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On Hyponormality of Toeplitz Operators
on the Weighted Bergman Space

Munmun Hazarika and Ambeswar Phukon

Abstract. In this paper we give necessary and sufficient conditions for the
hyponormality of the Toeplitz operator T, on the weighted Bergman space Aﬁ (D)
for p(z) = d_32° + d_12 + a1z + asz® and @(2) = @_32° + @_»2% + ay2% + ag2°.

1. Introduction

Let D denote the open unit disc in the complex plane. For —1 < a < oo,
L%(D,dA,) is the space of functions on D which are square integrable with respect
to the measure dA,(z) = (a+1)(1—|z|?)*dA(z), where dA denotes the normalized
Lebesgue area measure on ID. L2(ID,dA,) is a Hilbert space with the inner product

(f,8)a= f f(2)g(2)dA,(2)
D

for f,g € L?(D,dA,). The weighted Bergman space Afx is the closed subspace of

L?(D,dA,) consisting of analytic functions on D. If & = 0, A% is the Bergman space.
I'(n+1)(a+2)

n r(n+a+2) °
where T'(s) stands for the usual Gamma function. Then {e, } is an orthonormal basis
for A%(DD). Also, the reproducing kernel of A%(D) is given by k{*(w) = m
for z,w € D. If L*°(DD) denotes the space of all essentially bounded, measurable
functions then for ¢ € L*°(DD) the multiplication operator M,, on Ai (D) is defined
by M,(f) = ¢f. The orthogonal projection P, of L?(D,dA,) onto Ai(D) is given

by

For any non negative integer n and z € D, let e, (z) = )z/—" where erz =

_ fw)
(P.f)(z) = JD m‘ma(w),
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for f € L%(D,dA,). For ¢ € L*®(D), the Toeplitz operator T, with symbol ¢ is
defined on A%(DD) by T,,f = P,(¢ - ). Thus we have
o(w)f(w)

D (1 _ Zw)2+a
for f € A2(D) and z € . Similarly, the Hankel operator H,, on A2(DD) is defined
by H,f = J(I —P,)(¢ - f), where J on L? is defined as J(e?) = e~ (""1)0_ As
¢ € L*(DD), the operators T, and H, are bounded. For details on these results, we
refer the reader to [10].

wa (Z) = dAa (W);

A bounded linear operator A on a Hilbert space is said to be hyponormal if its
self commutator [A*,A] := A*A — AA™ is positive semi-definite. Hyponormality of
Toeplitz operators on the Hardy space H2(T) of the unit circle T was characterized
by Cowen [2], and subsequently by Nakazi and Takahashi [7]. The solution is
based on a dilation theorem of Sarason [9]. As no such dilation theorem is
available on the Bergman space, the question concerning the characterization of
hyponormal Toeplitz operators on the Bergman space is still open. For ¢ = f + &
with f, g bounded analytic, H. Sadraoui proved the following result:

Theorem 1.1 ([8]). Let f,g be bounded and analytic in L?*(ID,dA). Then the
followings are equivalent:
(D) T¢yg is hyponormal ;
(i) HjHg < H:Hf;
(i) H; = CHf, where C is of norm less than or equal to one.

The above result also holds on weighted Bergman space Ai(]D)) with -1 < a <
00. Also, for a certain trigonometric polynomial ¢, I.S. Hwang proved the following
result:

Theorem 1.2 ([3]). Let p(z) = @+f(z), where f(z) = a,,2™ + ayz", g(z) =

a_,z"+a_yzV¥ (0<m<N). Ifa,dy =a_,,d_y, then T, on A%(D) is hyponormal

(lay* = lay®) 2 5 (aml® = lan®) if lay| < lay]

N?(la_y|* = lay[*) < m*(lap|* = la_n*) if lay| <la_yl
For the weighted Bergman space Aza (D), a similar result is the following:

Theorem 1.3 ([4]). Let p(z) = g(2) + f(2), where f(z) = a;z + a,z® and
g(#)=a_1z+a_»z* If a,dy, = a_,a_, and a >0, then T, on A%(D) is hyponormal

(lagl* = la 5[ = F(la sl = layl?) if la ol < |yl

— {a+3

4(|a_2|2 - |a2|2) =< |a1|2 - |a_1|2 if lag] < la_,|
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In this paper we continue this line of investigation and establish hyponormality
conditions of T, on Aza (D) for the following cases:
1. Where ¢ = g+ f and f(2) = ayz + a32°, g(2) = a_;z + a_3z° with
a;d; =a_,a_s and a > 0.
2. Where ¢ = g+ f and f(2) = ayz + a32°, g(2) = a_,z + a_sz
ay,d; =a_,a_s and a > 0.

3 with

2. Preliminaries

Since the hyponormality of operators is translation invariant, we may assume
that f(0) = g(0) = 0. We recall the following properties of Toeplitz operators:
If f,g € L*(D,), then

@) Tyyg=T;+Ty;
(i) T; =Tf;
(iii) TfTy = Tp, if f or g is analytic.
Also, if P, denotes the projection of L*(D,dA,) onto A%(DD), then we have the
following useful lemmas:
Lemma 2.1 ([4]). For any s, t nonnegative integers,
Is+1DI(s—t+a+2)
P(z'2) =4 Ts+a+2)I'(s—t+1)
0 if s<t

27t ifs>t

Lemma 2.2 ([1], [6]). Fix m > 1. Then for a > —1,

Emek if 0<k<m
(D Hgn(z)E)=1 y?
gngk— =t if m<k;
k—m

(ii) the functions {Him(zk)}zozo are orthogonal in L%(D,dA,);
(iii) H;‘mHzm(zk)(E) = wfnkgk k=0,1,2,..., where

y2
e ifo<k<m
2 Tk
Ok = r2 2
k-;m _ Z’k if m<k:
Yk Vk—m

(V) [1Hzn(z)lq = Y-

Nn+i

o0
Moreover, writing k;(2) := Y. cyni2" " we have:

n=0
Lemma 2.3. ForO<m<Nandi=0,1,...,N — 1, we have
2y (Nn+m+)!T(a+2)

: -m 2 __
@ iz ki(z)“a_;F(Nn+m+i+a+2)

| 2

|CNn+i
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(D) [IP,(Z"k; ()2

i (Nk+)?TI(Nk+i— m+a+2)F(a+2)| 2
T(Nk+i+at2?T(Nk+i—mt1) 'V

k=1
i (Nk+i)?TI(Nk+i— m+a+2)F(a+2)| 2
T(Nk+i+at2?T(Nk+i—mt1) 'V

k=0
Proof. (i) |12"k;(2)II2

00 00

_ [ sm Nn+i gm Nk+i

= <z E CNnaiZ ,Z E CNktiZ >
a

n=0 k=0

00 00
— § Nn+i+m E Nk+i+m
- < CNn+i% > CNk+i2 >

n=0 k=0

— = Nn+i+m _Nk+i+m
= ZZCNn+iCNk+i (z 2 )a
n ok

a

if m>i

if m<i

= Z Z CN i CNK+ Y Nnriem Y Nktiem (N ntiem (2)s enktritm (2)) o

n k
2,2
= Z |CNn+i| YNn+i+m
n

_Z (Nn+i+m)!T(a+2)

2
C .
F(Nn—l—i+m—|—a+2)| Wil

(i) [IP,(Z™k; ()12

Z CNn+iPa (imanH)

n=0

2

a

Nn+i—m

I'Nn+i4+a+2)[((Nn+i—m+1)

> I'(Nn+i+1)I'(Nn+i—m+a+2)
ZCNTZ+i
n=0

> I'(Nn+i+1)I'(Nn+i—m+a+2)

c . Nn+i—m
< I P(Nn+i+a+2)T(Nn+i—m+ 1)

=
Il

(Nn+DPT(Nn+i-m+a+2)
T(Nn+i+ o+ 202T(Nn+i—m+ 1)2 | Ntiom

(Nn+D)Pr(Nn+i—-m+a+2)

(Nn+)PTI'(Nn+i—-m+a+2)(a+2)

2
I'Nn+i+a+2)T(Nn+i—m+1) |

|CNn+i

(Nn+)PI(Nn+i—m+a+2)T(a+2)
I'(Nn+i+a+2)T(Nn+i—m+1)

Mz I S0V i

| 2

|CNn+i

=
Il
Jun

. C .
I'(Nn+i+a+22T(Nn+i—m+1)2 Yntiom|vni

2
if m<i

a
2

if m>1i

a

lennail® if m <i

|2 if m>i

if m<i

if m>i O
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Lemma 2.4. FOI‘ m Z 1, (Hﬁm kl (Z), Hﬁm k] (Z))a = Ofor i # j.
Proof (Hynki(2), Hynk;(@)a = D5 Y Jennrifiie (Hanz™, Hyng V) ..
n k

Now, Nn+i = Nk+jifand only if N(n—k) =j—i. As0<i, j<N-—-1,s0
0<j—i<N-1.Thus, N(n—k) =j—i = n—k = 0ie. n=k. This gives
i = j. Thus if i # j then Nn+i # Nk +j for all n, k and so by Lemma 2.2,
(HenzV™ HonzgVK) , = 0. Thus, (Hznk;(2), Hynk;(2)), = 0 if i # j. O

Lemma 2.5. Let f(2) = a,z™ +ayz", g(z) = a_,z™ +a_yz" with0 <m < N. Let
a > —1and a,ay = a_,,a_y. Then for i # j we have

(Hpki(2), Hpkj(2)) o = (Hgk;(2), Hgk;(2)), -
Proof.
(Hrki(2), Hik;(2))q = (@nHznki(2) + anHavki(2), @ Hznk(2) + ayHen kj(2)) o
= apay (Hzn ki(Z):Himkj(Z»a + @nay (Hznk;(2), Hpv kj(z))a
(by Lemma 2.4)
and similarly,
(Hgki(z),Hgkj(Z)>a:a_m(_l_N<H§Nki(Z),Hztmkj(z)>a+(_l_ma_N<H§mki(z),H£Nkj(Z)>a .

Since a,,ay = a_,,a_y, hence we have the result. O

Lemma 2.6. Let ¢(z) = g(2) + f(z), where f(2) = a,z™ + ayz", g(z) =
a_,z" +a_yz" (0<m<N).Ifa>—1and a,dy = a_,d_y then T, on A2(D)is
hyponormal iff

> r(t+1)
2 2 2 2 2
a,|”—la_ N, (t)+ (lay | — |a_ D, (t)j =———]|c/|“=0
3 { o ~lan IO+ oy oD e
m m N N
[Te+5) [T(=j+D) [T+ [T(=j+D)
where N,(t) = - = and D,(t) = +— - = .
l_ll(t+a+j+1) Hl(”“’j”) [Tt+a+j+1)  [I(t+a—j+2)
i= j= j=1 j=1

oo
Proof Fori=0,1,...,N—1,letK; := {ki €A’ ki(z) = Z:OCNHHZNHH}.

By Theorem 1.1, T,, is hyponormal if and only if

N-1 N-1
<(HJ*EHf__HgHg')Zki(Z),Zki(z)> >0
i=0 i=0 a

N-1 N-1 N-1 N-1
i (i (k) (Lea)) = (1 (L) Lo
i=0 i=0 a i=0 @

i=0
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N-1 N-1
Iff Z IH (ki (2))II% > Z |Hz (k;(2))I|2, using Lemma 2.5.
i=0 i=0
Iff

N-1 N-1
[ 15 a2~ ity k] = X gk ~ I kl] - @
i=0 i=

We have,

M7 (ki ()12 = IIf (k; (DI
= ((@n2" + ayz" ki(2), (@n2™ + ay 2" k() g
= |a, PlE"k ()N + lay P12V K ()11

+ @y (E"ki(2), 2 ki(2)) o + apay (2 ki(2), 27k (2))
Similarly,

HMg(ki(z))Hi = la_n 12"k (2112 + la_y P ki ()11
+a_pa_y(E"ki(2),2Vk(2) g + a_pnd_y (EVki(2),2"k;(2)) o

Also,

77 (ki (DI = [1(@y Tzm + iy T ki (2112
= |y | Tomk; (2)I1% + lay | Tk ()12
+ @ an (Tenk;(2), Tovki(2)) o + @Gy (Tevki(2), Temki(2)) o

and similarly,

1T (ki (22 = la_p [Pl Tom ki (2)I1% + la_y 1P| Ten ki (2112
+a_,a_n(Temki(2), Tovki(2)) o + a @ n(Tevki(2), Temk;(2))

Using these in (2.1), we have, T, is hyponormal if and only if

N-1
[(aml® = la_m®IE" ki @I12 + (ay > = la_y N2V k; (2)I12]
i=0
N—
> (@l = la_ P Tonki @I + (ay 2 = la_y I Tovk;(2)I12]
i=0

[

That is, iff

N-1

(aml = la_u® D LI K G2 = 11PaE" ki ())]I2)
i=0

N-1
+ (layl* - Ia_NIZ)Z[IIZ'Nki(Z)IIi — 1P, Bk (2)IIZ] = 0

=0
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That is, iff

Nifi(Nk—H+m)'F(a+2)| 2
I'(Nk+i+m+a+2) Nkti
(Nk+DPT(Nk+i—m+a+2)(a+2)

2
C .
I(Nk+i+a+2)*T(Nk+i—m+1) lenicss|

(Nk+)PTI(Nk+i—m+a+2)(a+2)
I'(Nk+i+a+2)PT(Nk+i—m+1)

(Nk+i+N)T'(a+2)
[Z I'(Nk+i+N+a+2)

|cNk+i|2] (anl? — la_nl®)

+

len ki |2

i=0
Z (Nk+DPI(Nk+i—N+a+2)(a+2)
I'(Nk+i+a+2PT(Nk+i—N+1)

| Nk+i|2] (layP? —la_y*) =0
k=1

That is, iff

m—1 . 00 .
m+41)! Nk+i+m)!
St s W
pr Fm+i+a+2) — I'(Nk+i+m+a+2)
(Nk+D)PI(Nk+i—m+a+2) | 2
T(Nk+i+at2?T(Nk+i—m+1)) NkH
-1 oo .
(Nk+1i+m)!
+;§{F(Nk+i+m+a+2)
(Nk+)PI(Nk+i—m+a+2) 5 5 5
- - 5 - lenigil” | (laml® = laml®)
I'(Nk+i4+a+22T(Nk+i—-—m+1)
N-1 . 00 .
N +1i)! N(k+1)+ i (a+2
+Z (_—I)lth (N(k+1)+DiT(a+2)
‘ I'IN+i+a+2) IIN(k+1D)+i+a+2)

(Nk+z)12r(N(k - 1)+z+ a+2)
C T(Nk+i+a+2?2T(N(k—1)+i+1)

}I Cneril ](Iale —lay*) =0

That is, iff

m—1
(t +m)!
2 _ 2 AR 2
(Ia, |a_m|>[t§=o:r(t+m+a+2)|ct|

Y (t +m)! L2 (t —m+a+2) ,
+;n{1"(t+m+a+2) B F(f+a+2)21"(t—m+1)}|cf| ]

N-1
(t+N)
+ 2_ _ 2 I 2
(lay| la_y| )[;:0 F(t+N+a+2)|Ct|

y (t+N)! t1’I(t — N +a+2) ,
+§{F(t+N+a+2) - F(t+a+2)21"(t_N+1)}|ct| ] >0
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That is, iff

R S)
9 =1
(1| Ia_mH[ZI_L (t+a+j+1)

+Z{ [T e+ [To(e—j+D }] e+ oo
C
T(t+ta—j+2) l_[;.n:l(t+a+j+1) It+a+2) "
) L[S TS+
+(lay 2= la_y®| D, = :
= [, (t+a+j+1)
N . N .
+i{ [T, e+ [T (c—j+1) H E+D oo
_ 2>
ST +a-j+2) [T (c+a+j+1)ITE+a+2)™
That is, iff
> r(t+1)
2 2 2 2 2
3 { oI+ o ey D0 e 20
Mesn  Tle-j+ M) Tle—i+D)
where N, (t) = +— - and D, (t) = +— . — . O
1'[1(r+a+j+1) l'll(r+a—j+2) [1(t+a+j+1)  Tl(t+a—j+2)
j= j= j=1 j=1

3. Hyponormality conditions

Theorem 3.1. Let ¢(z) = g(z) + f(2), where f(2) = a;2 + a32°, g(2) = a_,z +
a_3z°. If a > 0 and a,d3 = a_,a_ then T, on A%(D) is hyponormal

9(la_sl* = laz*) < (lay > — la_;|*) if las| <la_sl
6(las|* —la_s/*) = (a+3)a+D(a_ > —la;|?) if las| > la_s]

Proof. By Lemma 2.6, T,, on AZa(D) is hyponormal if and only if

;[(Iallz —la_y PN, () + (laz|* - Iaglz)Da(t)]%lql2 >0
where
t+1 t a+1
N“(t):{t+a+2 a t—l—a—l—l} Tttat2)ttatl)
and
D,(t)= (t+1D)(t+2)(t+3) t(t—1)(t—2)

(t+a+2)(t+a+3)t+a+4) (t+a+D(t+a)t+a—1)
_ 3(a+1)(2a+2a®~18n—3an+3a’n+3n’+15an’+12n°+6an’+3n*)
N (t+a+2)(t+a+3)(t+a+4)(t+a+1)(t+a)(t+a—1)

For n € N, define £, as £,(n) := g E”g so that

n+a—-1Dn+a)n+a+3)(n+a+4)
3(—2a+2a? —18n — 3an + 3a?n + 3n% + 15an? + 12n° + 6an® + 3n*)

Eq(n) =
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From this we get,
. 1
lim £,(n) = =
n—00 9
Also, if &/ (n) denotes the derivative of £ ,(n), then we have

N
" 3(2a+2a2—18n—3an+3a?n+3n%+15an>+12n3+6an3+3n*)>?

g, (n)=
where,
N =10a2(n® — 1) + 143a3(n® — 1) + 49a*(n® — 1) + 52an(n* — 1)
+278a%n(n? — 1)+ 207an?(n®> — 1)+ 72n3(a® - 1)
+6n%(n* +4n® — 2n% —12n+9) + 192a + 7a® + 3a® + 66a°n
+192a*n + 66a°n + 6a°n + 267a%n% + 415a°n? + 240a*n?
+30a°n? + 140an® + 314a*n® 4+ 360a°n® + 11a*n® + 36an*
+255an* 4+ 60a’n* + 26an® + 20a2n° + 6an®,
which is always positive for n > 1 and for a > 0.

So &,(n) is a strictly decreasing function for all a > 0.

Case 1: Let |a_g| < |as].

As £,(0) = w and &,(1) = @) o we have £,(0) > &,(1).

24(az+2) s
Hence T, is hyponormal if and only if 123}2‘12—312 > (a+3)6(a+4)
118

6(las* —la_s*) > (@ +3)(a +D(|as|* — la_4*)

or equivalently;

Case 2: Let |ag| < |a_s].

Since &,(n) > % for all n, so T, is hyponormal if and only if % < é. That
1 —1%-

is, if and only if 9(|a_5|? — |as|?) < |a;|> — |la_;|? O

Theorem 3.2. Let p(z) = g(2) + f(2), where f(2) = a,2® + a32°, g(z) =
a_,z* +a_3z>. If a > 0 and ayds = a_,a_; then T, on A%(D) is hyponormal

9(|a_3|2 - |a3|2) =< 4(|a2|2 - |a_2|2) if las| < la_sl
3(lasl* = la_sl?) = (a + D (la_,* = laz?) if las| > |a_s]

Proof. T, on Ai(ID)) is hyponormal if and only if

2 (t+2)(t+1) t(t—1) r(ce+1)
(|a2|2—|a_2|2)2{ }

t=0

— 2
(t+a+3)i+at2) (tatDitta) F(t+a+2)|ct|

, o (t+3)(t+2)(t+1)
+ (las|” —la_s] )tz.;{(t+a+4)(t+a+3)(t+a+2)

t(t—1)(t—2) rie+1)
a (t+a+1)(t+a)(t+a—1)}F(t+a+2)

|Ct|2 >0
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For n € N, define &, by

(t+2)(t+1) t(t—1)
£ () e {(t+a+3)(t+a+2)_(t—l—a—l—l)(t—l—a)}
@ (t+3)(t+2)(t+1) t(t—1)(t—2)
{(t+a+4)(t+a+3)(t+a+2) a (t—l—a—l—l)(t—l—a)(t—l—a—l)}
2(n+a—1)(n+a+4)(2n?+2an+4n+ a)
- 3(—2a+2a?—18n—3an+3a’n+3n%+15an®+3a?n®+12n%+6an’+3n*)
So t]irglo ELn) = g. Also, & (n) = —% where,

D = (2a+2a?—18n—3an+3a’n+3n®+15an®+3a?n®+12n°+6an®+3n*)?
and
N =29a%(n* — 1)+ 14a*(n — 1) + a®(n — 1) + 8an(n® — 1) + 34a’n(n® — 1)
+6n%{n(n+1)(n* + n—4) + 4} + 40a + 4a* + 12a°n + 10a*n + 5a°n
+ 87an? + 264a’n? + 216a°n* + 66a*n* + 6a°n? + 212an® + 368a’n>
+168a®n® + 24a*n® + 189an* + 134a’n* + 7an* + 12n° + 66an®
+ 24a%n® 4 6an®

which is always positive for n > 1 and for a > 0.
Hence & ,(n) is a strictly decreasing sequence for all a > 0.

Case 1: Let |a_s| < as].
We have £,(0) = 2 and £,(1) = %2 and so £,(0) > £,(1). Hence T, is

3 4
2_ 2 .
hyponormal if and only if % > %‘. That is,

3(lasl* — la_s|*) = (a + ) (las|* —la_/*).

Case 2: Let |as| < |a_s].

Since & ,(n) > g for all n, so T, is hyponormal if and only if % < g. That is,
21 TI¢-2

Ia_sl —las|®) < 4(lasl* —la_/*). O

4. Conclusion

Looking at these particular results, we propose the following general result:

Theorem 4.1 (Conjecture). Let ¢(z) = g(z) + f(2), where f(z) = a,,2™ + ayz",
g(z)=a_,z" +a_yz" (0<m<N). Ifa,,dy = a_,,d_y and a is sufficiently large,
then T, on A2(ID) is hyponormal

N-1 N
[T@+2+)aplf ~la,») = [T Dlayl? —lay?) if la_y| < lay]
j=0 j=m+1

N*(la_y? = lay ) < m*(la,* = la_n[*) if lay| < la_y|
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In Theorems 3.1 and 3.2 it has been shown that this is true form =1, N = 3
and m = 2, N = 3 respectively. In Theorem 1.3 it was shown that the result also
holds form =1, N = 2.
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