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Abstract. This paper aims to investigate the thermal stability of unsteady incompressible nanofluid
enclosed within a porous medium using linear stability analysis. The governing equation of nanofluid
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1. Introduction

Nanofluids are fluids which consist of nano sized suspended particles in the base fluid and it is
of great importance due to its enhanced heat transfer characteristics. Several researchers have
investigated about nanofluids and its thermal convection properties over the last few decades
and some of their earlier contributions are listed below. Das et al. [4] carried out an extensive
research survey about the heat transfer characteristics of nanofluids. Buongiorno [3] reported
about the heat transfer characteristics of nanofluids and proposed that the fluid properties may
vary at the boundaries due to temperature gradients.
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Hwang and Jang [7]] investigated the thermal conductivity of various nano particles and
found that enhancement of heat transfer could be achieved by increasing the volume fraction of
nano particles. Thermal instability of a nanofluid has been reported by Tzou [15].

Thermal instability of nanofluids was examined by Nield and Kuznetsov [11]] by employing
Brinkman model. They predicted that instability is induced in presence of thermal and
concentration of nanoparticle and oscillatory convection sets in if nano particle is heavy at the
bottom.

Bhadauria et al. [2], and Kumar et al. [8] studied the thermal instability of nanofluids using
linear and non-linear stability analysis. Yadav et al. [17] investigated the transport phenomenon
of binary nanofluid and interpreted that thermo diffusion, diffusion thermo and Lewis number
stabilizes the system under certain conditions while modified diffusivity, Lewis number and
nano particle Rayleigh number induces instability under some circumstances.

Nield and Kuznetsov [12] studied the influence of natural convection due to internal heat
generation and found that the presence of nano particles induces instability into the system.
Umavathi [16] analyzed the onset of convection of nanofluid under the influence of varying
sinusoidal wall temperature.

Onset of convection of a nanofluid with realistic boundary condition has been analyzed by
Nield and Kuznetsov [13]. Shivakumara and Dhananjaya [[14] carried out a numerical analysis
to predict the convective transport phenomenon of nanofluids by considering the viscosity of
nanofluids to dependent upon temperature.

Agarwal and Bhadauria [[1]] reported about the onset of thermal convection of Newtonian
nanofluid under the impact of thermal non-equilibrium using linear and weakly nonlinear
analysis. Onset of thermal instability in a horizontal porous plane has been carried out using
linear and weakly nonlinear analysis by Kumar et al. [9].

Reena and Amith [10] examined numerically using Chebyshev pseudospectral method,the
effect of heat source and sink on thermal convection by taking into account Darcy Brinkman
Model.

Dhiman and Nivedita [5] investigated the impact of temperature dependent viscosity on
thermal convection of nanofluid which is heated from below considering both rigid and stress-
free boundary conditions. Dipak and Darbhasayanam [6] analyzed using numerical method
both free and forced convection of a nanofluid bounded by a vertical enclosure.

Although several researchers have reported about the thermal convection of nanofluid
through a porous medium under different conditions, significance of stability characteristics of
flow field has not been discussed so far. Hence the intent of this work is to examine the linear
stability of thermal convection of viscous incompressible nanofluid saturated by a permeable
medium.

2. Geometric Formulation of the Problem

Consider a horizontal infinite layer of nanofluid enclosed between the planes z=0 and z = H
bounded by a porous medium. The upper and lower walls are considered to be impermeable
and perfectly thermally conducting. The thermal gradient of the lower and upper walls are
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assumed as T, and T, where T, > T, and T is taken as the reference temperature. The z-axis
is aligned in the transverse direction under the influence of gravitational field. The permeable
membrane is modeled using Darcy law and it is presumed to hold homogeneity and local thermal
equilibrium everywhere.

Using Boussinesq approximation the governing equations of nanofluid are defined as follows.

V.5=0, 1
PO _ 1 ipp, +(1—p)p(— BT -Ton - L @)
€ Ot p K"

(pe),, T+(pc)fq VT = ky V2T +€(pc), [ DpV- VT + 1;—VT vT|, (3)
afl’ 9. Dr v2

o t 3T VO =DV + VT ()

Temperature and the volumetric fraction of nano particles are assumed to be constant and
hence the corresponding conditions prescribed at the boundary are
w=0,T=Ty,p=¢o atz=0
w=0,T=T., ¢p=¢1 atz=H }

The dimensionless variables are defined as follows:

(5)

(x*,y",2")=(x,y,2)/H, (W, v*,w")=(u,v,w)H/ay,, p*=pK/uan,

T-T
<P1 ~¢o’ Th-T.
where a,, = ) , (('ch))
Equatlons ) are represented in terms of dimensionless quantities as follows:
V-g=0, (6)
dq R R R

Yo 5 =-Vp-q—Ra,é,+RarTé,—Ra,dé,, @)
oT N NN,

a—+q-VT:V2T+L—BV(p-VT+ ATBYT VT, (8)

e

1 6(/) 9 NA

e = V + V2T 9
o 0t eq Vo= ¢ ®

The transformed boundary condltlons are

w=0,T=1,¢=0 atz=0
w=0,T=0,¢=1 atz:l} (10)
where
W
" Va’
2
P
Va= £ (Vadasz number),
Da

€
1 = — (normalized porosity),
Y

k
Da = 72 (Darcy number),
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Pr= Y (Prandtl number),
am

Le = g—m (Lewis number),

B
KH(T,—-T
Rar = pgpEH(TH ~Tc) (Thermal Rayleigh Darcy number),
Ham
- - KH
Ra, = LCop = 0X1 = bo)lg (concentration Rayleigh number),
M,
+p(1- KH
Ra, = [Popp + P = ho)lg (Basic density Rayleigh number),
Ham
Dp(Ty-T,) . o e .
= (modified diffusivity ratio),
47 (¢1 - ¢0)DBT. Y
e(pe), ) : L
Np = ——(¢p1 — ¢o) (modified particle density increment).

(pC)f

3. Linear Stability Analysis
In quiescent state, the basic state of the system is assumed to be of the form
q=0, T=Tp(2), p=¢p(2). (11
Then equations (7)-(9), on solving with appropriate boundary conditions yields
Tpy=1-zand ¢p=2. (12)

To analyze the stability of the system, the basic state is subjected to small perturbation of
the form

9=q,p=pR@)+p , T=Ty()+T', p=p(2)+¢'. (13)

On substituting equation in equations (6)-(9), linearized equations are obtained by omitting
the product of prime quantities:

V.q,:O, (14)
dq' ! ! !5 s

'}/aa—t:—vp —-q +RaTT ez_Ran(;b €z, (15)

0T’ Ng (0T" 0¢'\ NaNg (0T

E_w,:VzT,+L_f(¥_£)+ 263(5), (16)

10¢’ 1 1 N

—i+—w’:—v2¢’+—Av2T’, 17)

oot ¢ Le Le
with corresponding boundary conditions
w=0,T=1,¢'=0 atz=0 }
w=0,T=0,¢'=1atz=1
The parameter Ra,, is just a measure of basic static pressure gradient and hence it is omitted
in the subsequent equations. Eliminating pressure gradient from equation by operating
curl twice on both sides we get the following equation which is represented as follows,

(18)

d
V2w +ya&(V2w) =RarV4T —Ra, V4, (19)
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where V%{ = % + 66—52 is the Laplacian operator.
Applying normal mode analysis to analyze the disturbance and assuming the perturbed

quantities of the form
W', T',¢") = [W(z),0(z), D(z)]e lx+mp)+st (20)

where, [ and m represents wave numbers in x and y directions respectively, while s denotes the
rate of growth rate.
Upon substituting equation in equations (19), and we get

(1+7,8)(D?*-a®>)W = ~Rara®d + Ra,a’, (21)
NB NANB) 2 NB
D%?+D|=—=-2 —(s+a®)|0=-W+=—=D 22
[ (Le Le (s +a%) Le ¢, (22)
L L
(D2 —a?- ﬁ)¢ = ?eW—NA(D2 — a?)0, (23)
o

where D = % and a = VI2+m?2.
The appropriate boundary conditions are

W=0,0=D6=0,¢$p=0 atz=0 24)
W=0,0=D60=0,¢p=0 atz=1
4. Eigen Values and Eigen Functions
In order to obtain the solution, we assume the form
W =Wy +a?W1+a*Ws +...
0=00+a%01+a*0s+...
2 4 (25)
(l):(,l)0+a’ (/)1+C¥ (P2+...
s:so+a231+a432+...
Collecting the coefficient of a of different order, we get the following equations:
(1+7y,8)D*Wy =0, (26)
[ NB NANB) NB
D?+D|=—=-2 —~ =— —D 2
L + (Le T so|0o=-Wo+ To ®o, (27)
L L
p2-=¢ SO)(PO = _eWO — NaD?6,, (28)
€
(1+7,8)D*W; = ~Rar6y + Ra, o +Yas1D*Wo + (1 +7,5)Wo, (29)
[ N, NN, N,
D2+D(—B—2 A B)—So 01 = Wi+ —(s1+ D00+ ~2Dgy, (30)
| Le Le Le
L L L
D2 - es°)¢1:(1+ esl)¢0+—eW1—NAD291+NA60. (31)
o o €
On solving the equations we get the solution as follows:
Wy =0,

0o =Acoshriz+Bsinhriz +Ce"?* coshrsz + De"** sinhrsz,
¢po=A1coshriz+Bisinhriz+Cszsinhriz + Cyzcoshriz + Cse’?* coshrsz

+Cge’#*sinhrsz,
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Wi= A2 +Boz + C7 coshriz + Cg sinhriz + ng sinhriz + Clozcoshrlz
+ CllerQZ coshrgz + C126r2z sinh rsz,
61 =Ajcoshriz + Bysinhriz + Bje ™ coshrgz + Bge > sinhrgz + D1g
+Dggz + Bgzcoshriz +Byzsinhriz +Bgz2 coshrqz +3922 sinhr;z,
¢1 = A5 COShI”lZ +A6 sinhrlz +A7 +A82 +A92 coshrlz
+Aqjpzsinhriz + A11z2coshriz + A19z?sinhriz + Aj3e™?? coshrsz
0 3 3

riz riz

+A14er22 sinhr3z +A15z3e +A16228 +A17zer12 +A1823e_rlz
+ A1922e—r12 +Aggze 1%,

On applying boundary condition we get eigen value and eigen function as
C(rie2coshrs—ricoshri—rgsinhri)+D(rge’2sinhrs —rsgsinhri) =0
C(rge’2coshrs+rse’?sinhrs—risinhry —rocoshri)+D(rse 2 coshrs

+roe’2sinhrs —rscoshri)=0
The solution of above expression will not give explicit values of sg. Hence the approximate value
of s¢ is calculated by using MATHEMATICA 8.0.

The higher order approximation of growth rate is as follows:
_Daz
Dyg’

S1=

5. Numerical Discussion

To interpret about the onset of thermal convection on unsteady incompressible flow on nanofluid
confined between horizontal porous planes, the effect of dimensionless parameters like Lewis
number (Le), Thermal Rayleigh Darcy number (Ra7), Concentration Rayleigh number (Ra,),
modified particle density increment (Ng), modified diffusivity ratio (N4 ), porosity parameter
(¢) and thermal conductivity (o) on flow characteristics has been illustrated in Figures
The parameters under considerations take the values as follows: Le =50.0, Ra =5.0, Ny =5.0,
Np=0.5,R,=1.0,0=10.0,e=0.9, y,=0.01, a=0.1.

The influence of Lewis number, thermal Rayleigh Darcy number, Concentration Rayleigh
number,modified particle density increment and porosity on temporal growth rate is depicted in
Figures and it is observed that withincrease inLe, Rar, Ra,, Ng and € the growth rate
seems to be increased, which implies that disturbance grows exponentially thereby inducing
instable modes wheneverthe value ofdiffusivity ratio parameteris taken to be negative.

Figures represents that as modified diffusivity ratio, Lewis number and thermal
conductivity increases, the growth rate decreases. Hence under the influence of these parameters
the system remains in stable state whenever Np assumes positive values.

Figures[9] [10] and [12] signifies the influence of Lewis number on flow fieldsand it is found
that as Le increases temperature profile increases whereas velocity field and concentration
profile is seen to be decreased.

Temperature rises steadily with increase in modified diffusivity ratio parameter as shown
in Figure
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Figure 1. Variation of growth rate with respect Figure 2. Variation of growth rate with respect
to Lewis Number (Le) to Thermal Rayleigh Darcy number (Rar)

Figure 3. Variation of growth rate with respect Figure 4. Variation of growth rate with respect
to Concentration Rayleigh number (Ra,) to modified particle density increment (Np)
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Figure 5. Variation of growth rate with respect Figure 6. Variation of growth rate with respect
to porosity parameter (&) to modified diffusivity ratio (IN4)
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Figure 7. Variation of growth rate with respect

to Lewis Number (Le)
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Figure 9. Variation of velocity profile with
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Figure 11. Variation of temperature profile
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Figure 8. Variation of growth rate with respect

to thermal conductivity (o)
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Figure 10. Variation of temperature profile
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Figure 12. Variation of concentration profile

with respect to Lewis number (Le)
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6. Conclusion

A stability analysis is carried out to examine the onset of thermal convection of an incompressible
nanofluid bounded by a saturated permeable porous medium using method of small oscillations.
Influence of dimensionless parameters on stability of fluid flow has been represented graphically.
Important finding is as follow:

* Temporal growth rate increases with increase in Lewis number, thermal Rayleigh Darcy
number,concentration Rayleigh number, modified particle density increment and porosity.
This indicates that instability sets in when Np takes negative values.

* Increase in modified diffusivity ratio, Lewis number and thermal conductivity tend to
stabilize the system when Np takes positive values.

Appendix
2
Ng NuN Ng  NuN.
Leso (22 - Ma22) (72 - M42) —4s0
ri= ; rg=————(F——; rg= ; A=1; C=1;
o 2 2
B ro—Drg . D= rie" coshr3.— rlcoshrl'— rosinhry - :C(r§+r§)+2Dr2r3 ;
ri rie"2zsinhrs—rgsinhrq
Ar? Br? C 2rorsC
02:2Cr2r3+D(r§+r§); Cs3=—2L; Cya=—2; C5= 5 ; 5~ 232 55
2r1 2r1 rgtr3=ry (r3+r3-r))
Cz 27‘27‘301
Cg= 2.2 .2 192 .o 22;A1:_C5§
ro*tr3=ry (ry+ri-ri)
1
Bi= _sinhrl [Alcoshrl +C3 sinhr1+Cycoshri+Cs e"2coshrs+ Cge™? sinhrg] ;
o 1 . o= (—RaA +RnA1)m1 B 2m1q ) Cg _ (—RaB +RnBl)m1 B 2m1q )
P +7as0) r2 = r2 =
RnC3 RnC4 (—RaC+RnC5)m1 2r2r3m1
Co=—F—; Cio=—7F%—; Cu= 5 - 55
1 1 ro+rs (r2+r?)
(-RsD+R,Cg)m1 2rgrsmy
Ciz= 2, .2 - 2
ratrs (r3+r2)

Ag=—(C7+C11);

By =—[A3+(C7+C1g)coshri+(Cs+Cg)sinhry +Ciie™ coshrg + Cige"? sinhrg] ;
_Np _ NaNpg Np Np

D - Do = - D3=—: Dy=—": Ds=r?Ags+D1BsDg=r°Bs :
1 672 Le73Le74 0_9 57"12 126r127

D;=-2r1C9g+Dir1Cg+D1C19+DgriB+D3(riB1+Cy) ;

Dg=D4(riB1+Cy4); Dg=-2r1C19+D1r1C7+D1C9+DoriA+D3(riA1+C3s) ;
D10=D4(r1A1+C3) ; D11=D1r1C9+D3r1C3; D1g=D4sr1C3; D13=D1r1C19+D3r1Cy;
D14=DyriCy;
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D15 ={~C11(r5+7r2 —r2)—2ror3Cig + D1r2C1; + D1r3C15+ DaCro + DoDr3 + D3(r2Cs + Cers)
+C("§"‘"§"‘%)+2Dr2r3} ;

Dig = DatraCs + Cara) + O 13 ~r+ 2Drars s

D17 ={-2C1irars—C1a(r3 + r5—r3) + D1(raCia + C11r3) + Da(raD +Cr3)
+D3(7‘2C'6 + C57‘3) +2Cr2r3 +D(r% + 7‘% — r%)} ;

D1g=D4(roCg+Csrsz)+D (7‘% +r§ - r%) +2Crors ;

(NB NANB D5 + D6m2 D6
mo=\\—— ; 19=—F5— : 20 = .
Le Le )’ risg  ris?’ r2sg’

2 . _ .2 .
mo1=ritmgri1—So; m3=ri{—mgari—=So;

2 9 9 9 9 27‘27‘3 1 (2?‘2 +m2)m6r3
m4q=ro+rg—riy; ms=ro+trgtmgorag—So; me= ; mop = — 3 ;
my mqms maqms
meg (27‘2 +mo)rs 1 @Qro+ m2)m6r3 1 1
msg = + 5 > M9 = + 5 ; mi1 = + ;
maqms mqms maqms maqms 4r1m21 4r1m3
1 1 2r1+ 1 1 2rq —
27”177’1,21 27”1 mai 2r1m3 27‘1 ms
1 (2r1+m2 1 ) 1 (27’1—77’1,2 1 )
m13 = -— |+ -—;
27‘177121 27‘1 mo1 2r1m3 27‘1 ms
D7mg Dy Dgmygy Do
Do =- z T 2 ; =T z T 2 ;
2(r% —s9)” 2ri(r{—so) 2(7% —s0)°  2ri(r{—so)
Dgm D+ Diomg Dg (D11+D13)
Do3 = - 3 3 ; =- 3 3 ; Dos=—0—"
2(r2 —s9)”  2r1(ry—so) 2(r2—sg)”  2r1(ry—so) 8rima
(D12 +D14) (D11 +D13)m11 (D12 +D14)m11 (D11 +D13)m12
Dog=———; Do7= ; Dog= ; Dog = ;
8rimagy 4rimo; 4rimg; 4rimo;
(D12 +D14)m 12 (D13—-D11)
D3y = ; D31 = —————;
4rimo; 8rimg
(D14—-D12) (D13—-D11)m13 (D14 —D12)m13 (D13—D11)m14
D3g=————; D33 = ; D3g= ; D35 = ;
8rimsg 4rimsg 4rimsg 4rims
(D14 —D12)m14
D3e = ; D37=D1sm7—D1i1m1o; D3g=Digm7—Digmig ;
4rimsg

D3g=D17mg—D1ismg; Dyo=D1gmg—Digmsg;
sinhrq B 1) + Dy, (sinhrl

D41 = {Dlg(COShrl - 1) +D20 ( - COShI‘l) —D23 sinhr1 —D25er1

ry ry
sinhrq ; _ _ sinhrq

+ Doy (—e’"1 + ) +Dgg(coshry +sinhr;—e™*)—Dgje”™ "t + D33 (—e gy ——

ri ri

. _r rgsinhr;
+ D35 (coshry —sinhry —e ™) + D37 |coshry + ———— —e"?coshrs

ri
r3sinhr1 .
+D39(—_er2 smhrg)} :
ri
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sinhrq

Dy = {D22 (

. sinhrq
—coshrl) —Doysinhrq —Dzeerl +D28 (—erl + —)

ri
sinhr;
ri

ri

+ D3 (COShrl +sinhry — erl) —D3oe™ "1+ D3y (—e_rl +

rosinhry

+D3g(coshry —sinhr; —e ™) + Dsg (coshrl + —e" coshrg)

ri

rgsinhrq

+D40( —e'? sinhrg)} ;

ri

Dys ={riDigsinhri + Dyy(coshri —1)—Dgi(r1sinhri) — Dos(ricoshr; +sinhry)
—Dos(r1e" +2e™1)+ Doq(coshr; —rie™ —e™!) + Dog(r1coshri; —rie"t + rysinhry)
—D31(-rie” " +2e ")+ Dgs(coshri+rie” "' —e ")+ Dgs(—ricoshri+rie "t +rysinhrq)
+D37(ri1sinhry —rse’?sinhrs —rge”2coshrs +rocoshry)
+ D3g(rgcoshri—rge’?coshrg —ree’?sinhrs)} ;

D44 ={-Dggrisinhry — Doy(ricoshry +sinhry) — Dog(rie" + 2e”) + Dog(coshr; —rie"t —e'?)
+D3op(ricoshri—rie* +risinhri)—D3ao(—r1e” " +2e ")+ D34(coshri+rie” "1 —e 1)
+D3g(—ricoshri+rie”" '+ risinhry) + D3g(r1sinhry —rge”?sinhrg —rge’? coshrg + rocoshry)

+Dyo(rgcoshri —rse’2coshrs —roe’ 2sinhrs)} ;

: . rs .
D45 = (r3er2 coshrs + ree™2sinhrs — 3 coshrl) . Dys=|e?sinhrs— 2 sinhr|
r1
Dy7=D4y1Dss5—Dy3Dye ; Dag=DysoDyss—DyaDye ;

As=—-(Byg+D19+(Dog+5s1D3p)+ (D35 +s1D3sg) + (D37 +51D33)) ;

1
B3 = —r—(rzB4 +r3Bs+Dgg+ (D21 +51D22) + (D7 +51D2g) +(Dag +51D30)r1 + (D33 +s1D34)
1

—(D35+51D3g)r1+ (D37 +s1D38)rg +(D3g +s1D40)r3) ;

Dy +s1Dy9— (erz coshrs—coshry— :—f sinhrl)
Bys=1; Bs=

; Be=(D21+s1D29) ;
e"2sinhrg — :—? sinhr ’ ’

B7=(Dg3+s1Dg4); Bg=(Das+s1Dgg); Bg=(Da7+51Dgg);B1o=(D29+51D3p) ;
B11=(D31+s1D39); B1a=(D33+51D34); B13=(D35+51D36); B14=(D37+51D3g);
Bi5=(D39+s1Dyp) ;

L L
By =B4+Bis; By=Bs+Bi5; 316=—e; Bl7:(1+ esl);
£ o

B1g=B16C7+B17A1+ NAA -~ Na(riAs+2r1B7) ;

B19=B16Cs+B17B1+NaB ~N(riB3 +2r1Be) ; Bao=B16Co+B17C3—Nar3Be ;
Bg1=B16C10+B17C4—NariB7; Bos=B16C11+B17C5+NaC —Na((rs +r3)B) +2rersBy) ;
Bo3 =B16C12+B17C6+NaD — Na((r3 +r2)BL +2rar3B)) ; Bags=—NaBs ;

Bgs = —Na(4r1Bg+r1?Bg) ; Bog=—Na(2Bg+2r1Bg+r1°B1g) ; Bor=-NariBi;
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B{gA
Bag=—Na(4r1B11+71°B1s) ; Bag=—Na(2B11—2r1B1a+712B13); A7= _% ;
1
B16Bg2 Bi9 By Big Ba B2y Bgo
Ag=— ;A:———; :———,A :_,A =,
8 r? 9 2r1 4r% 10 2r1 47‘% 1 4rq 12 4rq
A B22 23237‘27‘3 . _Bzg 23227‘27‘3 .
13 — - 2 ) 14 — - 9 )
my my my my
Ap=DB2. 4 B Buo B By o, Ba
15 67"1 ) 16 4"1 47‘% s 17 27"1 4’”% ) 18 61"1 )
B B B B
A19=—£—ﬂ§ Az():_ﬂ__zg; A5:_(A7+A13);
4rq 4ry 2ri 4r{
A6 =— [(A5 +A9 +A11)COShT'1 +A7 +A8 + (AIO +A12)sinhr1 +A13er2 COShT‘3

sinhrl
+1414€r2 sinhr3 + (A15 +A16 +A17)er1 + (A18 +A19 +A20)6_r1].
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