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1. Introduction

All graphs observed here are simple, connected and finite. Let V(G), E(G) and dg(w) indicate
the vertex set, the edge set and the degree of a vertex of a graph G, respectively. A graph with
p vertices and g edges is known as a (p, q) graph.

A topological index of a graph G is a real number which is invariant under automorphism of
G and does not depend on the labeling or pictorial representation of a graph.

Gutman et al. [6]] introduced the first and second Zagreb indices of a graph G as follows:

MiG)= Y ([dew)+dg)= Y daw)
wzeE(G) weV(GQ)
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and
My (G) = Z dgw)dg(2).
wzeE(G)
Shirdel et al. in [9] found Hyper-Zagreb index HM(G) which is established as
HM@G) = Y [dew)+da@)P.
wzeE(G)
Also, they have computed the hyper-Zagreb index of the Cartesian product, composition, join
and disjunction of graphs.
A forgotten topological index F-index [4] is defined for a graph G as
FG= ) diw= } [dgw)+dg@)].
weV(GQ) wzeE(G)
Farahani et al. [3] defined the second hyper Zagerb as
HM@G) = Y ldew)da@)P.
wzeE(G)
Here we introduce a second forgotten topological index Fy which is defined for a graph G as
Fo@= Y diw).
weV(Q)
Kulli [6] introduced the first and second Gourava indices and defined as

GO = ) (dew)+deR)+(dgw)dg(2))
wzeE(G)

and

GO = ) dgw)dg@Ndew)+dg(2)).
wzeE(G)

The line graph L(G) is the graph whose vertices correspond to the edges of G with two
vertices being adjacent if and only if the corresponding edges in G have a vertex in common.

The following are the four related graphs for a connected graph G.

S(G) is the graph which is obtained from G by adding an extra vertex into each edge of G.
In other words replaced each edge of G by a path of length 2.

The graph R(G) is obtained from G by inserting an additional vertex into each edge of G
and joining each additional vertex to the end vertices of the corresponding edge of GG.

Q(@G) is a graph derived from G by adding a new vertex to each edge of GG, then joining with
edges those pairs of new vertices on adjacent edges of G.

The total graph T'(G) is derived from G by inserting an new vertex to each edge of GG, then
joining each new vertex to the end vertices of the corresponding edge and joining with edges
those pairs of new vertices on adjacent edges of G.

The Cartesian product of the graphs G1 and Gg is the graph G1[1Gs with vertex set
V(G1) x V(Gg) and for which (w1,w9)(z1,29) € G1UGq iff w1 = z1 and woze € E(Gg) or (ii)
wo =z9 and w1z € E(G1). It is easy to see that

dg,06,(Wi,z;) =dag,(wi)+dg,(2)),
where (wi,zj) € V(G1DG2).

Eliasi and Taeri [2]] introduced the four operations of the graphs G; and G2 based on the
Cartesian product of these graphs. The Zagreb indices of the our new sums of graphs are
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obtained by Deng et al. [1]. The F-index of four operations on some special graphs are computed
by Ghobadi and Ghorbaninejad [5]. Eliasi and Taeri [2]] have obtained the Wiener index of four
new sums of graphs.

Sarala et al. [7] introduced the four operations of the graphs G; and Go based on the
composition of these graphs.

In this sequence, we calculate the four new sums of second hyper Zagreb index based on
cartesian product of graphs.

2. Main Results

In this section, we find the exact value of the second hyper Zagreb index of Cartesian product of
graphs.

Theorem 2.1. Let G;, i =1,2 be a (p;,q;) graph. Then
HM2(G1D5G2) = Ml(G1)[16(]2 + 2M2(G2) + HM(GZ)] + 8(]1M1(G2)
+F(G1)[4p2 + 2M1(G2)] + q2F2(G1) +p1HM2(G2) + 4q1G02(G2).

Proof.

HM3(G10sG2) = Y [d 6,056, (W, k)G 0564 (2, D1
(w,k)z,)eE(G10sG2)

= Y Y densew,kde,ns6,w, DI
weV(G1) kIeE(Gs)

+ ) Y. ldanse,w,kdans6,(2, k)1
keV(G2)wzeE(S(G1))

= Al + A2,
where A1 and Aq are the terms of the above sums taken in order which are calculated as follows.

Al = Z Z [dGlmSG2(w’k)dG1\st2(w7l)]2
weV(G1)kleE(G2)

= Y Y (e, ) +de,Bde, ) +da,D]]
weV(G1)kleE(G2)

= Y Y [dg ) +de,@lda,k)+de,(D]+da,(R)da,(DF
weV(G1)kleE(G2)

= Y Y g, +dg,lde,w)+da,(DF +dg, (R)dg, D)
weV(G1)klIcE(Gg)

+2d3, (W)lda, (k) +dg, (D] +2dg, (w)de,(k)dg, 1)
+2dg,W)ldg, (k) g, (1) +dg,(k)dg, (D]

=qoF2(G1)+ M1(GDHM(G2)+ p1HMo(G2) +2F(G1)M1(G2)
+2M1(G1)M2(G2) +4q1GO2(G2),

Az= ) Y da,nsa,w, B)dg,0s6, (2RI
keV(Go)wzeE(S(G1))

=y Yy [(dg, (W) +dg,(R))2T?
keV(G2)wzeE(S(G1))weV(G1),zeV(S(G1))\V(G1)
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=4 Y Y delde,w)+dg,®)
keV(G2)weV(G1)

=4 ) ) [dg (W) +dg,(w)dE, (R)+2dg (w)dg, (k)]
keV(G2)weV(G1)

=4p2F(G1)+8q1M1(Gg) + 1692 M1(G1)
Adding A; and Ay we get
HMo(G1UsG2) = M1(G1)I16q2 +2Mo(G2)+ HM(G2)1+8q1M1(G2)
+F(Gl4p2+2M1(G2)]l+ qoF2(G1)+ p1HM2(G2)
+491G0O2(G9). O

Theorem 2.2. Let G;, i =1,2 be a (p;,q;) graph. Then
HM3(G1UrG2) = 891G02(G2) +3292GO02(G1) + p1HM3(G2) + 16 po HM(G1)
+q1F2(G2) +16q2oF2(G1)+ 16poF(G1)
+(4HM(G1) +16F(G1) + 8M2(G1) +8q1)M1(G2)
+(4HM(G2)+4F(G2)+8My(G2) + 32q2)M1(G1).

Proof.

HM(G10OrG2) = 3 [dG,02G, (W, )G 056, (2, DT
(w,k)(z,0)eE(G1URrG2)

= Z Z [dGﬂjRGz(wak)dGlDRGz(W,l)]2

weV(G1)kIeE(Gg)
2
+ Z Z [dGl[:'RGz(w7k)dG1DRG2(Z)k)]
keV(Go)wzeE(R(G1)),w,zeV(G1)
2
+ ) Y [day0r6, (W, )G 00,65 (2, R)]
keV(Go)wzeE(R(G1)),weV(G1),zeV(R(G1))\V(G1)
= Bl +Bz +Bg,

where B1, Bo and B3 are the terms of the above sums taken in order which are calculated as
follows.

By = Z Z [dGlmRGz(w’k)dGlDRGz(w,l)]z
wEV(Gl)kl€E(G2)

= Y Y (ldrey@) +de,@dr@)w)+da,]]’
weV(G1)kIeE(Gg)

= Y Y [12de, ) +de,(B2de, (W) +dg,(D])
weV(G1)kIeE(G9)

= Y Y [4di w)+2dg,w)de, (k) +da,(D]+dg,(k)de, (DI
weV(G1)kIeE(G9)

- ;G . Ez(G ) [16d, (w) +4dg, (W)lde,w) +da,(DF +dg, (R)dZ, (1)
we 1 € 2

+16dg, (W)ldg, (k) +da,(D]+8dg (w)dg,(k)dg, (1)
+4dg, (W), (k)dg, (1) +dg,(k)dg, (D]]
=16q2F2(G1)+ p1tHM3(Gg) +4M1(G1)HM(Gg) + 8M1(G1)M2(G2)
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+16F(G1)M1(G2) +8q1G02(G2),

By= ) Y [dG, 0,6, (W, B)d G, 0pa, (2, )12
keV(G2)wzeE(R(G1))w,zeV(G1)

= Y Y [[2de, ) +de,(B2dg, (2) + dg,(B)]]
keV(Go)wzeE(G1)

- ‘;G ) %(G )[4dG1(w)dG1(z)+2dG2(k)(2dG1(w)+dG2(k))+d(2;2(k)]2
€ 2)WZE 1

= Y Y [16d% (wdZ (2)+4d}, (k)da, W) +dg, () +d, (k)
keV(G2)weV(G1)

+8dg,w)de, (2)dg, (k) +16dg,(k)dg, w)dg, (2)(dg, (w) +dg, (2))
+ 4d%1(k)(dG1(w) +dg,(2)

=16poHMo(G1) +4M1(Go)HM(G1) + q1F2(G2) + 8M1(G2)M2(G1)
+3292G02(G1)+4F(G2)M+(G1),

B3 = Z Z [dGlDRGQ(W,k)dGlmng(Z,k)]z
keV(Go)wzeE(R(G1)),weV(G1),zeV(R(G1)\V(G1)

= ) )y [[drG) (W) +de,(Rdr@H)]]
keV(G2)wzeE(R(G1)),weV(G1),zeV(R(G1))\V(G1
> ) [[2dg, (0) +dg,(R)12]”

keV(G2)wzeE(R(G1)),weV(G1),2eV(R(G1)\V(G1

=4 Y Y dew)2dg,w)+dg, )
keV(G2)weV(Gy)

=4 Y Y [4d} w)+dg,w)dg (k) +4dg w)dg, (k)]
keV(G2)weV(G1)

=4[4poF(G1) +2q1M1(G2) + 8q2M1(G1)].
Adding B, B and B3 we get
HMy(G1UgrG2) =8q1G02(G2) +3292G02(G1) + p1HM2(Go)+ 16poHM (G 1)
+q1F2(G2) + 16q2F2(G1) + 16po F(G1)
+(AHM(G1)+ 16F(G1)+8Mo(G1) +8q1)M1(G2)
+(4HM(G2)+4F(G2)+8My(G2) +32q2)M1(G1). O

Theorem 2.3. Let G;, i =1,2 be a (p;,q;) graph. Then
HM3(G1OgG2) = q2F2(G1) + M1(G1)HM(G2) + p1HM2(G2) + 2F(G1)M1(G2)
+2M1(G1)M2(G2)+4q1GO2(G2)

+p2 Y. ) dg Wy, (&) +2HM(G)M1(G)
wEV(Gl)ZEN(;l(w)

+4QQ Z Z dGl(w)d%(Gl)(z)
weV(G1)zeNg, (W)

Mi(G1)

pal HM(L(G1) + AHM(L(G1) + 16( ~ 1) +4GO3(L(GY)

+8Mo(L(G1)) + 16M1(L(G1))].
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Proof.

HM3(G1lqGse) = > [d,096, W, k)6 096, (2, DI
(w,k)2,D)EE(G1TgGs)

= Y Y [denge.w,k)de,ne,w, DI
weV(G1)kIeE(G2)

2
+ ) > [d 61096, W, k)dymgG, (2, k)]
keV(G2)wzeE(Q(G1),weV(G1),2eV(QG1N\V(G1)

2
+ Y > [dG106, (W, k)d G106, (2, )]
keV(G2)wzeE(Q(G1),w,zeV(Q(G\V(G1)

:C1+Cz+C3,

where C1, C9 and Cg are the terms of the above sums taken in order which are calculated as
follows.

Ci= Z Z [dG1DQG2(wak)dG1DQG2(w,l)]z
weV(G1)kIeE(G9)

Y Y (e, ) +da,(lde, W) +da,])?
weV(G1)kIeE(G9)

> Y [dg, ) +de,wldg, (k) +da,(D1+de,(R)da, (DI
weV(G1)kleE(G2)

Y [dE, w)+dE w)lde,w) +da,OI +d%, (k)d2, (1)
weV(G1)kI€E(G2)

+2d¢, (W)ldg, (k) +da,(D1+2dg, (w)dg,(k)dg, ()
+2dg,W)dE, (k)dg, () +da,(k)dg, (D]

=qoF9(G1)+ M1(G1)HM(G2)+ p1HMo(G2)+2F(G1)M1(G2)
+2M1(G1)M2(G2)+491G0O2(G2),

2
Ca= ). > [dGi06, (W, R)dG,0h64(2, k)]
keV(G2) wzeEQ(G1)weV(G1),2eV(QGDN\V(G1)

2
= ) > [[dg, () +da,(R)dg@G:)(2)]
ReV(G2) wzeEQG1)weV(GD,2eVQG\V(G)

_ 2 2 2 2
= Y > [de, W)dgq,) @) +dg,)R)dg, k)
keV(Go)wzeE(Q(G1)),weV(G1),ze V(Q(G1))\V(G1)

+2dg,(W)dg g, (2)dG2)(R)]

=p2 ), Y dg Wy, (@)+2HMG1)M1(Gs)
weV(G1)zeNg, w)

+4QZ Z Z dGl(w)dé(Gl)(Z)’
wEV(G1)Z€N(;1(w)

2
Cs = Z Z [dGl\:‘QGz(w’k)dGlE\QGz(Z’k)]
keV(G2) wzeE(Q(G1),w,zeV(Q(GN\V(G1)

= ) > [dg@)w)dgey @)
eV (Ga) wzeEQ(G1),w,zeV(QG1\V(G1)

=p2 > [doG,)W)do@G ()T
wzeE(Q(G1),w,2eV(QG\V(G1)
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=pa > [de, (¢) + de, (E )N, () +de, (E)]]
tit;€E(G1),tjtreE(G1)
=ps Y [die¥)+2ldrey¥)+2)1)°
Y;Y;jeE(L(G1))
=p2 ) (ALY drGy¥) +2drey (Y +dray¥) +4)]
Y;Y;eE(L(G1)
=p2 Y, ld}g,(YDdi G, YD +4dre)(Y) +dre)¥Y))? +16
Y;Y;eE(L(G1)
+4dr)Y)dLe)Y)dre)(Y:) +dre)Y ) +8dre)Yi)drae)(Y;)
+16(drc)(Yi) +drc)(Y))]
Mi(G1)
= polHMo(L(G1)) +4HM(L(G1)) + 16( - Q1) +4GO02(L(G1))
+8Ma(L(G1))+16M1(L(G1))].
Adding Cq, C9 and C3 we get
HM2(G10qG2) = q2F2(G1) + M1(G1)HM(G2) + p1HM2(G2) + 2F(G1)M1(G2)
+2M1(G1)M2(G2)+4q1GO2(G2)
+p2 Y. Y dg Wddg,) (&) +2HM(GDM1(Go)
w€V(G1)Z€NG1(w)
+4q2 Z Z dGl(w)dg)(Gl)(z)
wEV(Gl)ZENgl(w)
Mi(G1)
= P HMo(L(G) + AHM(L(G1)) + 16( = — g1 + 4GO(L(G1)
+8Mo(L(G1)) + 16 M1 (L(G1))]. O

Theorem 2.4. Let G;, i =1,2 be a (p;,q;) graph. Then
HMy(G17G9) =8q1G02(G2) +3292G02(G1)+ p1HMo(Ge)+ 16poHMo(G1)
+q1F2(G2) +16q2F9(G1) + 16p2F(G1)
+(4HM(G1) +16F(G1) +8M2(G1)M1(G2)
+(4HM(G2) +4F(G2) + 8Ma(G2))M1(G1)

=pz Y, Y, dg Wdyg, (2)+2HMG1)M1(Gs)
wEV(Gl)zeNGI(w)

+4q2 Y. Y. da,w)di g, 2)
weV(G1)zeNg, (w)

Mi(Gy)

= pal HMy(L(G1) + 4HM(L(G)) + 16 ~q1)+4GO3(L(G))
+8Mo(L(G1)) + 16 M1(L(G1))].
Proof.

HMy(G1U7rGg) = > [dalmTGQ(w,k)dalmTGz(Z,l)]2
W, k)2, EE(G10rGe)
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= 2, Y [dei0p6, W, k) dG0p6,w, DI

weV(G1) kI€E(G2)
+ ¥ Y [de,006, W, B G, 0652, BT
keV(G2)wzeE(T(G1)),w,z€V(G1)
+ Y > [d 6,076, W, k)G, 0p6,(2, )1
keV(Go)wzeE(T(G1)),weV(G1),zeV(T(G1)\V(G1)
+ ¥ 3 [da, 076, (W, k)da,0,6,(2, k)1
keV(G2)wzeE(Q(G1),w,zeV(T(G1)\V(G1)
=D1+Do+D3+Dy,
where D1, Do, D3 and D4 are the terms of the above sums taken in order which are calculated
as follows.
D1 = Z Z [dG;lDTGg(LU,k)dG1DTG2(wJ)]2
weV(G1)kleE(Gs)
= Y Y [dre)w) +de,Ndre,)w) +de, 1]
weV(G1) kIE(G2)
= Z Z [[2dG,(w) +dg,(R)[2dg,(w) + dG2(l)]]2
weV(G1) kI€E(G2)
= Y Y [4d% W) +2dg,Wldg,(k)+da,(D]+da,(R)de, (D1
weV(G1) kIE(G2)
= Y Y [16dg (w)+4dE w)lde,w)+de, (DI +dg, (R)dg, (1)
weV(G1) kI€E(G2)

+16dg, (W)ldg,(k) +da,(D]1+8dg (w)dg,(k)dg, (1)
+4dg,W)dg, (g, () +de,(R)dg, (D]]

=16q2F2(G1)+ p1HM2(G2)+4M1(G1)HM(G2) + 8M1(G1)M2(G2)
+16F(G1)M1(G2) +8q1G02(Gs),

2
Dy= ) > [de,0r6. (W, k)G 06,2, k)]
keV(G2)wzeE(T(G1))w,zeV(G1)

= Y Y [[2dg,w) +dg,(R2dg,(2) + dg,(R)]]”
keV(Go)wzeE(G1)

- ‘;G ) %(G )[4dG1(w)dG1(z)+ZdGQ(k)(2dG1(w)+dG2(k))+d(2}2(k)]2
€ 2)WZE 1

= Y Y [16d} (w)dg (2)+4dg (k)dg, W) +dg,(2)) +d§, (k)
keV(G2)weV(G1)

+8dg,w)de, (2)dg, (k) +16dg,(k)dg, w)dg, (2)(dg,(w) +dg, (2))
+4d}, (k)dg,w)+dg,(2))

=16poHMo(G1)+4M1(G2)HM(G1) + q1F2(G2) + 8M1(G2)Mo(G1)
+3292G02(G1) + 4F(G2)M1(Gy),

D3= ). > [dG 006, (W, B)dG,0,G,(2, B)1
keV(G2)wzeE(T(G1)),weV(G1),zeV(T(G1)\V(G1)
= > Y [[de, (W) +dg,(B)ldg@,(2)]

EeV(G2)wzeE(T(G1)),weV(G1),zeV(T(G1)\V(G1)
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_ 2 2 2 2
=y > [de, W7, (2) + dr g, (@)dg, *)
keV(Go)wzeE(T(G1)),weV(G1),zeV(T(G1)\V(G1)

+2dg,(W)d5 g (2)dG2)(k)]

=p2 Y, ) dg )i, (2)+2HMG1)M(Gs)
wEV(Gl)ZENGI(w)

tdq2 Y, Y da,Wdig, @),
weV(Gl)zeNGI(w)

Dy= Y Y [d 607G, W, R)dG,0p6, (2, )1
keV(Go)wzeE(T(G1)),w,zeV(T(G1))\V(G1)

= ) > [d 7y W)drG @)
keV(G2) wzeE(T(G1)),w,zeV(T(G1))\V(G1)

= p2 > [d7G)(W)d TG, (2)]1?
wzeE(T(G1)),w,zeV(T(G1)\V(G1)

= p2 Y [de, () +dg,t)de, (t) +da, ()]
titjEE(Gl),tjtkEE(Gl)

=p2 ) [[dre)(Yi)+21dLc,)(Y7) +2)]] 2
Y;Y;€E(L(G1)

=p2 ), [drn(YD)dLn(Y) +2(dre)(Yi) + dre¥Y ) +4)
YinEE(L(Gl))

= P2 > [di(Gl)(Yi )d%(Gl)(Yj) +4dre(Yi) +dre)(Y))? + 16
Y;Y;eE(L(G1))

+4d YL )Y ALy +dran(Y)) +8d ey (Yiddr)(Y;)
+ 16(dL(G1)(Yi) + 0lL(G1)(YJ')):I

M (G
= Pl HMo(L(G 1) + 4HM(L(G1) + 16 1(2 :

- q1) +4GO5(L(G1)

+8Ma(L(G1)) + 16 M1(L(G1))].
Adding D1, Dy, D3 and D4 we get
HM3(G1UrG2) = 8q1GO02(G2) + 3292GO02(G1) + p1tHM2(G2) + 16po HM 2 (G1)
+q1F2(G2) + 16q2F2(G1) + 16p2 F(G1)
+(4HM(G1)+ 16F(G1) +8Mo(G1))M1(G9)
+(4HM(G2) +4F (Gg) + 8Ma(G2)M1(G1)

=p2 Y, Y dg dig,(2)+2HMG1)M1(Gs)
w€V(G1)z€NG1(w)

+4q2 Y, Y dg)dpg, )
weV(G1)zeNg, (w)

Mi(G1)

= pol HMo(L(G1)) + AHM(L(G1)) + 16( - ql) +4G05(L(GY))

+8Mo(L(G1)) + 16 M1(L(G1))]. O
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3. Conclusion

In this paper, we have studied the second hyper Zagreb index of new four sums of Cartesian
product of graphs. For further research, one can study the other topological indices of these new
operations.
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