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1. Introduction
In 1906, Frechet introduced the notion of metric space which plays very important role in the
fixed point theory. Later, it has been generalized in many ways by several authors such as
quasi metric, modular metric and b-metric etc. (see [4,9,15]). In 1972, Grossman and Katz [6]
developed multiplicative calculus wherein subtraction and addition operations were replaced by
division and multiplication to solve multiplicative boundary value problems more efficiently
than ordinary Newtonian calculus. In 2008, Bashirov et al. [3] introduced a new concept called
multiplicative metric. They studied some properties of multiplicative derivatives, multiplicative
integrals and established the fundamental theorem of multiplicative calculus. In 2012, Florack
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and Assen [5] used this concept in biomedical image analysis. In the same year Özavşar and
Cevikel [10] studied topological properties of multiplicative d-metric spaces and introduced
multiplicative contraction with which they proved some fixed point theorems for such spaces.
For more work on multiplicative metric spaces, we refer to ([1,7,8,16]).

Recently, Sedghi et al. [13] introduced the concept of S-metric space as a generalization of
G-metric space and metric space. After that many authors proved several fixed and common
fixed point results in the setting of S-metric spaces for different contractions (see [11,12,14]).
The purpose of this paper is to introduce multiplicative S-metric space and to prove a common
fixed point theorem for two self maps in the framework of multiplicative S-metric spaces with
an application.

2. Preliminaries
In this section, we present some definitions which will be used later in this paper.

Definition 2.1. Let X be a non empty set. Then we say that a function S : X3 → [0,∞) is a
multiplicative S-metric on X iff it satisfies the following for all x, y, z and a ∈ X

(P1) S(x, y, z)≥ 1;

(P2) S(x, y, z)= 1 iff x = y= z;

(P3) S(x, y, z)≤ S(x, x,a)S(y, y,a)S(z, z,a).

Here (X ,S) is called a multiplicative S-metric space.

Example 2.1. If (X ,d) is a multiplicative metric space, then S : X3 → [0,∞) defined by
S(x, y, z) = d(x, z)d(y, z) for x, y, z ∈ X is a multiplicative S-metric on X , called multiplicative
S-metric induced by d.

Example 2.2. Consider a metric space (X ,d). For fixed t > 1, then (X ,S) is a multiplicative
S-metric space, where S(x, y, z) := td(x,y)+d(y,z)+d(z,x) for x, y, z ∈ X .

For this, let x, y, z and a ∈ X . Since d is the metric on X and d(x, y)+ d(y, z)+ d(z, x) ≥ 0, it
follows that td(x,y)+d(y,z)+d(z,x) ≥ 1. Thus S(x, y, z)≥ 1.
Also,

S(x, y, z)= 1 iff td(x,y)+d(y,z)+d(z,x) = 1

iff d(x, y)+d(y, z)+d(z, x)= 0

iff x = y= z .

Consider,

S(x, y, z)= td(x,y)+d(y,z)+d(z,x)

≤ td(x,a)+d(a,y)+d(y,a)+d(a,z)+d(z,a)+d(a,x)

= S(x, x,a)S(y, y,a)S(z, z,a) .

That is,

S(x, y, z)≤ S(x, x,a)S(y, y,a)S(z, z,a).
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Therefore, all the conditions of multiplicative S-metric are satisfied and hence S is a
multiplicative S-metric on X .

Example 2.3. Let (X ,S′) be a S-metric space. Then (X ,S) is a multiplicative S-metric space,
where S(x, y, z) := tS′(x,y,z) for x, y, z ∈ X and for fixed t > 1.

Example 2.4. Let X = (0,∞). Then a function S defined by S(x, y, z) := ∣∣ x
z

∣∣∗ ∣∣ y
z

∣∣∗ is a

multiplicative S-metric on X for x, y, z ∈ X , where |x|∗ :=
{

x, x ≥ 1
1
x , x < 1

for x ∈ X . For this, let

x, y, z ∈ X . If x
z ≥ 1 and y

z ≥ 1, then S(x, y, z) = x
z

y
z ≥ 1. If x

z ≤ 1 and y
z ≥ 1, then we have

S(x, y, z) = z
x

y
z ≥ 1. If x

z ≤ 1 and y
z ≤ 1, then we must have S(x, y, z) = z

x
z
y ≥ 1. If x

z ≥ 1 and y
z ≤ 1,

then we get that S(x, y, z) = x
z

z
y ≥ 1. From all the cases, we conclude that S(x, y, z) ≥ 1 for all

x, y, z ∈ X .

For x, y, z ∈ X , we have S(x, y, z)= 1 iff
∣∣ x

z

∣∣∗ ∣∣ y
z

∣∣∗ = 1 iff
∣∣ x

z

∣∣∗ = 1 and
∣∣ y

z

∣∣∗ = 1. If
∣∣ x

z

∣∣∗ = z
x , then

we would have 1 = z
x and hence z = x, but x < z-contradiction. Similarly, if

∣∣ y
z

∣∣∗ = z
y , we get

z = y< z-contradiction.
Therefore, S(x, y, z)= 1 iff x

z = 1 and y
z = 1 iff z = x = y.

Let x, y, z and a ∈ X . We consider

S(x, y, z)=
∣∣∣ x
z

∣∣∣∗ ∣∣∣ y
z

∣∣∣∗
=

∣∣∣ x
a

a
z

∣∣∣∗ ∣∣∣∣ y
a

a
y

∣∣∣∣∗
≤

∣∣∣ x
a

∣∣∣∗ ∣∣∣a
z

∣∣∣∗ ∣∣∣ y
a

∣∣∣∗ ∣∣∣∣a
y

∣∣∣∣∗
≤

∣∣∣ x
a

∣∣∣∗ ∣∣∣ x
a

∣∣∣∗ ∣∣∣ y
a

∣∣∣∗ ∣∣∣ y
a

∣∣∣∗ ∣∣∣ z
a

∣∣∣∗ ∣∣∣ z
a

∣∣∣∗ .

Therefore S(x, y, z) ≤ S(x, x,a)S(y, y,a)S(z, z,a) for all x, y, z and a ∈ X . Hence, S is a
multiplicative S-metric on X .

Lemma 2.1 ([2]). In a multiplicative metric space ((0,∞), | · |∗), we have the following for

x, y ∈ (0,∞), where |x|∗ :=
{

x, for x ≥ 1
1
x , for x < 1

(i) |x|∗ ≥ 1,

(ii) 1
|x|∗ ≤ x ≤ |x|∗,

(iii) |x|∗ = ∣∣1
x

∣∣∗,

(iv) |xy|∗ ≤ |x|∗|y|∗.

Definition 2.2. We say that a sequence (xn) in multiplicative S-metric space (X ,S)
multiplicative S-converges to some x ∈ X iff for each ε > 1, there exists a H ∈ N such that
S(xn, xn, x)< ε, for all n ≥ H.

Communications in Mathematics and Applications, Vol. 12, No. 2, pp. 303–314, 2021



306 Common Fixed Point Theorem in a Multiplicative S-Metric. . . : P. Kanchanapally and V. Naga Raju

Definition 2.3. We say that a sequence (xn) in multiplicative S-metric space (X ,S) is
multiplicative S-Cauchy sequence in X iff for each ε > 1, there exists a H ∈ N such that
S(xn, xn, xm)< ε, for all n,m ≥ H.

Definition 2.4. We say that a multiplicative S-metric space (X ,S) is multiplicative S-complete
iff every multiplicative S-Cauchy sequence in X is multiplicative S-convergent in X .

Definition 2.5. Let (X ,S) and (Y ,S′) be two multiplicative S-metric spaces. Then, we say that
f : X → Y is multiplicative S-continuous at some point x ∈ X iff for every ε > 1, there exists
δ> 1 such that f (B(x,δ))⊂ B( f (x),ε).
Here, we say that f is multiplicative S-continuous on X iff it is multiplicative S-continuous at
every point of X .

3. Some Topological Properties
In this section, we present some topological properties of multiplicative S-metric spaces.

Lemma 3.1. In multiplicative S-metric space (X ,S), we have S(x, x, y)= S(y, y, x) for all x, y ∈ X .

Proof. For x, y ∈ X , we have S(x, x, y)≤ S(x, x, x)S(x, x, x)S(y, y, x)= S(y, y, x).
Thus, S(x, x, y)≤ S(y, y, x). By interchanging x and y, we get S(y, y, x)≤ S(x, x, y) and hence the
result proved.

Lemma 3.2. In multiplicative S-metric space (X ,S), xn → x iff S(xn, xn, x)→ 1, as n →∞.

Proof. (⇒): Then for every ε> 1, there exists H ∈N such that S(xn, xn, x)< ε, for all n ≥ H. In
particular, we have S(xn, xn, x) < 1+ 1

n for every n ≥ H. Now, letting n →∞, we obtain that
lim

n→∞S(xn, xn, x)≤ 1. Note that S(xn, xn, x)≥ 1 for every n ∈N and thus, lim
n→∞S(xn, xn, x)≥ 1 and

the results follows.

(⇐): Let ε> 1. As S(xn, xn, x)→ 1, then there exists H′ ∈N such that

|S(xn, xn, x)−1| < ε−1, for all n ≥ H′.

This will imply that

S(xn, xn, x)< ε, for all n ≥ H′

and hence the result proved.

Lemma 3.3. In multiplicative S-metric space (X ,S), if there exist two sequences (xn) and (yn) in
X such that lim

n→∞xn = x and lim
n→∞xn = x, then lim

n→∞S(xn, xn, xn)= S(x, x, y).

Proof. For n ∈N, we have

S(xn, xn, yn)≤ S(xn, xn, x)S(xn, xn, x)S(yn, yn, x)

≤ S(xn, xn, x)S(xn, xn, x)S(yn, yn, y)S(yn, yn, y)S(x, x, y).
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Therefore

S(xn, xn, yn)≤ S(xn, xn, x)S(xn, xn, x)S(yn, yn, y)S(yn, yn, y)S(x, x, y), for every n ∈N.

Letting n →∞, we have

lim
n→∞S(xn, xn, yn)≤ S(x, x, y).

Consider

S(x, x, y)≤ S(x, x, xn)S(x, x, xn)S(y, y, xn)

≤ S(x, x, xn)S(x, x, xn)S(y, y, yn)S(y, y, yn)S(xn, xn, yn)

= S(xn, xn, x)S(xn, xn, x)S(yn, yn, y)S(yn, yn, y)S(xn, xn, yn).

Thus,

S(x, x, y)≤ S(xn, xn, x)S(xn, xn, x)S(yn, yn, y)S(yn, yn, y)S(xn, xn, yn), for every n ∈N.

As n →∞, we have S(x, x, y)≤ lim
n→∞S(xn, xn, yn) and hence the result follows.

Lemma 3.4. In multiplicative S-metric space (X ,S), (xn) is a multiplicative S-Cauchy sequence
in X iff S(xn, xn, xm)→ 1, as n,m →∞.

Proof. The proof is similar to the proof of Lemma 3.2.

Lemma 3.5. Let (X ,S) and (Y ,S′) be two multiplicative S-metric spaces. Then f : X → Y is
continuous at point x ∈ X iff f xn → f x for every sequence (xn) in X with xn → x in X .

Proof. (⇒): Let xn → x in X . Now we show that f xn → f x in Y . For this, let ε> 1. Since f is
continuous at point x ∈ X , there exists δ> 1 such that f (B(x,δ))⊂ B( f x,ε). Now xn → x implies
that there exists H ∈N such that S(xn, xn, x)< δ, for all n ≥ H. For n ≥ H, we have xn ∈ B(x,δ)).
It follows that f xn ∈ B( f x,ε)) for n ≥ H and hence f xn → f x in Y .

(⇐): Suppose that f is not continuous at x ∈ X . Then for any δ> 1, there exists a ε> 1 such
that f (B(x,δ)) * B( f x,ε). In particular, for every n ∈N there exists xn ∈ B

(
x,1+ 1

n
)

such that
f xn ∉ B( f x,ε). Thus S(xn, xn, x)< 1+ 1

n , but S( f xn, f xn, f x)≥ ε for every n ∈N. By letting n →∞,
we have lim

n→∞S(xn, xn, x)= 1, but ( f xn) does not converge to f x in Y -contradiction and hence the
result follows.

Lemma 3.6. Suppose in a multiplicative metric space ((0,∞), | · |∗), there is a sequence (xn) in

(0,∞) such that xn → x, where |x|∗ :=
{

x, x ≥ 1
1
x , x < 1

for x ∈ X .

Then |xn|∗ →|x|∗.

Proof. Note that
∣∣∣ |xn|∗
|x|∗

∣∣∣∗ ≤ ∣∣ xn
x

∣∣∗ for all n ∈N. Now letting n →∞, we have lim
n→∞

∣∣∣ |xn|∗
|x|∗

∣∣∣∗ = 1 and
hence the proof completed.

Let C∗(I) be a collection of all multiplicative S-continuous functions from I to (0,∞), where
I = [0,T] for a fixed T > 1.
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Example 3.1. (C∗(I),S) is multiplicative complete S-metric space, where

S(x, y, z) :=max
t∈I

{∣∣∣∣ x(t)
z(t)

∣∣∣∣∗ ∣∣∣∣ y(t)
z(t)

∣∣∣∣∗}
, for x, y, z ∈ X .

To show this, let (xn) be a multiplicative S-Cauchy sequence in (C∗(I),S) and ε> 1. Then there
exists H ∈N such that S(xn, xn, y)< ε

1
3 for n,m ≥ H. Thus,

max
t∈I

{∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗ ∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗}
< ε

1
3 , for n,m ≥ H.

For each t ∈ I , we have∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗ ≤ ∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗ ∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗
≤max

t∈I

{∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗ ∣∣∣∣ xn(t)
xm(t)

∣∣∣∣∗}
< ε

1
3 , for n,m ≥ H.

This shows that (xn(t)) is a Cauchy sequence in ((0,∞), |·|∗) for each fixed t ∈ I . Since ((0,∞), |·|∗)
is multiplicative S-complete,there exists x(t) ∈ (0,∞) such that xn(t)→ x(t) for each fixed t ∈ I .
By letting m →∞, we have∣∣∣∣ xn(t)

x(t)

∣∣∣∣∗ ∣∣∣∣ xn(t)
x(t)

∣∣∣∣∗ < ε
1
3 , for n ≥ H.

Let us show that x ∈ C∗(I). It is enough to verify that x is multiplicative S-continuous on I .
For this, let a ∈ I . Since xH is multiplicative S-continuous at a, there exists a δ> 1 such that
S(xH t, xH t, xHa)< ε

1
3 , whenever t ∈ B(a,δ). Thus,∣∣∣∣ xH(t)

xH(a)

∣∣∣∣∗ ∣∣∣∣ xH(t)
xH(a)

∣∣∣∣∗ < ε
1
3 , for t ∈ B(a,δ).

For t ∈ B(a,δ), we have

S(xt, xt, xa)=
∣∣∣∣ xt
xa

∣∣∣∣∗ ∣∣∣∣ xt
xa

∣∣∣∣∗
=

∣∣∣∣ xt
xH t

xH t
xHa

xHa
xa

∣∣∣∣∗ ∣∣∣∣ xt
αH t

xH t
xHa

xHa
xa

∣∣∣∣∗
≤

∣∣∣∣ xt
αH t

∣∣∣∣∗ ∣∣∣∣ xH t
xHa

∣∣∣∣∗ ∣∣∣ xHa
xa

∣∣∣∗ ∣∣∣∣ αt
αH t

∣∣∣∣∗ ∣∣∣∣ xH t
xHa

∣∣∣∣∗ ∣∣∣ xHa
xa

∣∣∣∗
=

∣∣∣∣ xH t
xt

∣∣∣∣∗ ∣∣∣∣ xH t
xHa

∣∣∣∣∗ ∣∣∣ xHa
xa

∣∣∣∗ ∣∣∣∣ xH t
xt

∣∣∣∣∗ ∣∣∣∣ xH t
xHa

∣∣∣∣∗ ∣∣∣ xHa
xa

∣∣∣∗
=< ε

1
3 ε

1
3 ε

1
3 = ε .

Therefore, S(xt, xt, xa) < ε for t ∈ B(a,δ). It shows that x ∈ C∗(I). Since
∣∣∣ xn(t)

x(t)

∣∣∣∗ ∣∣∣ xn(t)
x(t)

∣∣∣∗ < ε
1
3 for

n ≥ H and for all t ∈ I , we have xn → x in (C∗(I),S), completing the proof.

4. Main Results
In this section, we establish a common fixed point theorem for two self maps in the frame work
of multiplicative S-metric spaces and provide an example in support of the theorem.
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Theorem 4.1. Suppose in a multiplicative complete S-metric space (X ,S), there are two self
maps f and T on X and γ ∈Γ, where Γ := {γ : [1,∞)→ [1,3) : γ(kn)→ 3⇒ kn → 1}, such that

(i) f X ⊂ TX ,

(ii) T is multiplicative S-continuous, and

(iii) S( f x, f x, f y)≤ S(Tx,Tx,T y)
γ(S(Tx,Tx,T y))

3 for all x, y ∈ X .

Then f and T have a unique common fixed point.

Proof. Define a sequence (yn) in X by yn := f y2n = T y2n+2 for n = 0,1,2, . . ..
For n ∈N∪ {0}, we consider

S(yn+1,βn+1, yn+2)= S( f y2n+2, f y2n+2, f y2n+4)

≤ S(T y2n+2,T y2n+2,T y2n+4)
γ(S(T y2n+2,T y2n+2,T y2n+4))

3

= S(yn, yn, yn+1)
γ(S(yn ,yn ,yn+1))

3

< S(yn, yn, yn+1).

Thus,

S(yn+1, yn+1, yn+2)< S(yn, yn, yn+1), for all n ∈N∪ {0}.

This shows that {S(yn, yn, yn+1)} is a decreasing sequence in R and bounded below by 1 and

hence it converges in R, say p ≥ 1. Clearly,
[
1 − lim

n→∞γ(S(yn,yn,yn+1))

3

]
log p ≤ 0. Since p ≥ 1,

we have
[
1− lim

n→∞γ(S(yn,yn,yn+1))

3

]
≤ 0. This implies that lim

n→∞γ(S(yn, yn, yn+1)) = 3 and hence
lim

n→∞S(yn, yn, yn+1)) = 1, since γ ∈ Γ. Now, we show that lim
n→∞S(ym, ym, yn) = 1 for m > n. If not,

there exists ε> 1 and two subsequences (mk) and (nk) of N with nk > mk > k such that

S(ymk , ymk , ynk )≥ ε, for k = 1,2, . . . .

For k ∈N, we consider

S(ymk , ymk , ynk )≤ S(ymk , ymk , ymk+1)S(ymk , ymk , ymk+1)S(ynk , ynk , ymk+1)

≤ S(ymk , ymk , ymk+1)S(ymk , ymk , ymk+1)S(ynk , ynk , ynk+1)

·S(ynk , ynk , ynk+1)S(ymk+1, ymk+1, ynk+1).

Therefore

S(ymk , ymk , ynk )≤ S(ymk , ymk , ymk+1)S(ymk , ymk , ymk+1)S(ynk , ynk , ynk+1)

·S(ynk , ynk , ynk+1)S(ymk , ymk , ynk )
γ(S(ymk ,ymk ,ynk ))

3 , for k ∈N.

By taking log on both sides, we have[
1− γ(S(ymk , ymk , ynk ))

3

]
logS(ymk , ymk , ynk )≤ log[S(ymk , ymk , ymk+1)S(ymk , ymk , ymk+1)

·S(ynk , ynk , ynk+1)S(ynk , ynk , ynk+1)],

for every k ∈N.

Letting k →∞, we have
[
1−

lim
k→∞

γ(S(ymk ,ymk ,ynk ))

3

]
≤ 0

logε = 0 and hence lim
k→∞

γ(S(ymk , ymk , ynk ))= 3.
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It follows that lim
k→∞

S(ymk , ymk , ynk )= 1-contradiction, since γ ∈Γ.

Therefore, (yn) is a Cauchy sequence in X . Since (X ,S) is multiplicative S-complete, there exists
u ∈ X such that lim

n→∞S(yn, yn,u) = 1. This forces that y2n+2 → u and hence lim
k→∞

T y2n+2 = Tu,

since T is multiplicative S-continuous. Thus, Tu = u.
Consider

S(yn+1, yn+1, f u)= S( f y2n+2, f y2n+2, f u)

≤ S(T y2n+2,T y2n+2,Tu)
γ(S(T y2n+2,T y2n+2,Tu))

3

= S(yn, yn,u)
γ(S(yn ,yn ,u))

3

< S(yn, yn,u).

Thus,

S(yn+1, yn+1, f u)< S(yn, yn,u), for every n ∈N.

Applying limit n → ∞ in the inequality, we have lim
n→∞S(yn+1, yn+1, f u) ≤ 1 and hence

lim
n→∞S(yn+1, yn+1, f u)= 1. Clearly, we have

S(yn, yn, f u)≤ S(yn, yn, yn+1)S(yn, yn, yn+1)S( f u, f u, yn+1), for all n ∈N.

Now letting n →∞, we have lim
n→∞S(yn, yn, f u)= 1. Hence f u = lim

n→∞ yn = u. Let v ∈ X be another
common fixed point of f and T . Then f v = Tv = v. For n ∈N, we have

S(yn+1, yn+1,v)= S( f y2n+2, f y2n+2, f v)

≤ S(T y2n+2,T y2n+2,Tv)
γ(S(T y2n+2,T y2n+2,Tv))

3

= S(yn, yn,v)
γ(S(yn ,yn ,v))

3

< S(yn, yn,v).

Therefore,

S(yn+1, yn+1, f v)< S(yn, yn,v), for every n ∈N.

Thus, (S(yn, yn,v)) is a decreasing sequence of real numbers. So it converges, say p′ ≥ 1. Clearly,
we have

logS(yn+1, yn+1,v)≤ γ(S(yn, yn,v))
3

logS(yn, yn,v), for every n ∈N.

Letting n →∞, we have[
1−

lim
n→∞γ(S(yn, yn,v))

3

]
log p′ ≤ 0.

This will imply that lim
n→∞γ(S(yn, yn,v)= 3 and hence lim

n→∞S(yn, yn,v)= 1, since γ ∈Γ. Therefore,
lim

n→∞ yn = v and u = v.

Example 4.1. Consider a multiplicative complete S-metric space (C∗(I),S), where

S(x, y, z) :=max
t∈I

{∣∣∣∣ x(t)
z(t)

∣∣∣∣∗ ∣∣∣∣ y(t)
z(t)

∣∣∣∣∗}
, for x, y, z ∈ X .
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Define f and T : X → X by f x = ( x
2

) 1
8 and Tx = x

2 for x ∈ X . We also define γ : [1,∞)→ [1,3) by
γk = 1 for k ∈ [1,∞). Clearly, f X ⊂ TX and γ ∈Γ.

Case (i): Firstly, we show that T is multiplicative S-continuous on X .
For this, let ε> 1 and a ∈ X . Choose δ= ε> 1. Clearly,

S(Tx,Tx,Ta)=
∣∣∣∣ Tx
Ta

∣∣∣∣∗ ∣∣∣∣ Tx
Ta

∣∣∣∣∗ = ∣∣∣ x
a

∣∣∣∗ ∣∣∣ x
a

∣∣∣∗ .

If x ∈ B(a,δ), then S(x, x,a) < δ = ε. It follows that
∣∣ x

a

∣∣∗ ∣∣ x
a

∣∣∗ < ε. That is
∣∣ Tx

Ta

∣∣∗ ∣∣ Tx
Ta

∣∣∗ < ε. So
S(Tx,Tx,Ta)< ε whenever x ∈ B(a,δ). Therefore, T is multiplicative S-continuous on X .

Case (ii): Let x and y be in X such that y≤ x. Consider

S( f x, f x, f y)=
∣∣∣∣ f x
f y

∣∣∣∣∗ ∣∣∣∣ f x
f y

∣∣∣∣∗
=

∣∣∣∣∣ ( x
2 )

1
8

( y
2 )

1
8

∣∣∣∣∣
∗ ∣∣∣∣∣ ( x

2 )
1
8

( y
2 )

1
8

∣∣∣∣∣
∗

=
∣∣∣∣∣
(

x
y

) 1
8
∣∣∣∣∣
∗ ∣∣∣∣∣

(
x
y

) 1
8
∣∣∣∣∣
∗

=
(

x
y

) 1
8
(

x
y

) 1
8

(since y≤ x)

=
(

x
y

) 1
4

≤ S(Tx,Tx,T y)
γ(S(Tx,Tx,T y))

3

=
(∣∣∣∣ x

y

∣∣∣∣∗ ∣∣∣∣ x
y

∣∣∣∣∗) 1
3

=
(

x
y

x
y

) 1
3 =

(
x
y

) 2
3

.

Therefore,

S( f x, f x, f y)≤ S(Tx,Tx,T y)
γ(S(Tx,Tx,T y))

3 , for y≤ x.

Let x and y be in X such that x < y. Then, we have

S( f x, f x, f y)= 1

( x
y )

1
8

1

( x
y )

1
8

=
( y

x

) 1
8
( y

x

) 1
8

=
( y

x

) 1
4

≤
( y

x

) 2
3

= S(Tx,Tx,T y)
γ(S(Tx,Tx,T y))

3 .
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From both cases, we conclude that S( f x, f x, f y) ≤ S(Tx,Tx,T y)
γ(S(Tx,Tx,T y))

3 for all y, x ∈ X .
Therefore all the conditions of Theorem 4.1 are satisfied and f and T have a unique common
fixed point, namely 2.

Corollary 4.1. Suppose in a multiplicative complete S-metric space (X ,S), there is a self map f
on X and γ ∈Γ such that

(iii) S( f x, f x, f y)≤ S(x, x, y)
γ(S(x,x,y))

3 for all x, y ∈ X .

Then f have a unique fixed point.

Proof. Follows from Theorem 4.1 by letting T = I , where I is the identity map on X .

5. Application to Integral Equation

Consider an integral equation u(t)= u0
∫ t

t0
f (s,u(s))ds for t ∈ I , where f : I ×C∗(I)→ (0,∞) is a

multiplicative continuous function satisfying
[∣∣∣ f (t,x(t))

f (t,x(t))

∣∣∣∗]2
≤

[
φ

(∣∣∣ x(t)
u(t)

∣∣∣∗)2
]λ

with u(t0) = u0 for

some constant λ ≥ 1 and φ : [1,∞) → [1,∞) is an increasing function such that 1 < φ(r) < r
for r > 1. Then given integral equation has a unique solution in some interval |t− t0| ≤ k for
sufficiently k > 0 with kλ< 1

3 . For this, we define G : C∗(I)→ C∗(I) by G(u(t))= u0
∫ t

1 f (s,u(s))ds,
t ∈ I . For x,u ∈ C∗(I), we consider

S(Gx,Gx,Gu)=max
t∈I

{∣∣∣∣ G(x(t))
G(u(t))

∣∣∣∣∗ ∣∣∣∣G(u(t))
G(u(t))

∣∣∣∣∗}

=max
t∈I

{∣∣∣∣∣
∫ t

t0
f (s, x(s))ds∫ t

t0
f (s,u(s))ds

∣∣∣∣∣
∗ ∣∣∣∣∣

∫ t
t0

f (s, x(s))ds∫ t
t0

f (s,u(s))ds

∣∣∣∣∣
∗}

=max
t∈I


[∣∣∣∣∣

∫ t

t0

(
f (s, x(s))
f (s,u(s))

)ds
∣∣∣∣∣
∗]2


≤max

t∈I

{∫ t

t0

[∣∣∣∣ f (s, x(s))
f (s,u(s))

∣∣∣∣∗ ∣∣∣∣ f (s, x(s))
f (s,u(s))

∣∣∣∣∗]ds
}

≤max
t∈I


∫ t

t0

[(
φ

(∣∣∣∣ x(t)
u(t)

∣∣∣∣∗)2
)λ]ds

=max
t∈I

{∫ t

t0

[
φ(S(x, x,u))λ

]ds
}

≤ (φ(S(x, x,u))kλ

≤ (φ(S(x, x,u))
1
3

≤ (φ(S(x, x,u))
γ(S(x,x,u))

3 .

Thus S(Gx,Gx,Gu) ≤ (φ(S(x, x,u))
γ(S(x,x,u))

3 for all x,u ∈ X . Therefore all the conditions of the
Corollary 4.1 are satisfied and G has a unique fixed point say u ∈ C∗(I), infact unique solution
of the integral equation.
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6. Conclusion
In this paper, we introduced multiplicative S-metric space and studied its properties. We also
obtained a common fixed point result with an application.
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