +Day?) (2.29)

where {0 =2i—-3,¢1=41—4,E2=6i—7 and Dy = —2.
Hence, by using eqs. (2.28), (2.27) and (2.29), we obtain

1
Np = g{(Dl}/p +Elﬂp)l}1 + (Dz)/p +E2/1p)l)2}.
the proof is completed. O

Now, y = —1 and A =2 are the roots of the equation w? —w — 2 = 0 which related to eq. (2.13).
Based on these; the following results are written:

A-y=38A+y=1 Ay=-2 . (2.30)

Theorem 2.4 (Cassini’s Identity). For m > 1,
Nu-1Nmi1 - N2 = (=21 +3)3-5)). (2.31)
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Proof. If the left side of (2.31) is taken and the Binet formulas are used for Ny, Nyw—1 and N1
here, the following expression is obtained

1
Nur1Nms1 =Ny = {SIE ™+ D1y™ Doy +(E2A™ " + Day™ Hoa]
1
x g[(El/lm-'-l +D1)fm+1)l)1 + (E2Am+1 +D2,}/m+1)02]}
1
- 5[(Elam +D1y™)1 +(E2A™ + Day™)val?

1 _
= 5" YA ~y)*{E1D1v1 + EsDavs}.

Since

E1D;=18i+4 and E9Dy = —-12i + 14, (2.32)
the following expression is easily seen

Nu-1Nmi1— N2 = (=271 +3)3 - 5)). O
Theorem 2.5 (Catalan’s Identity). For every nonnegative integer number m and t such that
t=m,

NesmNeom — NE = (-2 ™J2 {6 +3)3 - 5))}. (2.33)

Proof. Using the Binet formulas of Ni,m, Ni-m and N; in the left side of (2.33), the following
expression is written

1
NiymNym— N = {g[(EMHm + D1y ™01 + (B A ™ 4 Doy M)pg]
1 t—-m t—m t—-m t—-m
X 3[(E1/1 +D1Y )vl+(E2A +D2Y )02]
1
~ GIELA + D1y s + (ExA + Day'yual |

1
— §{E1D1[)‘/t+myt—m + At—myt+m _ Z(AY)t]Ul

+E2D2[/flt+m,yt—m + At—m,yt+m _ 2(/1,)/)1;]1)2}
1

= §(Mf)t_m(lm —~y™?[E1D1v1 + EsDvsl.
By eqs. (2.32), and (2.3), we obtain
NiymNi-m — N2 = (=2)"™J2 {(i +3)(3 - 5,)}. 0
Theorem 2.6 (d’Ocagne’s Identity). For integers t and u which are positive and different from
each other
NiN,i1—N,Ns1= (-2, ;G +3)3-5)), u=t. (2.34)

Proof. Using the Binet formula for N; and N, on the left-hand side of eq. (2.34), the following
can be written

1
N(Nys1—-NyNpy1 = {g[(Elflt +D1y" )1 +(E2A' + Day')ve]
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1
x g[(El/‘/u+1 +D1')/u+1)U]_ +(E2Au+l +D2Yu+1)v2]}
1
- {5[(E17Lu +D1y“)v1 +(E2A" + Day*)vs]
1
x SIEIA 4Dy Dus +(B2A" + Doy sl

1
= §{E1D1(Ay)tu — YA =¥ 1 + EaDo(AP) A —y)A*F = y* g}
From (2.32), (2.30) and (2.3)

N(Nyi1-NyNy1=(=2)'d,_,(i +3)3-5)). O
Theorem 2.7. The sum of the first m terms of the sequence BC is given by

ZNZ ’”*22 N (2.35)
Proof. The proof is obtained from eqs. (2.26) and (2.30). O

Theorem 2.8. The generating function of the bicomplex Jacobsthal numbers is

S No+t(N; — N,
5 ¢t = Mot tlVa - Vo), (2.36)
1-t—2t2

(e,0)
Proof. Let A(t)= Y. N;t'. In this case, with (2.13), the following equation is obtained
=0

A(t) - tA(t) - 2t2A(t) = No + t(N1 — No).

Thus, A(t) = Y AN-J0) O

Proposition 2.9. For N,, € BCy,
Ny +(Np)i +(Np)j+(Np)ij=4dp,.

Proof. The proof can be obtained from (2.4). O

Matrix representations of bicomplex Jacobsthal numbers are studied below:

Ns+1 N
Let N, N.,

be a matrix with entries bicomplex Jacobsthal numbers.

Theorem 2.10. Let s = 1 be an integer. Then

Nes1 Ng|_[Ne Ny] [1 1]
Ns NS_]_ - N]_ NO 2 O

Proof. The proof will be done by induction method. If s = 1, then the result is obvious.
Assume that
Ns+1 Ns 'N2 .
Ns NS_]_ LNl NO ] 2 0
We prove that
Ns+2 Nsi1]| _ [Nz Ni| [1 1
Ngy1 Ng [N1 Np| [2 0

s—1

2
- d
=
=
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From eq. (2.13),

No Ni] [1 1]°_([Ne Ni] 1 1771 [1 1
N1 No|'[2 o] T{[N: NoJ[2 0 2 0
_ Ns+1 NS ]. 1
Ns Nei)'[2 0
Ns+1+2Ns Ns+1
No+2Ns 1 Ny

Ns+2 Ns+1
Ns+1 Ns '

So it is true for s + 1. Thus, the proof is complete. O

3. Conclusion

We examine the bicomplex Jacobsthal numbers. In Section |2, we have given the Binet formula,
the generating function, the Catalan identity, the Cassini identity, the d’Ocagne identity and
some results. Using these results, some properties of other bicomplex numbers can be calculated
in the future.
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