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1. Introduction

For an integer %k, the polylogarithm function Liz(x) is defined via the formal power series
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If £ <0, say k = —s, then it converges for |x| <1 and is given by

S ,
r (Gt
=
Li_s(x) = RETE
where (%) are the Eulerian numbers. The number (%) is the number of permutations of {1,2,---, s}

with j permutation ascents. Moreover,

j+1
<S.>=Z(s+1)(j—l+1)s.
J o\ !

For more properties of Eulerian numbers (see [9]).
In [4], Bayad and Hamahata introduced poly-Bernoulli polynomials Bg,k)(x) by means of the
following exponential generating function

Liy(1-e™®) , & "
];-7@ t: ZB&{Q)(.?C)? (11)
- n=0 :

The numbers BS{” = Bﬁ{” (0) are called the poly-Bernoulli numbers which were introduced by
Kaneko [[13] as generalizations of the classical Bernoulli numbers B,,.
It can be seen from the generating function (1.1I) that, for any n =0,

(-1)"BW(-x) = B,,(x),

where B, (x) are the classical Bernoulli polynomials given by the generating function

text o0 tn
= B, (x)—.
el—1 n;O " n!

The poly-Bernoulli numbers Bﬁf)

Bgl—k) — Z m'Sz(n + l,m + 1)m'82(k + ]-,n + ]-)7
m=0

where So(n,m) are the Stirling numbers of the second kind. For a detailed discussion of these

satisfy the relation (see [3])

numbers, one may see [6].
Arakawa and Kaneko [2] introduced the so-called Arakawa-Kaneko zeta function ¢z(s)
defined for any integer k£ = 1 by

1 [®Lipl-e™
gk(s)_l"(s)fo 1 57 dt.

The above integral converges for R(s) > 0 and the function ¢, can be analytically continued to
the entire function of the whole s-plane. Note that

$1(8)=sl(s+1) and ¢&R(D)={(k+1),

where ((s) is the Riemann zeta function.

Moreover, Arakawa and Kaneko [2] have expressed the special values of function {.(s) at
the negative integers with the aid of the poly-Bernoulli numbers B%k) through

E(-m)=Y (1)
=0
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A generalization of Arakawa-Kaneko zeta function was introduced by Coppo and Candelpergher
[7] defined for R(s) >0 and x > 0 by
1 ® Liz(1-e™) —xt s—1
,X) = " dt.
H F(S)fo -1 ©
This is a very natural extension of the Arakawa-Kaneko zeta function the same way the as

the Hurwitz zeta function ((s,x) generalizes the Riemann zeta function ((s). In particular,
$k(s,1) = Er(s) and ¢1(s,x) = s{(s + 1,x).
On the other hand, in [10] Hamahata defined poly-Euler polynomials E(nk)(x) via the
generating function
2Lik(1—e_t) xt o %) tn
—e" =) E —.
tL+el) © ,;0 " (x)n!

These polynomials satisfy the explicit formula

1 & 1 ol m+l
EP(x) = -1y E -7, 1.2
" (x) n+1n;O(m+1)k jzo( ) ( J ) n+1(x J) ( )
where E ,,(x) := Eﬁll)(x) are the classical Euler polynomials defined via the generating function
zext 00 "
=) E,(x)—.
et+1 n=0 n(x) n!

When x =0, E(,fe) = E(nk)(O) are called the poly-Euler numbers.
Moreover, Hamahata introduced Arakawa-Kaneko type zeta function for poly-Euler
polynomials defined for any integer & by
2 ©Lip(l—e™®) _, .
Z = ©s=2 dy
E,k(8,%) F(s)fo i1 € ;

and showed that the function s — Zg ;(s,x) has analytic continuation to an entire function on

the whole complex s-plane and
Zgp(-n,0)=(-1"EP(-x), n=0 (1.3)
given that x >0ifk>1,and x> |k|+1if k< 1.

2. Generalized Poly-Euler Polynomials of Parameters a,b,c

Recently, generalized poly-Bernoulli polynomials of parameters a, b, c were introduced by Jolany
et al. [11] (see also [8,12]) via the generating function
Lip(1- (ab)_t)cxt B

T (2.1)

BW(x;a,b,0)—, |t|< ———.
,;0 n 60,0 < Tl

The numbers Bg@)(a, b,c):= Bﬁlk)(O;a, b,c) are called the poly-Bernoulli numbers of parameters
a,b,c. When k& =1 in (2.1),

BW(x;a,b,¢) = (Inab)B,(x;a1,b,0),
where B, (x,a,b,c) are the generalized Bernoulli polynomials with parameters a,b,c defined by
Luo et al. [14]] using the generating function

t
bt —at

27

" e ¢] tn
¥ = B ; 7b7 _7 t <—'
¢ ,;0 n5a.0,0) <
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Thus, we have
B, (x;1,e):= By (x), Bn(0;a,b):=By(a,b) and B,(0;1,e):=B,,
where B, (a,b) are called the generalized Bernoulli numbers with a,b parameters.
In this section, parallel to the above generalization of poly-Bernoulli polynomials, we
introduce E'glk)(x;a,b,c), the generalized poly-Euler polynomials of parameters a,b,c as a
generalization of Hamahata’s work in [[10] and establish various properties of these polynomials.

Moreover, we also obtain several identities involving Eslk)(x;a,b,c), poly-Euler polynomials
E (nk)(x), and poly-Bernoulli polynomials B(nk)(x).

Definition 2.1. For a,b,c >0 and k € Z, we define the generalized poly-Euler polynomials of
parameters a,b,c by means of the generating function

2L1k(1—(ab)_t) xt © %) tn

=) E ;a,b,¢)—. 2.2

@b nX::O w (x;a C)n! (2.2)

When ¢ = e in (2.2), we define E(nk)(x;a,b) = E(,f)(x;a,b,e), the poly-Euler polynomials of

parameters a,b. Setting further x = 0, the numbers E(nk)(a,b) = Eglk)(O;a;b) are called the

generalized poly-Euler numbers of parameters a,b. In particular,
k k
E(n )(x;e, l,e)= E; )(x).
Moreover, when &2 =1 in (2.2)
E(nl)(x;a,b,c) = (lnab)En(x,a,b_l,c) and Egll)(x;e,l,e) =FE,(x),

where E,(x;a,b,c) are the generalized Euler polynomials of parameters a, b, c obtained by Luo
et al. in [15] defined through the generating function

2 & t"
o +atc = nz::OEn(x;a,b,c)a,

< —-.
i [Inb —Ina|

Here, we have
E,(x;e,1):=E,(x), E,(0;e,1):=E,, and E,(0;a,b) :=E,(a,b),

where E ,(a,b) are called the generalized Euler numbers with a,b parameters.
The next theorem follows directly from the generating function (2.2).
Theorem 2.2. The generalized poly-Euler polynomials satisfy the following relations:

E(,f)(x;a,b,c): "

-

~
I
o

|ney EP(a,b)x"7F, x#0, (2.3)
l

E®(x+y;a,b,¢)= . (lnc)n_iEEk)(y;a,b,c)xn_i, x #0,

S

~
1l
o
~

Il
M=
S

~
1l
o
~

n—ip(k n—i
E®(x;a,b,c) . |dnc) EE y;a,b,e)x -y, x#y.

For the basic derivative and integral properties of Ffla)(x, y;a,b,c), we have the following
theorem:
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Theorem 2.3. For ke Z and n =0,
d

- —E® (x;a,b,¢)=(n+DInc-EP(x;a,b,0), (2.4)
1
fE(,f‘)(x;a,b,c)dx: m Elkll(x a,b,c). (2.5)
Proof. From (2.3), we have
%) Hn+l 1-i (k) 1
E" (x;a,b,0)= ) l (Ine)" " E"(a,b)x" ", (2.6)
i=0

Differentiating both side of (2.6), we obtain

n

d 1 . :
—E® (x;a,b,0)=) (an )(n +1-i)Ine)" " E®(a, b)x"
l

dx 1=0
—(n+1)lncZ( )(lnc)” ‘EP(a,b)x"
1=0
=(n+ 1)lnc-E(,f"’)(x;a,b,c).
Equation (2.5) follows directly from (2.4). O

The next identity gives the relation between Eﬁlk)(x;a, b,c) and E(,f)(x).

Theorem 2.4. For k€ Z and n =0,

xlnc+1Ind
E®(x;a,b,¢) = (na +1nb)" 1E® (—)

Ina +1nbd

Proof. From (2.2)), we get
ZE(k)(x a, b )tn 2L1k(1_(ab)_t) xt _ 1nab'2Lik(1—6_t1nab) tlnab(xhllnc;})nb)

o 1~ t1+@b)hpt ~  tlnab-(1+ etnab)
= i (lna +1n b)n+1E(k) (M) ﬁ
n=0 " \lna+Inb
Comparing the coefficients of fl—n!, we get the desired result. ]

Using Theorem and (1.2), we obtain the explicit formula of E(nk)(x;a, b,c) in terms of the
classical Euler polynomials.

Theorem 2.5. For k€ Z and n =0,

(lna +Inb)"*1 X 1 mil m+1 xlnc+1Ind .
1y -
n+1 o (m+ 1)k ! Z( ) n+1(1na+lnb ")

E(,f)(x;a,b,c):

m=

The next result gives a recursive formula for E(,f”)(x;a,b,c) in terms of the poly-Bernoulli
numbers of parameters a,b and Euler polynomials of parameters a, b, c.

Theorem 2.6. For k€ Z and n =0,

n m—1
E(,f‘)(x;a,b,c):(lnab)z(Z)Bg‘__,,ll)(b )Z( )%El(x;a,b_l,c).
m=0

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021



406 On Poly-Euler Polynomials and Arakawa-Kaneko Type Zeta Functions...: N. G. Acala and R. B. Corcino

Proof. Note that
tLi
Lik+1(t)=f 1k(s)ds
0

s
Thus,
2Lip(1—(ab)™) tLip_1(1—(ab)™®) —slnab
Inab)e * "% ds.
Wi © t(bt+at)f T—(ab)s  meb)e ?
Consequently,
o0 tn
ZEgzk)(x;a,b,c)—
n=0 n!
tn—l t[ oo 1 n.n oo
= (Inab)| Y En(x;a,67%,0) ) i (Z( nal’s” §* BEDa, b5 )
0 \n=0 n=0

=(nab)

Me 1018

Il
o

- co n n+1
E,(x;a,b71,¢) )( Z (n)( Ina)*” mB(k D(a,b) )

n n= 0 ( +1)'

Om=
= (Inab) i (i n-1(x;a,b” 1,c) (m)( 1na)l—mB§,’§—1’(a,b))

n=0\7/=0

tn
(+Di(n-D)

E
n-1(x;a,67 1 c Imm p(h—1) t"
-1 "B b)|—
[P B o e

1=0

o0 n
=(lnad) Z (Z
n=0
Applying the identity
n\l! _[n)[n-m
IN\m| \m/\n-1]
we obtain

Z E'(n )(x;a,b,c)m =(nabdb) Z

n=0 : n=0

o
S

n _ _1 I-m tn’
B(k 1)(a b) Z (I’; 7)%5},1_[(36;61,[)_1,0));.

Setting I’ =n -1, we get

El/(x;a,b_l,c)) t—'

B%V(a,b) Z

m l'= l l,+1 n.

o0 tn o0
Y EP(x;a,b,0)— =(nab) )
n=0 n. n=0

o
S

(n m)( lna)”_l/_m

Setting m' = n —m, gives us

*) _ (k1) \Glna)™ "\
ZE (xabc)— (lnab)z Z ! B (a b)z TEZ/(X:%Z’ ,o)|—.

|
m'=0 n n:

Comparing the coefficients of t—,, we obtain

) (k=1 m|(=Inay™"* 1
E, (x;a,b,c) =(Inab) Z B wa, b)z —_I_El(x'a b7, 0). O

m=0

Theorem 2.7. For k€ Z and n =0,
k - (1 1
E(n )(x;a,b,c) = Z NEn—j(x;a0,b77,¢)cj,
j=0\J
1™+ (Inab)*1m!
(m+1)e-1(j+1)

where cj = Z & So(j+1,m+1).

m=0
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Proof. Using (2.2), we have
2%t o (1— —tlnabym+1
ZE(k)(xabc)—— tc — Z( ¢ k)
= ' Hat+b7) =y (m+1)
~ zcxt i (_1)m+1m!{(e—tlnab_l)m+l}
C Hat+b7t) 2 (m+ kL m+1)!
2% -1 lm! X (~tlnaby
= So(j,m+ 1)—
t(at+b_t) mZ:O (m+1)k 1 j %_,_1 2>
zcxt 00 (_1)m+1m! 00 ] 1
= (- 1)J(lnab)JSz( ,m+1)—
at+b‘t,,§’ (m+ 1)1 j_§+1 J
zxt ) 1m+] (lnab j+1 tj
-y y D "Z(l WO G+ 1,m+ D
at+b m=0j=m (m+1) (J+1) JY
zxt oo J 1m+J (1 bJ+1 tj
S 2oy y S g e Lm e Y
at+b_t j=0m=0 (m+ 1)k 1(J+ 1) J'
00 e
= E ; ’b_17 —_ B E
(Ersero](£e5)
where
J (=1 (Inab)*1m!
_ Z( S naby ml e e Lm+ ).
= (m+1F1(j+1)
Hence,
tn
ZE(k)(x a,b c)— Z Z( ) n_j(x;a,b_l,c)Cj—’. O
=0 i 0,=0 n:
Theorem 2.8. For k€ Z and n > 0,
2 n
E(f_)l(x;a,b,c) =~ > (Z) (Bg“_)s (x +2log, b;a,b,¢) - B® (x +logc(b/a);a,b,c)) as,
s=0
where ag = Y (—1Y(jlnab)®.
j=0
Proof. It follows from the generating function (2.2) that
x 1 t"  Lip(1—(ab)™t
Y SnEY, (a,b,e)— = (12 @) @.7)

= bt +al
Expanding the right-hand side of (2.7), we obtain
Lip(1-(ab)” t) le(l (ab)” t) (bt —a_t)

bt +al bt —q-t (a+bt)
le(l (ab)” t)( _a_t)c(x+logcb)t(1+etlnab)—1
bt —at
_ le(];f (abt) ) (x+210g b)t le(lt (abt) ) (x+logc(b/a))t)(i(_l)jetﬂnab)
bl —a b'~a J=0
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= (Z [B(k) x+2log, b;a,b,c) — B (x +log,(b/a);a,b,c)

)(Z > (-1Y(jlnab)"— )

n=0j=0
n
n!

S .
n)(Z(—l)J(jlnab)s) [Bi{‘_)s (x+2log, b;a,b,c) —B%), (x+1ogc(b/a);a,b,0)]}; .

Expressing lek)(x,a, b,c) in terms of Bﬁ(x) in Theorem using the relation,

xIlnc—Inb
Inab

We obtain the following expression of E(nk)(x,a, b,c) in terms of the poly-Bernoulli polynomials
Bglk)(x).

B®(x,a,b,c) = (nab)"B% ( ) . (see [8, Theorem 3.5])

Corollary 2.9. For ke Z and n >0,

2(Inab)" & ; | Inb Inc-1
E® (x;a,b,0)= ——— (Inab) Z( )(Z( l)st) [Bﬁf_)s(—x ners )—Bﬁlk_)s(—x —° na) .

720 Inab Inab

Theorem 2.10. For k€ Z and n > 0,
nE(nk_)l(x +log,.a;a,,b,c)+ nE(nk_)l(x —log.b;a,b,c)
= Bge)(x +log. b;a,b,c) —BﬁLk)(x —log, c;a,b,c).

Proof. Consider the equation

Liz(1-(ab)™) _ Liz(1-(ab)™) _

W(at—kb t)Cxtt: kbt_ﬁ(bt_a t)Cxt. (28)
Expanding the left-hand side of (2.8), we obtain

Liz(1-(ab)™)

+b Het
t(at Ty @ HhTe
n+1
= E(k)(x+logca a,b, c)+E(k)(x log.b;a,b,c)
n=0
tn
= Z [nE(k)l(x+logca a,b c)+nE(k)1(x log,b;a,b,c) - (2.9)
Similarly, expandlng into series, the right-hand side of (2.8) is equal to
(0 0] tn
Z [Bgf)(x +log,.b;a,b,c) +B§lk)(x —log.a;a,b,c) — (2.10)
n=0
Comparing the coefficients of ﬁl—n, in (2.9) and (2.10) completes the proof. O

Theorem 2.11. For k € Z and n = 0, the generalized poly-Euler polynomials E(,f’)(x;a, b,c) satisfy
the following relations:

(o] n

EP(x;a,b,c)= Y Y (Ine)'Sal,m)E® (-mlnc;a,b)x'™, (2.11)
m=01l=m

E®(x;a,b,0)= Y Z(lnc)lSz(l m)( )E‘j_’l(a,b)(x)m, (2.12)
m=01l=m
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m=0 1= i \J
where
t \ (s) 1-1Y° (s)
Y e” anB (x)— and ) e” nZOH (x; )L)—

Here, (x),, and x'™ are the falling and rising factorials respectively, defined as

@m=x(x-1)---(x—m+1) and x(m):x(x+1)---(x+m—1)formz1, and (x)g=x

Proof. For relation (2.11), we note that (2.2) can be written as

t” 2L1k(1 (ab)™ t) _ _
E(k) b, 1—(1—- tlnc x
nZO (50,6,0) 1 = — oy L= A=eT)
Applying Newton’s binomial theorem
2 -1
A+w) =Y (“’” )A—x—'"(—w)m, (jwl <A
m=0 m

and

(e! - 1)" =m! Z Sy(n, m)
n=0

where So(n,m) are the Stirling numbers of the second kind, we obtain

t" 2L1 (1-(@b)™) & [x+m-1 _
E(k) b, k 1— g tlncym
,LZO (x:a, ) t(b~t+a?) mZ:’O m (1-e )

_ i x(m)(eﬂnc —1)™ 2Li,(1 —(ab)_t)e_mtlnc
o m! t(b~t +at)
[&°] (e8] 1 T’L

=y x(’”)(z Sa(n,m) 22 )(ZE(k)( minc;a b)—)

0 n=0 n! n=0

Il
iMe 3

(Z Z(lnc)lsz(l m)( )E(,f_)l(—mlnc;a,b)x(m))t—

m=01=m n!

n
Comparing the coefficients of % gives relation (2.11).
For relation (2.12), we can express (2.2) as
" 9Liz(1—(ab)t
3 EW(x;a,b, 0 = i1~ (ab)7)
= t(b t+at)

Again, using binomial theorem and (2.15), we have

_ 2Lij(1-(ab)” t) $ (x)(etlnc_l)m

((etlnc _ 1) + l)x

n
S E®(xa,b,c )

n=0 t(b- t+at) m=0\M
_ & (e -1 2Lig(1-(ab) )
—mZ:O(x)m m! b +al)

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021

(2.13)

(2.14)

©=1.

(2.15)



410 On Poly-Euler Polynomials and Arakawa-Kaneko Type Zeta Functions...: N. G. Acala and R. B. Corcino

= <x>m(Zsz<n m)”ln‘:) )(ZE"”( ,b)— )

n=0 n=0

it

-y (Z 3" (ne)'Ss(, m)( )E‘k’ (a, b)(x)m) i

n=0\m=0/=m

Comparing the coefficients completes the proof of (2.12).
For relation (2.13), we express (2.2) as
Z Eglk)(x;a,b,c)—
n=0
_ (' -1 te #tine 9Lip(1—(ab)™) s!
s! (e 1)8 t(b~t+at) o

o0 tn+s (s) (k) '
(Z Sg(n+s,s)(n+s)')(ZB (xlnc) )(ZE (a, b) p

n m=0 n=0

I
o

(n+8) )\ =on=m (n—m)!

S
1l
[«

gn+s 00 ©) (k) gn—m s!
2(n +s,s) Z ZB (xlnc) E m(a,b) =

I
18
%)

Il
18

3
I
(=]

co n-m tl+s (s) * tn—m—l gl
; Z SQ(Z+S,S)(1+S)' (.’)Cll’lC)E o l(a b)m%t—s

3
Iy
o

Il
I [\’]8

i
o

l+s n-m-I
s'

{ i’ (:1) r:g,: (( )S ol +s S)E(k) (a,b)B(,fL)(xlnc)}%

3
S

Comparing the coefficients completes the proof of (2.13).
For relation (2.14), we express (2.2) as

A=A (e! = 1) 2Lip(1—(ab)™)

ZOE(k’(x “h O e Ao Hb T a)
= Ms(i) H)(xInc; A)—)(Jio(J)( AP szlt’zzltiZZ; D it )
- A)sg j)( % ,( H®(xIne; 1) — )(goEge)(j;a,b);—’;)

n

) s=ig® (i ) ¢
(1- A)SJZO AT E e, b)H (xIne; A) ~

Comparing the coefficients completes the proof of (2.14). O

—z(z

m=0

In particular, when ¢ = e in Theorem [2.11], we have the following identities for the generalized
poly-Euler polynomials of parameters a,b.

Corollary 2.12. For k € Z and n =0, the generalized poly-Euler polynomials E(,f)(x;a, b) satisfy
the following relations:

(0, 0) n
E(nk)(x;a,b): oy Sg(l,m)E(rf_)l(—m;a,b)x(m),

m=0l=m

Commaunications in Mathematics and Applications, Vol. 12, No. 3, pp. , 2021



On Poly-Euler Polynomials and Arakawa-Kaneko Type Zeta Functions...: N. G. Acala and R. B. Corcino 411

E®(x;a,b) = Z Z Sa(l, m>( ) E® (a,5)@)n,

m=0l=m

(1) 0

EP(x;a,0)= > Sa(l +S’3)E(rf—)m—l(“’b)Bgrsl)(x)’

m=o\m) =6 (*+*)
EP(x;a,0)= Y ) - Z( )( A IER (ra, b)HE) (x;1).
0(1 /1) Jj=0

3. Arakawa-Kaneko Type Zeta Functions

In [10], Hamahata defined the Arakawa-Kaneko type zeta functions Zg; for poly-Euler
polynomials by means of the Laplace-Mellin integral

2 OOle(l e ) —xt 9
Z = T TAdt, 3.1
E(8,%) F(s)f 1+et 3.1
where R(s)>1andx>0if £ =1, and R(s)>1and x> |k|+1if £ <O0.
For k=1,

Zgr1(s,x)= f ts Tdt = ZZ( Dl
Bl Ts)Jo et+1 = (n+x)s

where (g(s,x) is the Euler zeta function of Hurwitz type defined by
o0 n
(-1)
S(n+x)
In this section, we give a generalized Arakawa-Kaneko type zeta functions for the poly-
Euler polynomials of parameters a,b,c and obtain an interpolation formula between these

=({g(s,x+1),

(E(s,x)=2

generalized zeta functions and the poly-Euler polynomials with parameters a,b,c. Moreover,
we also establish relation between Zg (s, x;a,b,c) and the generalized Arakawa-Kaneko zeta
functions Zp (s, x;a,b,c) (see [1]) for poly-Bernoulli polynomials of parameters a,b,c (see [11]).

Definition 3.1. For % € Z, we define the generalized Arakawa-Kaneko type zeta functions with
parameters a, b, c via the Laplace-Mellin type integral

2 (*®Liy(1-(ab)™®) _, .
VA . — Xt ps—2 ) 9
rx(s,x;a,b,¢) F(s)fo ot © 572 dt (3.2)

It can be seen that Zg ;.(s, x;e,1,e) are just the Arakawa-Kaneko zeta type functions Zg 1 (x,s)
defined by Hamahata [[10].

The following lemma gives a relation between the generalized Arakawa-Kaneko type zeta
functions with parameters a,b,c and Arakawa-Kaneko type zeta functions Zg ;(x, s).

Lemma 3.2. For ke Z,

Inc—Inb
Zx k(s,x;a,b,c):(lna+lnb)1_sZEk(s,u)
’ ’ Ina+1Inbd
Proof. Using the generating function (3.2),
2 ooLik(]- tlnab) —t(xIlnc—Inb) ;s—2
Zg r(s,x;a,b,c) = F(s)fo 1+etlnab e t°"°dt. (3.3)
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By changing variables z = (Ina +1n d)¢, we obtain

1 9 OOle(]_ e z) _ (xlnc Inb] _9
Z . b _ Ina+Inb S d
£4(5,%5a,b,0) (Ina +1nb)*~1I(s) Jo 1+e? )
1 ( xlnc—lnb) O
= ST
(na+nb)y—1 %> Tna +Inb

Theorem 3.3 (Interpolation Formula). The function s — ¢i(s,x;a,b,c) has analytic continuation
to an entire function on the whole complex s-plane and for any positive integer n,

Zgp(-n,x;a,b,¢) = (~1)"EP(~x;a,b,c¢).

Proof. To prove that s — Zg 1(s,x;a,b,c) has analytic continuation to an entire function on the
whole complex s-plane, it is sufficient to show that s — Zg 5 (s, x) has such a property which was
already shown in [10, Theorem 4.3]. Hence by Lemma [3.2] equation (1.3) and Theorem we
obtain

Inc-Inb
Zg p(-n,x;0,b,¢) = (Ina+1Inb) """ Zg, (—n u)

"lna+Inb
—xlnc+lnb)
lna +1nbd

= (-1)"E¥(~x;a,b,¢). =

=(Ina +1nb)" 1(-1)"E® (

We now give an explicit formulas of Zg 1(s,x;a,b,c) in terms of {(s,x).

Theorem 3.4. The Arakawa-Kaneko type zeta function Zg ;(s,x;a,b,c) can be expressed as
follows: For s #1,

(i) If k€ Z, then

Zg r(s,x;a,b,¢) =

i

(Ina +1Ind)l—s X 1 m+lfm 41 ( xlnc—lnb
Z 1y rne-mo
s—1 (m+1)k ( )( YiE

(i) Ifk <0, then

1-s |k| |k|—j —
Zaats,sab,00= T z<'k'> o[ s o2, mesint e

Proof. (i) It follows from (3.2) that
2
Zg (s, x;a,b,¢)=(na +1nb)'~* [
’ I'(s) Jo

074 —ep % Inc—Inbd
Liz(1-e )e_z(ﬁnnaih?b ]zs_zdz
1+e?

— 1 “In
2 i 1 foo (1 —e€ 2)m+ e_z(gﬁlnacﬂllbb]zs—z dZ.
I'(s) o= (m+ 1% Jo

=(na+Inb)~*

m=0 1+e?
Fors#1,
(lna+lnb)1—s o 1 m+1 ’ o z(xl:lnacﬂglbb +J] y ,
Zg x(s,x;a,b,0) = 1 iy
Er(s,x;a,b,¢) s 1 mzo(m+1)k Z ( )1“( —1)[ — .

1-s oo m+1 . —
_(na+Inb) 1 (m+1)(_lm( . xlnc—Inb +J,+1)-

s—1 = (m+1)k 20 " lna+1nb
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(i1) Note that for £ <0, we have

k| <|kl>( _ —tlnab)'kl_j

Lik(l_e_tlnab) J

e—tlnab(|k|+1)

|k|—Jj k|-
_ tlnab(kl+D) §° |k|> y (| )( 1)ie-itnab.
j= 0< J /| i=0 L
Using (3.2) and (3.3), we get

ZEg r(s,x;a,b,c)

:i% |k| |k|ZJ |k| ( l)Lf e—t(xlnc—lnb+(i—Ikl—l)lnabts_Zdt
I(s) 5 =\ 1+ etlnab

xlnc Inb
_ (lna_l_lnb)l—s fl: k| V%:J |k| ( l)l fOOe lna+lnb +i—-|k|- 1] S_zdz
s—1 izo\J / iZo F(s 1) 1+e?
(lna+lnb)1 L /1R \ 1R |k| xlnc—lnb
- 1 — +i—|k|]. O
s—1 J;) J 12;‘) ( )( ( “lna+1Inb ti-lkl

Theorem 3.5 (Addition Formula). For k€ Z and s # 1, we have

Zg r(s,x—log.ab;a,b,c)+Zg 1(s,x;a,b,c)

00 m+1
_32 > (mil)k Z (m+1)( 1Y(xlnc+(j—DInbd + jlna)' 5.
T+ m=0

Proof. Applying (3.2), we have

Zg r(s,x—log.ab;a,b,c)+Zg 1(s,x;a,b,c)

_ 2 Liz(1—(ab)” t) —t(x—log,(abd)) —tx) 15—2
=t f (c +c )2

bt +al
2 [*Liy(1-(ab)” f) —ty, —t(xInc-Inb) ,s—2
_F(s)f LT @by (1+(ab) e £ 4dt

2 0o
— r(s)ﬁ) Li,(1 _e—tlnab)e—t(xlnc—lnb)ts—Zdt

2 00 1 ocom+1

=T = (m+ 1) Jo Z

m=0

(m+1)( 1)] —txlne+(j- 1)1nb+Jlna)tS 2 dt

[e) 1 m+1

m+1
_9 _1y f ot +(-DInb+jlna) s-2 g,
Z(m+1)kz( )( V1

m=0

m+1

72 > (m; 1)( 1) (xInc +(j— Dinb +jlna)'™. 0

12

(m+1

3.1 Relation Between Zg ;(s,x;a,b,c) and Zg ;. (s,x;a,b,c)
Recently, Acala and Aleluya [|1] defined the generalized Arakawa-Kaneko type zeta functions
with a,b,c parameters Zp ;(s,x;a,b,c) for the poly-Bernoulli polynomials ng)(x;a,b,c) via
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the Laplace-Mellin type integral

(o)) t
Zp (s,x5a,b,¢) = f le(l @b)7) xtys-1gy (3.4)
I'(s) t_q~t

and showed that the function s — Z B,k(s,x;a, b, c) has analytic continuation to an entire function
on the whole complex s-plane and for any positive integer n,

Zgp(-n,x,a,b,c)= (-1)"B®(~x;a,b,c).
In the next theorem, we give a relationship between Zg ;.(s,x;a,b,c) and Zg ;(s,x;a,b,c).
Theorem 3.6. For k€ Z,
sZgp(s+1,x—log.b;a,b,c)+sZgp(s+1,x+log.a;a,b,c)

=2 r(s,x—log.b;a,b,c)—2Zp (s,x +log.a;a,b,c).

Proof. Note that
2Zp (s, x—log.b;a,b,c)—2Zp 1(s,x +1og.a;a,b,c)

_i *. _ —ty,—xt s—1
- fo Liy(1 - (ab) e ds

T3 _ -t
B

b~t+atl
_ 2s f Liz(1—(ab)” )( ~t(x+log, b)+c—t(x—logca)) t(s+1)—2] dt
I's+1)Jy b~ t+at
=sZgr(s+1,x+log.b;a,b,c)+sZg (s +1,x—-log.a;a,b,c). O

4. Conclusion

By introducing a new class of generalized poly-Euler polynomials with a,b,c parameters,
we defined the Arakawa-Kaneko type zeta functions for these polynomials and obtained an
interpolation formula. Finally, a relationship between the Arakawa-Kaneko type zeta functions
for generalized poly-Euler polynomials and the Arakawa-Kaneko for generalized poly-Bernoulli
polynomials in [1] was established.
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