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Around the Grauert and Remmert Theorem

Wiesław Żelazko

Abstract. In this paper we deal with Banach and topological algebras. It

is essentially a survey concerning the Grauert and Remmert theorem, its

generalizations and connected open problems. It contains also some new

observations.

1. Introduction

The present paper is an extended version of the address “Ideals in topological

algebras – open problems and recent results”, delivered during the First

International Conference on Algebra, Topology and Topological Algebras. It is

concentrated around the Grauert and Remmert theorem (Theorem A below, see

[9, Appendix to §5]), its various generalizations and connected, yet unsolved,

problems.

All algebras considered in this paper are complex and unital topological

algebras. The latter means that the multiplication there is jointly continuous. In

the case of a separately continuous multiplication, we call the algebra in question

a semi-topological algebra.

Theorem A. Let A be a commutative complex unital Noetherian Banach algebra.

Then A is finitely dimensional.

The converse result is obviously true. Recall that an algebra A is called right

Noetherian if any non-decreasing chain of right ideals is constant beginning of

some place on, or, equivalently, if every right ideal I of A is (algebraically) finitely

generated, i.e. there are elements a1, a2, . . . , an in A such that

I = a1A+ · · ·+ anA. (1.1)

Similarly we define left or two-sided Noetherian algebras.
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The crucial result on which the proof of Theorem A is based is the following

(see [9, Bemerkung 2, p. 51])

Theorem B. Let A be a commutative complex unital Banach algebra, and let I be an

ideal in A. Assume that the closure I of I is a finitely generated ideal. Then the ideal I

is already closed.

We sketch shortly the proof of Theorem B as given by Grauert and Remmert. By

the assumption, I is of the form (1.1), so that

(x1, . . . , xn) 7→ a1 x1 + · · ·+ an xn

maps An onto I . The open mapping theorem implies, that for any open ball

Br = {x ∈ A : ‖x‖ < r}, r > 0 the set Ur = a1Br + · · · + anBr is an open

neighbourhood of zero in I . The density of I in I implies

I − Ur = I for all positive r. (1.2)

Since the elements ai are in I , we can rewrite (1.2) as uk −
n
∑

i=1

bk,i ai = ak, or

b1,ka1 + · · ·+ (e+ bk,k)ak + · · ·+ bn,kan = uk, (1.3)

where e is the unity of A, uk and bi,k are suitable elements respectively in I and

A. We can treat (1.3) as a system of linear equations with given bi,k,uk. Using the

Cramer formulas we can calculate elements ak. The matrix M of this system is

M =













e+ b11 b12 . . . b1n

b21 e+ b22 . . . b2n

...
...

. . .
...

bn1 bn2 . . . e+ bnn













(1.4)

The determinant D of this matrix is sum of the product

(e+ b11)(e+ b22) . . . (e+ bnn), (1.5)

and other products of elements of the matrix M , each containing at least one factor

of the form bik. For sufficiently small r the product (1.5) is invertible and other

products are small, so that the determinant D is invertible in A. By the Cramer

formula, we have ak = Dk D−1, where Dk is the determinant of the matrix Mk

obtained from M by replacing there the k-th column by the column u1,u2, . . . ,un.

Since the elements uk are in I , each product in Dk contains a factor belonging to

I . Thus Dk, and so ak is in I for each k, which implies that I = I . Consequently,

in a Noetherian Banach algebra A all ideals are closed. A next reasoning gives

dim A < ∞, but it is not important for further generalizations. This proof can

be also extended to a non-commutative case. We cannot use determinants, since

they are not well defined, but we can solve equations (1.3) step by step. Such a

procedure leads to some non-unique formulas showing that the elements ak are in

I . Some authors ([13], or [7, Proposition 2.6.37]) just write determinants, but it

is is formally incorrect.
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For instance, if we have equations

ax + b y = u, cx + d y = v,

with given, non-commuting a, b, c, d. and invertible a and d in the algebra in

question, then, for sufficiently small b and c, we can calculate x from the first

equation, substitute it to the second, and then calculate y . In this way we obtain

x = a−1
�

u− b(d − ca−1 b)−1(v − ca−1u)
�

and

y = (d − ca−1 b)−1(v − ca−1u).

If we first calculate y and later x , we shall obtain different formulas, both hardly

similar to the Cramer formulas. Nevertheless, these formulas show that x and y

are in the left ideal containing u and v. Note that the similar procedure does not

work in the case when I is a two-sided ideal.

In the above proof we used two facts. The first is that the open mapping

theorem works for considered algebras. The second is that the group of invertible

elements is open in these algebras. The open mapping theorem works for complete

metrizable topological vector spaces (F-spaces), see ([12, Theorem 2.3.1]), so

we can obtain analogous results to Theorem B, and so to Theorem A, if we can

show that considered Noetherian F-algebras must be Q-algebras, i.e. topological

algebras with open group of invertible elements. As we shall see, for some non-

Banach Noetherian topological algebras the conclusion states that all ideals there

are closed, but the algebras do not need to be finitely dimensional.

It is easy to observe that Theorems A and B fail to be true for normed algebras,

so the assumption of completeness here is essential.

We close this section by showing that an F-algebra with all ideals closed must

be Noetherian. So in order to show that in an F-algebra all ideals are closed if and

only if it is Noetherian, only the “only if” part has to be proved.

Proposition 1.1. Suppose that A is a unital F-algebra with respectively all left, right,

or two-sided ideals closed, then A is left, right, or two-sided Noetherian.

Proof. If not, then there is an infinite sequence of ideals

I1 ⊂ I2 ⊂ . . . , Ik 6= Ik+1,

Then J =
⋃∞

k=1
Ik is also an ideal (of the same type) which is non-closed as an

infinite union ow nowhere dense sets. The contradiction proves our assertion. �

2. Further results and open problems on Banach algebras

In this section we describe further generalizations or improvements of Theorems

A and B within the class of Banach algebras, as well as some related open problems.
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The first generalization of Theorems A and B within the Banach algebras theory

is due to Sinclair and Tullo [13] (see also [7, Theorem 2.6.39]). They extended

Theorem A to the non-commutative case. Their result reads as follows.

Theorem 2.1. Let A be a non-commutative Banach algebra which is left (right)

Noetherian. Then dim A<∞.

The proof of the above result is based upon the left (right) version of Theorem B

and upon a separate argument showing that the closeness of all ideals implies finite

dimensionality of the algebra in question.

It is interesting to note that there is no two-sided version of above result. So we

pose

Problem I. Let A be a two-sided Noetherian unital Banach algebra. Does it follow

that all its two-sided ideals are closed?

This problem makes a sense also for more general topological algebras, but,

perhaps, it should be first solved for the Banach algebra case.

We cannot expect that a two-sided Noetherian Banach algebra is finitely

dimensional. Consider the algebra A = L(H) of all bounded operators on a

separable Hilbert space. It is well known (see [5]) that A has the unique maximal

two-sided ideal M – it consists of all compact operators. Thus the quotient algebra

A/M (the Calkin algebra) is a simple infinite dimensional Banach algebra, i.e. its

only two-sided ideal is 0. Consequently it is two-sided Noetherian (with all two-

sided ideals closed), but the conclusion of Theorem A fails to be true.

Another generalization of Theorem A is the following result, due to Ferreira

and Tomassini ([8]), which shows that instead of assuming that all ideals of the

algebra in question are finitely generated, it is sufficient to assume that it is so only

for maximal ideals (in fact for maximal ideals in the Shilov boundary).

Theorem 2.2. Let A be a commutative complex unital infinite dimensional Banach

algebra. Then A has a maximal ideal which is not (algebraically) finitely generated.

Note that Theorem 2.2, as formulated above, does not extend to more general

topological algebras. Suitable examples will be given in the next section. However,

its another formulation would make a sense (see Problems IV and V).

Theorem 2.1 shows that the left and right versions of Theorem A hold true,

and that the left Noetherian Banach algebra is automatically right Noetherian. In

the next section (Proposition 3.4) we shall see that the latter statement fails for

more general topological algebras. We do not know whether Theorem 2.2 can be

extended to a non-commutative case. So we pose the following

Problem II. Is it true the left (right) version of the Theorem 2.2?

Theorem B implies that if a closed ideal I of a commutative unital Banach

algebra has a dense subideal, then I is not finitely generated. A partial converse

result (see [22]) is given in the following
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Proposition 2.3. Let A be a commutative complex unital Banach algebra, and

suppose that a closed ideal I in A is not finitely generated. Then I has a dense subideal

provided I is separable.

Problem III. Is Proposition 2.3 true without the separability assumption?1

The following result formulated in [22] for Banach algebras, is true also in a

much more general situation. It could be helpful in solving the Problem III, and

similar, more general problems. Let A be a unital semi-topological algebra, i.e. an

algebra which is a topological vector space and the product of two elements is

separately continuous. Let I be a closed ideal in A. We say that a subset S ⊂ I

generates I topologically, if I is the smallest closed ideal containing S, i.e. I is the

closure of the ideal algebraically generated by S.

Proposition 2.4. Let A be a unital semitopological algebra and let I be a closed ideal

in A. Then I has no dense proper subideal if and only if every set S which generates I

topologically generates it also algebraically.

Proof. If S generates I topologically, but not algebraically, then the ideal J

generated by S algebraically is different from I but it is dense in it. On the other

hand, if I has a proper dense sub-ideal J , then S = J generates I topologically, but

not algebraically. The conclusion follows. �

3. Further results and open problems in F-algebras

A topological vector space is called an F-space, if it is complete and metrizable.

Several results true for Banach spaces are also true for F-spaces, for instance

the Open Mapping Theorem (see e.g. [12, Theorem 2.3.1]). An F-algebra is a

topological algebra which is an F-space. A B0-algebra A is a locally convex F-algebra.

Its topology can be given by means of a sequence

‖x‖1 ≤ ‖x‖2 ≤ . . . (3.1)

of seminorms, such that

‖x y‖k ≤ ‖x‖k+1‖y‖k+1 for all x , y ∈ A and all natural k, (3.2)

and ‖e‖k = 1 for all k, where e is the unity of A. A B0-algebra A is said multipli-

catively convex (shortly: m-convex) if the inequalities (3.2) can be replaced by

‖x y‖k ≤ ‖x‖k ‖y‖k (3.3)

for all x , y in A. For the properties of algebras of type F or B0 the reader is referred

to [7], [10], [11], [15] and [16].

First we show that the Theorems A and 2.2 fail to be true for the above non-

Banach algebras (as we see later, they remain true if we replace there “finite

dimensional” by “all ideals closed”.

1In [23] the author solved this problem in negative (added in proof).
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Example 3.1. Consider the locally convex algebra A = (s) of all formal power

series

x =

∞
∑

k=0

ak(x)t
k,

provided with the Cauchy multiplication and the topology given be the increasing

sequence of seminorms

‖x‖n =

n−1
∑

k=0

|ak(x)|. (3.4)

It is well known (see e.g. [8], [10], [11] or [16]), that A is an m-convex B0-algebra.

Again, it is well known (see e.g. [15]) that every ideal I of A is of the form

In = tnA,

so that A is Noetherian, all its ideals are closed, but dimA=∞

The above example is rather simple. It has only one maximal ideal consisting of

all elements s with α0(x) = 0, so it is a unitization of a radical algebra. A much

more involved example is given by Carboni and Larotonda [3]. It is an m-convex

B0-algebra and a Q-algebra consisting of complex functions continuous in the

closed unit disc of the complex plane C and holomorphic in its interior (it is a

subalgebra of the disc algebra) with the property that all its ideals are principal (it

is a principal ideal domain) and it is a semisimple algebra.

Ferreira and Tomassini ([8], Theorem 2.6) observed first that commutative

m-convex Noetherian B0-algebras have all ideals closed. This result was extended

to commutative F-algebras [5], and independently by the author [18], the result

can be formulated as follows.

Theorem 3.2. Let A be a commutative unital F-algebra. Then A is Noetherian if and

only if all its ideals are closed.2

As we have seen, Theorem 2.2 fails for F-algebras, however its weaker version

could be true, so we pose the following Problem.

Problem IV. Let A be a commutative unital F-algebra with all maximal ideals

(algebraically) finitely generated. Does it follow that all its ideals are closed?

A theorem of Arens [1], states that in a commutative m-convex algebra every

finitely generated ideal is non-dense. This result implies that in an m-convex

B0-algebra A satisfying assumptions of the Problem IV, all its maximal ideals must

be closed. Thus, by [20], A is a Q-algebra, i.e. the goup of its invertible elements is

open. However, the Arens theorem fails for non-m-convex B0-algebras since these

algebras may possess singly generated dense ideals. In view of the theorem of

2The author observed that all ideals in the example of Carboni and Laroronda are closed and it led him

to the formulation and proof of the Theorem 3.2.
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Arens, perhaps attacking the following particular case of the Problem IV would be

more easy.

Problem V. Let A be a commutative unital m-convex B0-algebra with all maximal

ideals finitely generated. Does it follow that all ideals of A are closed?

Using the left version of the above Arens theorem Choukri, El Kinani and

Oudadess [6] obtained non-commutative version of Theorem 3.2 in the case of

an m-convex B0-algebra.

Theorem 3.3. Let A be a unital m-convex B0-algebra. Then A has all left (right)

ideals closed if and only if it is left (right) Noetherian.

Unlike as for the Sinclair-Tullo theorem (Theorem 2.1), it is possible to have a

left Noetherian m-convex B0-algebra which is not right Noetherian. The following

result was obtained in [20].

Proposition 3.4. There exists an m-convex B0-algebra with all left, but not all right

ideals closed.

In general, the extension of Theorem 3.3 to non-commutative F-algebras, or

even to non-commutative B0-algebras is not known. So we pose the following

Problem VI. Let A be an F-algebra (resp. a B0-algebras). Is it true that all its left

ideals are closed if and only if it is left Noetherian?

A weaker version of this problem has been solved in [19].

Theorem 3.5. Let A be a unital F-algebra. Then all its one-sided ideals are closed if

and only if A is both left and right Noetherian.

In view of Proposition 3.4 this result does not solve Problem VI.

The proofs of Theorems 3.2 and 3.5 given in [18] and [19] depend upon the

following version of Theorem B. This result was stated in [7, Proposition 2.6.37].

Lemma 3.6. Let A be an F-algebra which is also a Q-algebra. Let I be a left ideal in

A, whose closure is finitely generated. Then I is already closed.

However, without assumption that A is a Q-algebra, the Lemma 3.6 fails to be

true even in the case of a commutative m-convex B0-algebra. Thus Theorem B

cannot be extended to F-algebras, or even to the m-convex B0-algebras, as shows

following example.

Example 3.7. Denote by E the algebra of all entire functions of one complex

variable provided with the compact-open topology. This topology is given by means

of the sequence of seminorms

‖x‖k =max
|ζ|≤k
|x(ζ)|, k = 1,2, . . .
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making of E an m-convex B0-algebra. Since E is not a Q-algebra, it has a dense

maximal ideal M∞ (see e.g. [21]). It is well known that every closed maximal ideal

of E is of the form

Mζ0
= (z(ζ)− ζ0e)E ,

where z(ζ) = ζ and e (the identity of E ) is the constant entire function equal to

one. Thus each closed maximal ideal in E is singly generated. Consider now the

ideal

J = M0 ∩M∞.

It is different from M0 and contains the product M0M∞. Since M∞ is dense in E ,

it contains a sequence (xk) with limk xk = e. For an element y in M0 the product

xk y is in J and limk xk y = y , so that the closure of J is M0. It is finitely generated,

but different from J .

Observe now that the Lemma 3.6 and Proposition 1.1 imply immediately the

following proposition.

Proposition 3.8. Let A be a unital F-algebra. Then all left ideals of A are closed if

and only if A is a Noetherian Q-algebra.

If we could omit in the above the condition that A is a Q-algebra, we would

have solution of the Problem VI.

In the case of a commutative F-algebra, or in the case of all one-sided ideals

in an F-algebra, the reasonings showing that considered Noetherian algebras

must be Q-algebras (an important step towards obtaining Theorems 3.2 and 3.5)

was connected with a concept of a topologically invertible, or left topologically

invertible element. An element x of an F-algebra A is said properly left invertible,

if it is not left invertible and there is a sequence (yk) ⊂ A with limk y j x = e.

Clearly, if x is such an element, the the left ideal Ax is dense. So it has to be shown

also that the left-Noetherian algebra in question has no topologically left invertible

elements. By showing that, it was possible to show also that the algebra in question

is a Q-algebra. We have therefore

Proposition 3.9. Let A be a unital F-algebra. Then A has all left ideals closed if and

only if it is Noetherian and has no proper topologically left invertible element.

The Propositions 3.8 and 3.9 give a sort of weak solution of the Problem VI.

They were explicitly stated in [6].

4. General topological algebras and final remarks

In this section we shall comment on the possibility of extending the results

of previous sections to non-metrizable topological algebras. First we discuss the

commutative examples.
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Example 4.1. Neither the Theorem 3.2, nor even each of the contained there

two implications can be extended to non-metrizable complete locally convex

algebras. Let A1 be the unitization of the commutative free algebra in countably

many variables z1, z2 . . . , provided with the maximal locally convex topology. This

topology is given by means of all seminorms on A and makes of A a complete locally

convex algebra (the multiplication there is jointly continuous, for details see [17]).

Under the maximal locally convex topology all linear subspaces, and so all ideals

are closed. On the other hand, A is not a Noetherian algebra. To see it, consider

the ideal I in A consisting of (finite) sums of monomials, each of them containg a

factor of the form ziz j for natural i and j. Since each element a of A can contain

only finitely many variables zi , any finite n-tuple a1, . . . , ak can contain only finitely

many variables zi . If z j is not one of these variables, the element z2
j

is in I , but not

in the ideal generated by a1, . . . , ak.

On the other hand there is a complete Noetherian locally convex algebra A2

possessing proper dense ideals. For instance, let A be the algebra of all complex

polynomials with one of topologies constructed in [14]. It was shown in [2],

that A is a proper TQ-algebra, i.e. a topological algebra which has open set of

topologically invertible elements but is not a Q-algebra. Thus A has proper dense

(singly generated) ideals. More specifically: every multiplicative linear functional

f on A is of the form fζ(x) = x(ζ), where ζ is a fixed complex number. In the

algebra in question, all functionals fζ are continuous for ‖ζ‖ ≤ 1 and discontinuous

for ‖ζ| > 1. In the latter case their kernels are non-closed and dense. Our claim

follows. The example A2 shows also that the answer to Problem IV is in negative

for complete non-metrizable locally convex algebras.

We give now some non-commutative examples (modifications of A1 and A2).

Example 4.2. Denote by A3 the free algebra in countably many variables zi (the

non-commutative version A1). It is a complete locally convex topological algebra.

The two-sided ideal I generated by all products ziz j is neither two-sided, nor left

or right Noetherian, but it is closed as a vector subspace of A3. It is also not a Q-

algebra. This example shows that Proposition 1.1, as well as Propositions 3.8 and

3.9 fail to be true for non-metrizable complete locally convex algebras.

The second example is the Cartesian product A4 of A2 with the algebra Mn of

all complex n × n, matrices (n > 1), provided with the product topology. It is a

complete non-metrizable locally convex algebra which is Noetherian, but has non-

closed left, right and two-sided ideals. This example shows that Problem VI has a

negative solution for non-metrizable algebras and the Theorem 3.5 fails to be true

there.

However the following two Problems (implications taken from propositions 3.8

and 3.9) seem to be open even in the commutative case. Here by an ideal we shall

mean either left or right, or two-sided ideal, the latter case makes a sense only
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in Problem VI. Similarly, by a proper topological divisor of zero we mean, in the

non-commutative case a left (right) divisor if there is involved a left (right) ideal.

Problem VII. Let A be a complete Noetherian topological Q-algebra. Does it follow

that A has all ideals closed?

Problem VIII. Let A be a complete Noetherian topological algebra without proper

topologically invertible elements. Does it follow that A has all ideals closed?

The proofs that the considered in this paper results fail to be true for incomplete

algebras are left to the reader.

We close this paper with an example which is not directly connected with our

topic. However the result, which was a surprise for the author, was obtained during

the conference and was included into the author’s talk. It says that in an m-convex

B0-algebra it is possible to have a minimal (in fact, the smallest) dense ideal.

Example 4.3. Let A = C[0,∞) be the algebra of all continuous functions on

the closed half-line [0,∞) with pointwise algebra operations, provided with the

compact-open topology. This topology can be given by means of the seminorms

‖x‖k = max
0≤t≤k

(|x(t)|).

Clearly A is an m-convex B0-algebra. Denote by I the ideal of all compactly

supported elements in A. Clearly it is a dense ideal. We claim that I has the

following properties

(i) The ideal I is not finitely generated,

(ii) I is the intersection of all dense ideals in A.

Consequently I is the smallest dense ideal in A.

The Property (i) follows immediately from the Arens theorem [1] stating that in

a commutative m-convex algebra every finitely generated ideal is non-dense. We

have only to show (ii), i.e. to prove that if J is a dense ideal in A, then I ⊆ J . To

this end consider an interval [0, m], m ∈ N. Observe first that there is an element

xm in J which does not vanish on [0, m], otherwise, there would be a (fixed) t0 in

[0, m] with x(t0) = 0 for all x in J , and J would not be a dense ideal. Thus we

can find a ym in A with xm ym = 1 for 0 ≤ t ≤ m. Consequently every element x

supported by [0, m] can be written as x = xm ym x , which belongs to J . Thus all

compactly supported element of A are in J . The conclusion follows.
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