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1. Introduction

Graph theory is an important tool to characterize algebraic structures and there are various
graphs associated with an algebraic structure. But among these, the one that characterizes a
particular type of algebraic structure is of much interest. In this paper, we consider the double
total graph for which the complete graphs are characterized by fusible rings. All rings considered
here are finite commutative rings with unity. Many authors widely studied the unit graph [2]
and the total graph [1]. In general the total graph and the unit graph are disconnected. The
double total graph [6]] is a connected graph containing the unit graph of the ring as a subgraph
(6, Proposition 3.12]).
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For definitions, terminologies and results on graph theory readers are referred to [8].

Definition 1.1 ([4]]). A nonzero element a € R is said to be unit fusible if it can be expressed as
the sum of a zero divisor and a unit in R. A ring R is unit fusible if every non zero element of R
is fusible.

Remark 1.2. It is well known that for the complete graph K,,, the genus g(K,)=[(n—3)(n—4)/12]
when n = 3 and for the complete bipartite graph K, ,,, the genus g(K, »,) = [(n —2)(m — 2)/4]
when n,m = 2.

Remark 1.3. In a graph G, g(G) =1 if G contains a K5 or a K33 but does not contain any of
the graphs Kg— K3 or Kg—(2K2UP3) or Kg—K3y 3, where G — H denotes edges of G minus edges
of H.

Theorem 1.4 ([5]). If G is a split graph then G contains no induced subgraph isomorphic to
2K2, C4 or C5.

It is known that T, (I'(R)) is a connected graph with diam(T,(I'(R))) <2 and every vertex
in Z(R) is adjacent to every vertex in U(R). If |Z(R)| =2, |[U(R)| = 2 then gr(T,(I'(R))) =3 or 4.
T,(I'(R)) is a complete graph if and only if R is a reduced unit fusible ring with Char(R) = 2.

In Section [2| of this note, we find the degree of any vertex in T, (I'(R)) for a weakly unit
fusible ([6, Definition 3.7]) ring R and the domination number y(7,(I'(R))). In Section |3 we
find properties of T, (I'(Z,, x Z,,)). In Section [4] we characterize the rings R in terms of toroidal
T, (T'(R)).

2. Properties of T,(I'(R))
This section is devoted to deduce some properties of 7', (I'(R)).

Proposition 2.1. Let R be a local ring with |[R/M| =2, where M is the unique maximal ideal of
R. Then T,(I'(R)) is a complete bipartite graph.

Proof. For every pair x,y € M, x is not adjacent to y since R is a local ring. Also as |[R/M| =2,
we have R=MuU(M +a) =M UM +(—a)) where a € R\ M is a fixed element of R. Then for
every ui,us € R\M, we have u1=m+a and ugs =m’—a, where m,m' e M. If u1+ugs e R\ M
then m +m’ € R\ M which is a contradiction. So 1 is not adjacent to ug for every ui,us e R\ M.
Hence T, (I'(R)) is a complete bipartite graph. O

We find the degree of any vertex of T, (I'(R)) for a weakly unit fusible ring R in the following
proposition.

Proposition 2.2. If R is weakly unit fusible and v € T, (I'(R)) then deg(v) = |R| — INil(R)| or
deg(v) = |R| - (INil(R)| + 1).

Proof. Let Nil(R) = {n1,...,n3} be the set of distinct nilpotent elements of R. Let x € Nil(R).
Then x is adjacent to u, for all u € U(R) since (-u)+(x+u)=x€ Z(R). Let w € Z(R) \ Nil(R).
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Then x+w = x+(z + u), for some z € Z(R) since R is weakly unit fusible. Therefore, we can
choose a unit (—u) such that (—u)+x+w =(-u)+x+z+u =x+2z € Z(R). Hence, deg(x) =
[UR)|+1Z(R)| - INil(R)| = |R| — INil(R)].

Let x € U(R). Then x is adjacent to z for all z € Z(R). Since R is a ring with unity and
{ni,...,n3} are the k distinct nilpotent elements of R. For i =1,2,...,k, n; + x being a unit leads
to the existence of at least £ units. Let {x,uo9,...,uz} be the set of £ units of R. Now n; +x = u;
for all i < k. Therefore, x is adjacent to all elements of U(R) except —u1,...,—up. If x is one of
—u; then deg(x) = |Z(R)|+ ([U(R)| - INil(R)|) — 1 = |R| — (INil(R)| + 1). If x is not any one of —u;
then deg(x) = |Z(R)| + (JU(R)| — INil(R)|) = |[R| — INil(R)].

Finally, let x € Z(R) \ Nil(R). Since there are %k nilpotent elements, there exists a set
consisting of at least £ elements say {x,wo,...,w} in Z(R)\ Nil(R). Then x is adjacent to
all elements of Z(R) \ Nil(R) except —w1,...,—w; elements of Z(R) \ Nil(R). If x is one of —w;
then deg(x) = |Z(R)| + (JU(R)| — INil(R)|) —1 = |R| — (INil(R)| + 1) and if x is not any one of —u;
then deg(x) = |Z(R)| + (IU(R)| - INil(R)|) = |[R| — INil(R)].

Hence the result follows. O

In the next three propositions we note the domination number of 7', (I'(R)).

Proposition 2.3. Let R be a finite commutative ring with |Nil(R)| =2 and |[U(R)| = 2.
Then y(T,(T'(R))) = 2.

Proof. Since Nil(R)| =2 and |U(R)| =2, we have {1,0} as a dominating set.
Hence, y(T,(I'(R))) = 2. O

The following propositions hold clearly.
Proposition 2.4. If Nil(R) = {0} then y(T,(I'(R))) = 1.

Proposition 2.5. If U(R) = {1} then y(T(I'(R))) = 1.

3. Properties of T',(I'(Z,, x Z,,,))

In this section, we prove some properties of the double total graph of Z,, x Z,,. For the properties
of the ring Z,, x Z,, readers are referred to [3]].

Proposition 3.1. Z,, x Z,, is weakly unit fusible.

Proof. 1t is enough to show that (a,b) € Z(Z,, x Z,,) \Nil(Z,, x Z,,) can be written as the sum of
Py P
1 X xqy.

Case 1: If neither @ nor b is nilpotent, then (a,b) = (sp{* x...x p;' ' x piitx .. Xka,rq[fl X...

x qJﬁ.i‘ll x qffll X ... X% qfl), where s < p; and r < g;. Now (a,b) = (p;,q;) +(a,b)—(pi,q;). We have

(pi,q;) is a zero divisor since p; and q; are zero divisors, and (a,b) —(p;,q;) is a unit since

a unit and a zero divisor. Let n = p;” X ... X p,‘:k and m =q

(@—p;i,n)=1land (b—q;,m)=1.
Case 2: If one of a or b, say b is nilpotent, then (a,b) = (sp{* x... ><p?_“’11 Xp?fll X... ng"", b), where

b e Nil(Z,,). Now (a,b) = (p;,u)+(a,b)—(p;,u), where u € U(Z,,). Since p; € Z(Z,) therefore
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(pi,u)e Z(Z, x Z,,), and since b +(—u) e U(Z,,) and (a — p;,n) = 1, therefore (a,b)—(p;,u) is a
unit.
Hence the proposition. O

In the following proposition, we find when is T,(I'(Z,, x Z,,,)) a regular graph.

Proposition 3.2.If n =2°, m =2/, i,j €N, then T,(I'(Z, x Z,,)) is a nm — Pp(n)p(m) regular
graph.

Proof. U(Z,, x Z,,) and Nil(Z, x Z,,) are two independent sets having the same number of
elements. We claim that the vertices in W(Z,, x Z,,,) = Z(Z,, x Z,,) \ Nil(Z,, x Z,,) forms a
complete bipartite graph with each partite set having |W(Z,, x Z,,)//2 number of vertices. Let
weW(Z, xZ,) then w=(u,n) or w=(n,u) where u e U(Z,) and z € Nil(Z,,) or n € Nil(Z,) and
ueU(Z,,). Weclaim that S = {(z,u)|z e Nil(Z,,)),u e U(Z,;,)} and T = {(u,2)lu e U(Z,,),z € Nil(Z,,,)}
are the two partite sets. Let o;, e for i, j € N represent odd and even numbers respectively. Let
w1, wse € S then wy =(z21,u1),ws = (29,us). Now w1 +wso = (21 +29,u1+us) =(e1,es). This implies
that u+wi+wg =(01,02)+(e3,eq) =(03,04) ¢ Z(Z,, x Z,,). Therefore, w; and wg are not adjacent.
Similarly, if v1,v9 € T then vi = (u1,21),v2 = (u9,22). Now v1+ve = (u1 +ug,z1+29) = (e5,eq).
This implies that u + v +ve = (05,06) +(e5,eg) = (07,08) ¢ Z(Z,, x Z,,). Therefore, v and vy are
not adjacent.

Now, let w =(z1,u1)€ S and v = (ug,22) € T. Then w+v = (21 + ug,uq +22) = (011,012). This
implies that u + w +v =(011,012) + (013,014) = (e7,e8) € Z(Z,, x Z,,). Therefore, w is adjacent to
v. Hence, the claim. Now, if u e U(Z,, x Z,;,) then u is adjacent to |Z(Z,, x Z,,)| = nm — $p(n)p(m)
number of vertices. If z € Nil(Z,, x Z,,) then z is adjacent to any w € W(Z, x Z,,) since
z+w =(z21,29)+(w1,ws2) =(eg,015) or (016,€10)- So z is adjacent to |U(Z,, x Z)| +|W(Z, x Z,)| =
H(n)P(m) + (nm — p(n)p(m)) — 21712771 = nm — p(n)p(m) number of vertices. If w € W(Z,, x Z,,,)
then w e S or T, say w is in S. Now w is adjacent to |U(Z, x Z,)| + INil(Z,, x Z,)| +|T| =
P(n)Pp(m) + 21712771+ (nm — Pp(n)p(m)) — 2712/ 71)/2 = nm/2 + Pp(n)p(m) = 3212/ = nm — Pp(n)p(m)
number of vertices. Similarly, if w is in 7', deg(w) = nm —¢p(n)¢p(m). Hence the result follows. [

We find the clique number w(T,(I'(Z,, x Z,,))) for any two prime numbers n and m as follows.

Proposition 3.3. Let p and g be any two prime numbers. If g # 2, then w(T',(I'(Z3xZ4))) = q+1.
If g =2, then w(T,(I'(Z2 x Z3))) = 4.
And, w(T,(I'(Z, x Z4))) =(pq + 1)/2 for p #2, q #2.

Proof. Here, Nil(Z3 x Z4) ={(0,0)} and |[U(Z2 x Z4)| = q — 1 and (0,0) is the only element having
self additive inverse. Let U(Z3 x Z;) = A UB where B contains all the additive inverses of the
elements of A. Here Zs x Z, is unit fusible. Therefore, A and B form two complete subgraphs of
order (g —1)/2 each. Also, |Z(Zy x Zy)| =29 —(q—1)=q +1. Let W(Za x Z,) = Z(Z3 x Z4) \{(0,0)}.
Let {C,D} be a partition of W(Z2 x Z,) such that D contains all the additive inverses of the
elements of C. So C and D form two complete subgraphs of order (g +1)/2 each as Zy x Z,
is unit fusible. And (0,0) is adjacent to all other elements of Zs x Z,. Let (0,0) € D. Then
w(T,I(ZexZ)) =1A|+|C|+1=(q-1)/2+(2q—-(g—-1)/2+1=q+1.
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If g =2, then T (I'(Z2 x Z5)) = K4, and therefore w(T,(I'(Zg x Z5))) = 4.

Let p #2, q # 2. Then W(Z,, x Z,) forms two complete subgraphs of order

(pq — (p —1)(g — 1) - 1)/2 each. Since (0,0) is adjacent to all other elements of Z, x Z,,
w(Ty X (ZpyxZ N =(p—-1q-D/2+(pg—(p—D(q-1)-1)/2+1=(pqg+1/2. O

Now we compute the minimum degree 6(T,(I'(Z, x Z,,))) and the maximum degree
AT, (I'(Z,, x Z,,))) in the following two propositions.

Proposition 3.4. Let G =T,(I'(Z,, x Z,,)), then
nm —|Nil(Z,, x Z,,), n=2"andm=2/,i=2, j=2,

0(G) = . - - .
nm—(Nil(Z, xZ,)|+1), n#2", m#2/,i=2, j=2.

Proof. If n=2", m=2/,i>2and j=2, then T,(I'(Z, x Z,,)) is nm — ¢(n)p(m) regular graph.
When n # 2™, [U(Z,, x Z,)| > INil(Z,, x Z,,,)|. Then by Proposition [2.2]there exist x € Z,, x Z,,, such
that x e U(Z, x Z,,) and x is not any one of —u;. Therefore, deg(x) = n — |Nil(Z,, x Z,,)| — 1.
Hence the proposition. O

Proposition 3.5. Let G =T, (I'(Z,, x Z,,)). Then A(G)=nm —|Nil(Z,, x Z,,,)|.

Proof. Let x beavertexin G.Ifn=2!, m =2/ fori =2 and j = 2 then G is nm—@(n)p(m) regular
graph. Otherwise, x € Nil(Z,, x Z,,) has degree nm — ¢(n)¢p(m) by Proposition Therefore,
AG)=nm —|Nil(Z, x Z,,)|. O

In the succeeding four propositions, we find when is T, (I'(Z,, x Z,,)) Eulerian, Hamiltonian,
planar or split for any two positive integers n,m = 2.

Proposition 3.6. T,(I'(Z,, x Z,,,)) is Eulerian if and only if n = 2!, m =2/, for i, j € N and one of
i or j is greater than 1.

Proof. If i =1=j, then T,,(I'(Z,, x Z,,)) contains K4 as its subgraph and therefore the graph is
not Eulerian. If one of i or j is greater than 1 then the degree of each vertex of the graph is
even since the graph is nm — ¢(n)p(m) regular.

If one of n or m is not equal to 2¢, then the graph is not regular. We have A(G) = §(G) + 1.
So either A(G) or 6(G) is odd. Then there exists at least one vertex having an odd degree.
Therefore, the graph is not Eulerian. O

Proposition 3.7. T,(I'(Z,, x Z,,)) is Hamiltonian.

Proof. Z, x Z,, is weakly unit fusible. Let n = p1® x ... x p%*, m = ¢1P* x ... x ¢;P' and
r=p1Xp2X...Xpg,S=q1%qex...xq; where p's and q}s are distinct primes for 1 <i <k and
1<j<k.Suppose n=2"and m =2/ for some i,j € N. Then 6(T,(I'(Z, xZ,,))) = nm/2. Otherwise,
(T, (I'(Zp,xZ,)) =nm—-Nil(Z,,xZ,,)—1. Now nm—-Nil(Z,,xZ,,)—-1-nm/2 = nm((rs—2)/rs)—1 > 0.
Therefore, 6(T,(I'(Z,, x Z,,))) > nm/2. Hence, T,,(I'(Z,, x Z,,)) is Hamiltonian. O

Proposition 3.8. T,(I'(Z,, x Z,,)) is planar if and only if n =2 and m = 2.
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Proof. 1t is easy to see T,(I'(Z,, x Z,,)) is planar for n =2 and m = 2. We consider the following
cases:
Case 1: If n =3 and m = 3 then |U(Z, x Z,;)| =4 and so |Z(Z,, x Z;)| = 3. Therefore, K33 is a
subgraph of T,(I'(Z,, x Z,,)).
Case2:If n=2and m =7 then |U(Z, x Z,)| =3 and |Z(Z,, x Z,,)| = 3. Therefore, T,,(I'(Z,, x Z,,))
contains K33 as a subgraph.
Case 3:If n =2 and m =3 then U(Z,, x Z,,) =1{(1,1),(1,2)} but (0,0) is adjacent to every element
of Z,, x Z,,. Therefore K3 3 is a subgraph of T,(I'(Z,, x Z,,)).
Case 4: If n =2 and m = 4 then U(Z, x Z,,) = {(1,1),(1,3)} and Nil(Z, x Z,,) = {(0,0),(0,2)}.
Therefore, T',(I'(Z,, x Z,,)) contains Ky 4 as its subgraph.
Case 5:If n =2 and m =5, then |U(Z,, x Z,,)| = 3. Therefore, K3 3 is a subgraph of T',(I'(Z,, x Z,,)).
Case 6: If n =2 and m =6 then U(Z,, x Z,,) ={(1,1),(1,5)} but (0,0) is adjacent to all the vertices
of T, (I'(Z,, x Z,,)). Therefore, we see that K3 3 is a subgraph of T',(I'(Z,, x Z,,)).

Thus, T,,(I'(Z,, x Z,,)) is non planar if n # 2 or m # 2.

Hence the proposition. O

Proposition 3.9. T, (I'(Z,, x Z,,)) is split if and only if n =2 and m = 2.

Proof. If n=2 and m =2, then T,,(I'(Z,, x Z,,,)) = K4 and hence T,(I'(Z,, x Z,,)) is split.
Conversely, suppose one of n or m is not equal to 2.

Case 1: Let m = 2, n # 2. Then, the zero divisor (1,0) has additive inverse (—1,0) with

(1,0) #(—1,0). Also, the unit (1,1) has additive inverse (—1,—1) and (1,1) # (—1,—1). Hence, we

get an induced subgraph Cy4 in T, (I'(Z,, x Z,,)). Therefore, the graph T, (I'(Z,, x Z,,)) is not split.

Case 2: Let m =3 and n = 3. We know that (1,1) and (0,0) are adjacent. Since |U(Z,, x Z,,)| = 2,

and |Z(Z,, x Z,,)| = 2, the vertex set {(1,1),(-1,-1),(1,0),(-1,0)} induces a C4 in T,(I'(Z,, X Z,,)).
Hence, the graph T, (I'(Z,, x Z,,)) is not split. O

4. Toroidal T,(I'(R))

In this section we find the non-isomorphic rings R for which 7', (I'(R)) is toroidal.

Proposition 4.1. T, (I'(R)) is toroidal if and only if R is isomorphic to one of the following rings:
Zolx,yl

77, Zs, Zg x 73, Zg x L4, Zg x Zalxl/x?), ZolxW(x?), Z4lx)/(2x,x%), Z4lx)(2x,x% —2), PaecR
X,y

Proof. Let R be a finite commutative ring with unity. By [7, Theorem 2.11(2)], [2, Theorem

5.14] and [6,, Proposition 4.1], it is enough to consider the following rings as G(R) is a spanning

subgraph of T, (I'(R)).

Z3x 73, ZoxZoxlo, ZLoxZlg, Lo X --+-xLoxZ3 wherel =2, ZoxZy, ZoXx--+xZLoxZ4, wWherel =2,
—_— —_—

l l
Zo x Fu, Zo x Zolx)(x?), Z7, Zg, Zalx)/(x3), Z4[x1/(2x — x2), Zolx,y)/(x,y)?, Zo x Z5, Zs x Z3 x Z3,

Z3x 24, 73 x Zolx)(x?).
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Case 1: R =73 x Z3. Here, U(Z3 x Z3) ={(1,1),(1,2),(2,1),(2,2)}, therefore |U(Z3 x Z3)| =4 and
|Z(Z3 x Z3)| = 5. This shows that, T, (I'(R)) contains a K4 5 and hence g(T,(I'(R))) = 2.
Case 2: R = Zg x Z9 x Zy9. As T, ,(I'(Zg x ... x Z3)) is complete graph for all [ so
g(T,(I'(Zgx---xZ9)))=2if [ = 3.

[
Case 3(1): R =79 x Z3. Then g(T,(I'(R))) =1 since it is a subgraph of Kg.

Case 3(ii): R = Zg x---x ZgxZ3, where [ = 2. Then, T,(I'(R)) contains a K|g| |7 where S =
—_——

l
{(1,...,1,1,(,...,1,2),(0,...,0,0)} and T' = Z(R) \{(0,...,0,0)} so there exist at least one K39
therefore g(T,(I'(Zg x --- x Z9 xZ3))) =2, for [ = 2.
—_——

l
Case 4(i): R =Z9 x Z4. Then g(T,(I'(R))) =1 as shown in the Figure

Figure 1

Case 4(ii): R = Zgx---xZ9gxZ4, where I = 2. Then |[UWR)| = 2 and |[Nil(R)| = 2. Let r =
—_——

l
[U(R)| +INil(R)| and s = |Z(R)| - INil(R)|. So T, (I'(R)) contains K, s, as r =4, s =12 so K4 12 is
a subgraph of T,(I'(R)), therefore g(T,(I'(R))) = 5.

Case 5(1): R =79 x[F4. Then T,(I'(R)) = Kg and hence g(T,(I'(R))) = 2.
Case 5(ii): R = Zg x --- x Zg xF4, where [ 2 2. Then |[U(R)| =3 and |Z(R)| = 13, hence K313 is a
N —

l
subgraph of T, (I'(R)). Therefore, g(T,(I'(R))) = 3.
Case 6(i): R = Zg x Zo[x1/(x?). As T (I'(R)) = T,,(I'(Z3 x Z4)), g(T,(T(R))) = 1.
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(x?) °

Case 6(i1): R = ng"'XZQXZQ—[x] where [ = 2. Then, UR) = {(1,...,1,1),(1,...,1,1 + x)}
———

and Nil(R) = {(0,...,O,IO),(O,...,O,x)} and therefore, K4 zr) is a subgraph of T, (I'(R)). So,
g(T(I'(R))) = 5.

Case 7: R = Z7. Then g(T,(I'(R))) =1 since g(K7)=1.

Case 8: R = Zg. Then T, (I'(R)) = K4 4 and g(T,(T'(R))) = 1.

Case 9: R = Zo[x1/(x3) or R = Z4[x1/(2x — x%) or R = Zs[x, yl/(x, y)?. Then Z(R) and U(R) are two
independent sets having four elements each. Therefore, T,(I'(R)) = K4 4 and so g(T,(I'(R))) = 1.
Case 10: R = Zg x Z5. Then U(R) ={(1,1),(1,2),(1,3),(1,4)} and so k46 is a subgraph of T, (I'(R)).
Therefore, g(T,(I'(R))) = 2.

Case 11: R = 79 x Z3 x Z3. Then U(R) ={(1,1,1),(1,1,2),(1,2,1),(1,2,2)}. Therefore, K414 is a
subgraph of T, (I'(R)). So, g(T,(I'(R))) = 6.

Case 12: R = 73 x Z4. Then U(R) ={(1,1),(1,3),(2,1),(2,3)}. Therefore, K4 is a subgraph of
T, (T'(R)). So, g(T,(I'(R))) = 3.

Case 13: R = 735 x Zo[x/(x?). Then U(R) = {(1,1),(1,1+x),(2,1),(2,1 + x)}. Therefore, T,,(I'(R))
contains K4 g as its subgraph. So, g(T,(I'(R))) = 3.

Hence the proposition. O

5. Conclusion
By considering the double total graph, the associated ring can be characterized upto fusible ring,
unit fusible ring, etc. The characterization of the various types of generalized unit fusible rings
are possible by associating the double total graph. The computation of the graph parameters
such as split, Eulerian, Hamiltonian, matching, etc. for the double total graph of any ring may
further be considered, which will lead to the characterization of rings.
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