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1. Introduction

Scientific research in mechanics are articulated around two main components: one devoted to the
laws of behavior and other boundary conditions imposed on the body. The boundary conditions
reflect the binding of the body with the outside world. The piezoelectric effect is the apparition
of electric charges on surfaces of particular crystals after deformation. Its reverse effect consists
of the generation of stress and strain in crystals under the action of the electric field on
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the boundary. Materials undergoing piezoelectric effects are called piezoelectric materials; their
study require techniques and results from electromagnetic theory and continuum mechanics.
However, there are very few mathematical results concerning contact problems involving
piezoelectric materials and therefore, there is a need to extend the results on models for contact
with deformable bodies which include coupling between mechanical and electrical properties.
The contact between deformable bodies are very common in the industry and everyday life,
contact of braking pads with wheels, tires with roads, pistons with skirts or the complex metal.
Contact processes are accompanied by a number of phenomena among which the main one is
the friction. Nevertheless, more is involved in contact than just friction. Indeed, during a contact
process elastic or plastic deformations of the surface asperities may happen. Also, some or all of
the following may take place: squeezing of oil or other fluids, breaking of the asperities’ tips and
production of debris, motion of the debris, formation or welding of junctions, creeping, fracture,
etc. Moreover, frictional contact is associated with heat generation, material damage, wear and
adhesion of contacting surfaces. As the contact process evolves, the contacting surfaces evolve
too, via their wear. Wear is one of the process which reduce the lifetime of modern machine
elements. It represents the untwated removal of materials from surfaces of contacting bodies in
relative motion.

The aim of this paper is to make the coupling of an elastic-visco-plastic piezoelectric problem
with internal state variable and a frictional contact problem with wear. Then the constitutive
laws considered here are of the form:

0" = A e(@™) + G e(u)+(EX)* Vy

t
+ fo FK (aK(s)—AKe(uK(s))—(EK)*VwK, £(uX(s)), ,BK(s))ds, (1)
IBK:@K(U'K—Akf(uK)—(SK)*V'(VK(S),f(uK),ﬂK), (2)
D" = E%e(u®) - B*Vy~ (3)

in which u*, 6" represent, respectively, the displacement field and the stress field where the
dot above denotes the derivative with respect to the time variable, D* represents the electric
displacement field. Here A* and G are nonlinear operators describing the purely viscous
and the elastic properties of the material, respectively. F* is a nonlinear constitutive function
describing the viscoplastic behaviour of the material and depending on the internal state
variable . ®F is also a nonlinear constitutive function which depend on %, and G* represents
the elasticity operator. E(y*) = —Vy/* is the electric field, £ = (e; ;) represents the third order
piezoelectric tensor, (E¥)* is its transpose and B* denotes the electric permittivity tensor.
General models for elastic materials with piezoelectric effects can be found in [5,/14]. Dynamic
contact problems are the topic of numerous papers, e.g. [1,6,09]. A quasistatic frictional contact
problem with wear involving elastic-viscoplastic materials with damage and thermal effects can
be found in [2]]. Contact problems with friction or adhesion for electro-viscoelastic materials
were studied in [[11,12]. A static frictional contact problem for electric-elastic materials was
considered in [5,7]. The normal compliance contact condition was first considered in [6] in the
study of dynamic problems with linearly elastic and viscoelastic materials and then it was
used in various references, see e.g. [4,10]. This condition allows the interpenetration of the
body’s surface into the obstacle and it was justified by considering the interpenetration and
deformation of surface asperities. In this paper we consider a mathematical frictional contact
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between two elastic-visco-plastic piezoelectric bodies with internal state variable for rate-type
materials of the form (I)—(3). The contact is frictional and bilateral which result in the wear of
contacting surface.

This article is organized as follows. In Section 2| we describe the mathematical models for
the frictional contact problem between two electro-elastic-viscoplastics bodies. The contact is
modelled with normal compliance and wear. In Section [3| we list the assumption on the data and
derive the variational formulation of the problem. In Section [4] we state our main existence and
uniqueness result, Theorem The proof of the theorem is based on arguments of nonlinear
evolution equations with monotone operators, a classical existence and uniqueness result on
parabolic inequalities and fixed-point arguments.

2. Problem Statement

We consider the following physical setting. Let us consider two electro-elastic-viscoplastics
bodies, occupying two bounded domains Q!, Q2 of the space R? (d = 2,3). For each domain QF,
the boundary I'* is assumed to be Lipschitz continuous, and is partitioned into three disjoint
measurable parts I'], I'; and I'; on one hand, and on two measurable parts I'; and I';, on the
other hand, such that meas(I'y) >0, meas(I'y) > 0. Let T > 0 and let [0,T'] be the time interval
of interest. The Q body is submitted to f{j forces and volume electric charges of density g{. The
bodies are assumed to be clamped on I'{ x (0, T). The surface tractions f§ act on I'f x (0,T). We
also assume that the electrical potential vanishes on I'} x (0,7") and a surface electric charge of
density g3 is prescribed on I'y x (0,7). The two bodies can enter in bilateral contact with friction
along the common part F% = F% =TI'g. The bodies are in contact with friction and wear, over the
contact surface I's. We introduce the wear function w : I's x (0, T) — R* which measures the wear
of the surface. The wear is identified as the normal depth of the material that is lost. Let g be the
intial gap between the two bodies. Let p, and p; denote the normal and tangential compliance
functions. We denote by v* and a* = ||[v*| the tangential velocity and the tangential speed
at the contact surface between the two bodies. We use the modified version of Archard’s law
w =-Aov*0,. To describe the evolution of wear, where 1o > 0 is a wear coefficient. We introduce
the unitary vector 6 : I's — R% defined by 6 =v*/||lv*|. When the contact arises, some material
of the contact surfaces worn out and immediately removed from the system. This process is
measured by the wear function w. With these assumptions above, the classical formulation of
the mechanical frictional contact problem with wear between two electro-elastic-viscoplastics
bodies is the following.

Problem P. For x = 1,2, find a displacement field u* : QX x [0,T] — R?, a stress field
o : Q¥ x[0,T] — S%, an electric potential field v :Q*x[0,T]— R, a wear w:I's x[0,T] — R*
and a electric displacement field D¥ : Q¥ x [0,T] — R? and an internal state variable field
B*: Q¥ x[0,T] — R™ such that

0" (t) = A%e(@* (1) + G e@ (1) + (€)' Vy ()
t
[ (06 - AT (5 - (€ Ty (9), e o), F6)ds, in@T <O, @
0

B () = 0 (o () — A e@™ (1)) — () V™ (1), e(w*(#)), B(¢)) in Q* x(0,7T), (5)
D*(t) = (W (#)) - B*Vy (¢) in Q* x(0,T), (6)
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p¥i* =Dive* + 5 in Q¥ x(0,T), (7)
divD* —q5=0 in Q" x(0,T), (8)
u“(#)=0 onTI7x(0,T), 9)
a’v=f5 onT§x(0,T), (10)
(7%:0% =0,, where 0,=-p,(u,—w—-g) onIsx(0,7T), (11)
a% = —cr% =0;, where 0, =-p.,(u,—w-g) ”v* ” onI'gx(0,T), 12)

v
ul+u2=0 onT3x(0,7), (13)
w=-Aa*c, onTIsx(0,T), (14)
Py (@#)=0 onT} x(0,7), (15)
D*v"=q5 onT} x(0,T), (16)
u (0)=ug, u"(0)=vy, B(0)=p; inQF, a7
w(0)=wy onTj. (18)

First, equations (4)-(6) represent the electro-elastic-viscoplastic constitutive law with internal
state variable of the material. Equations (7)) and (8) are the equilibrium equations for the stress
and electric-displacement fields, respectively, in which “Div” and “div” denote the divergence
operator for tensor and vector valued functions, respectively. Next, the equations (9) and
represent the displacement and traction boundary condition, respectively. Conditions (11)-
(13) represent the frictional bilateral contact with wear described above. The equation (14)
represents the ordinary differential equation which describes the evolution of the wear function.
Equations and represent the electric boundary conditions. Finally, the functions ug,
vy, By and wo in (17)-(18) are the initial data.

3. Variational Formulation and Preliminaries

In this section, we list the assumptions on the data and derive a variational formulation for
the contact problem. To this end, we need to introduce some notation and preliminary material.
Here and below, S% represent the space of second-order symmetric tensors on R?. We recall that

the inner products and the corresponding norms on S¢ and R? are given by
1
uh vt =ul-vf, v =" vz, Y u®,v" e RY,
1
o“-T"= U’ij-r’;j, 1T = (¢¥- 192, Vo, ¥eS%.
Here and below, the indices i and j run between 1 and d and the summation convention over
repeated indices is adopted.
Now, we use standard notations for the Lebesgue and Sobolev spaces associated with Q¢

and I'* and, moreover, we consider the spaces
H* = {v* = (v)1=i=a; v} € L2(QY)},
H* = {7 =t 1<ijeas T}, =T € LAQY)},
1 ={v" = WD1<izq; e@) € H Y,
1=1{7" = (0} )1<i<q; TF € H", Dive* e H*},

Y*= {AK = (A’?)lsiSm; /Vi< €L2(QK)} ,
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V¥ = {v*" e H'(Q")?; v* =0 on I'\}.

These are real Hilbert spaces endowed with the inner products

(u™, v)gr :f u®-vidx,
QK

(0", TF) g :f o -tdx,

QK

(uK,vK)Hf :f uK~dex+f Vu® Vo dx,

(0™, T")gx :f 0“-1’de+[ Dive™ -Divt*dx,
1 Q X

(AX, gF)px = fQ A pds,
(", v")yx = (e(u"), (")) g«

and the associated norms || - [l g, Il 3¢, |- Lz, I~ ll3¢x, - ly< and || [y« respectively. Here and
below we use the notation
1

Vu® = (u;’(,j)’ (W) =(;;(u")), &;jm")= §(u’i<’j + u;i)’ vV u* e HY,

Dive™ = (U’l-(j,j), Vo e HY.
Completeness of the space (V*, || - [y«) follows from the assumption meas(I'] > 0), which allows
the use of Korn’s inequality.

We denote v* as the trace of an element v* € HY on I'*. For every element v* € HY, we also

use the notation v* for the trace of v* on I'* and we denote by v} and v} the normal and the
tangential components of v* on the boundary I'* given by

vy =0 Ve, vl =0 —vivh.
Let Hf,. be the dual of Hrx = H %(FK)d and let (-,-)_ 11w denote the duality pairing between
H{, and Hr«. For every element o € HY let v be the element of H[, given by

(o™v©,v")_ 1pe = (0", e(W ))gx + Dive™, v )y« V v* e HY.

1
9

Denote by o and o the normal and the tangential traces of o € H7, respectively. If o~ is
continuously differentiable on QX UT'*, then

oy =(@"vh)-v", o =0"v -av",
(" v, 0")_1 1 1« :f o“v¥.v¥da
2227 K
fore all v* € HY, where da is the surface measure element. Since measI'] > 0, the following
Korn’s inequality holds:
le@ g = CK||UK||H11< Vo eV, (19)

where the constant cx denotes a positive constant which may depends only on Q%, I'] (see [8]).
Over the space V* we consider the inner product given by

W, v )y« = (e(u”),e(@ )y, V u*,0v"eV¥, (20)
and let | - [y« be the associated norm. It follows from Korn’s inequality that the norms

-1l HY and || - |lyx are equivalent on V*. Then (V¥,| - ||y«) is a real Hilbert space. Moreover, by
the Sobolev trace theorem and (20), there exists a constant co > 0, depending only on Q, I'}
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and I's such that

0" L2(rgye < collo®llve ¥V v e V™. (21)
We also introduce the spaces

W = {t¥ e H{(QY); 78 =0 on T},

WX = {D* = (D¥); D¥ e L%(Q"), divD* € L*Q")}.
Since measI'y > 0, the following Friedrichs-Poincaré inequality holds:

IVT liz2qeye Z crIT g1y V TF € WF, (22)
where cr > 0 is a constant which depends only on O, I'}.

Over the space W*, we consider the inner product given by
(W, )W~ = f vy -Vi¥dx
QK

and let |- |wx be the associated norm. It follows from that ||-]| g1qr) and |- lw« are equivalent
norms on W* and therefore (WX, | - |lw«~) is a real Hilbert space. Moreover, by the Sobolev trace
theorem, there exists a constant c¢o, depending only on QX, I'f and I's, such that

||(K||L2(QK)SCO||(K||W’< v {“eW". (23)
The space WX is real Hilbert space with the inner product

(D*,E")y« = D*-E*dx+ divD"-divE*dx,

Qx Qx
where divD" = (D7), and the associated norm | - [lyx.
In order to simplify the notations, we define the product spaces

V=VxV? H=H'xH? H,=H!xH?
H=H'xH2 Y=Y'xY?2 3 =7 x5, (24)
W=W!x W2 W=wWxW?

The spaces V, H, H, Y, W and W are real Hilbert spaces endowed with the canonical inner

products denoted by (-, )v, (-,)m, -,)5, ¢, )y, ¢,)w and (-,-)w. The associate norms will be
denoted by |- llv, Iz, II-lsc, - ly, I - lw, and || - [lw, respectively.

Finally, for any real Hilbert space X, we use the classical notation for the spaces L”(0,T;X),
WkP(0,T;X), where 1 < p < oo, k = 1. We denote by C(0,T;X) and C1(0,T;X) the space of
continuous and continuously differentiable functions from [0,T] to X, respectively, with the
norms

xy= max ||[f()lx,
1 lco,r:x) te[O,T]”f Ix

107wy = max |f(#)|x + max '(t)
17 lexo = max IFOllx + max IfOlx,

respectively. Moreover, we use the dot above to indicate the derivative with respect to the time
variable and if X; and X9 are real Hilbert spaces then X; x X9 denotes the product Hilbert
space endowed with the canonical inner product (-,-)x, xx,-

In the study of the Problem P, we consider the following assumptions:

Assume the operators A*, %, I, ©F, £ and B* satisfy the following conditions (L 4«, Lgx,
m gx, Lg«, Lex, and m gr being positive constants), with x =1, 2.
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H(1): (a) A¥: Q¥ xS — ¢4
(b) |AX(x, ;) — A¥(x, Wo)| < L gx | @, — W), for any w,w, € S, ae. xeQr.
(c) (AX(x, ) — AX(x, W) - (W, — Wy) = max |y, —wo|?, for any w,p, € S?, ae. xeQX.
(d) AX(-,y) is measurable on QF, for any w € S%.
(e) A¥(x,.) is continuous on $%, a.e. x € QF.

H(2): (a) §¥: QxS — S
(b) |G*(x, W)~ G*(x, W) < Lok |, —y| for any wq,w,€S%, aexe QX
(¢) G%(-,w) is measurable on QF, for any v € S¢.
(d) G¥(-,0) belongs to H*.

H(3): (a) F¥:QF x $% x §% x ™ — §¢
(b) |F (%, 1, W1, f1)—TF (%, 09, Wo, B2)| < Lyx (11 —1o| + [ 1 — Yol + 151 — Pal)
for any 0,19, %, ¥y € Sd,ﬁl,ﬁg eR™, a.e. x € QF,
(¢) F*(-,n,w, B) is measurable in Q, for any 5, w € S%, B e R™.
(d) F%(-,0,0,0) belongs to H*.

H(4): (a) O : Q% xS¢ x S x R™ — §¢
(b) 1©% (@, 71, Wy, B1) — O (%, My, Wa, B2)| < Lo (11 — Mol + w1 — Wl +161— Bal),
for any 0,19, W, ¥y € S% B1,B2 €R™, a.e. x€QX.
(c) ©%(-,n,w,P) is measurable on O, V n,w € §d,,6 eR™
(d) ©%(-,0,0,0) belongs to L2(Q¥).

H(5): (a) EX:QF xS¢ — RY
(b) E = (e’i‘jk), e’i‘jk = e’i‘kj e L>®(QX), 1<i,j,k<d.
(c) Eo.v =0.(E¥)* v, for any o € S¢, for any v € R?.

H(6): (a) B¥: QX x R? — R
(b) B = (b%), bY, =b%, € L™(QY), 1<i,j=<d.
(c) B¥E.E = m«|E|?, for any E = (E;) e R?, a.e. x € Q.

The normal compliance function p, and the tangential function p; satisfy the assumptions
(Ly, L; and M, being positive constants)

H(7): (a) pyv:Tg3xR—R;
(b) Ipy(x,r1)—py(x,ro)|<Ly|lri—ral, Vri,reeR, a.e.xels.
(¢) py(-,r) is measurable on I's, for any r € R.
(d) py(x,r)=0, forany r<0, a.e. xeIs.

H(8): (a) p;:TsxR—R,
(b) Ip+(x,d1) — pr(x,d2)| < L.;|d1—dsl, for any d1,d2 €R, a.e. x€I's.
(¢) Ip:(x,d)<M; forany d €R, a.e.x€Ig.
(d) p;(-,d) is measurable on I's, for any d € R.
(e) p-(-,0)€ L%(T).

We suppose that the mass density, the forces and the traction densities satisfy
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H(9): (a) p* € L>®(QX), 3pg > 0; p“(x) = pg a.e. x € Q.
(b) g€ L%(T3), g=0 ae. onTs.
(c) £5 € L2(0,T;L%(Q")%), £5eL%(0,T;L2TY)?).
(d) gf € CO,T;LXQY)), g5 € C(O,T;LATy)).

Also, we assume that the initial values satisfy

H(10):(a) By e Y™, uge V", vye H".
(b) wp € L2(Ts).

We will use a modified inner product on H, given by
2
(w,0)g =) (p“u*,v")gx, Yu,veH,
k=1

and let ||l be the associated norm. It follows from assumption H(9)(a), that ||| - ||z and
| -l are equivalent norms on H, and the inclusion mapping of (V,| - |lyv) into (H, || lz) is
continuous and dense. We denote by V'’ the dual of V. Identifying H with its own dual. Then
(w,v)y v =(u,v)yg, VucHVveV.

We define three mappings f:[0,71— V', ¢ :[0,T1— W, j:V xV x L%I'3) — R respectively, by

2 2
€D, )y =Y. | £5@)-v°dx+ Y | £51)-v"da VveV, (25)
x=1JQF k=1 F§
2 2
(@®,0w=) | qy®c"dx=3 | qg5t)"da YceW, (26)
xk=1JQ¥ k=1 g
J(u,v,0)= f (pv(uv - —g)vv) da+ f (pf(uv -—w- g)) lv; —v* | da. (27)
I's Ig
We note that conditions H(9)(b) and H(9)(c) imply
fe L20,T;V"),q € C(0,T;W). (28)

By a standard procedure based on Green’s formula, we derive the following variational
formulation of the mechanical (4)-(18).

Problem PV. Find a displacement field u : [0,7] — V, a stress field o : [0,T] — H, an
electric potential field v : [0,T] — W, a wear w:[0,T] — L%(T'3) a electric displacement field
D :[0,7]— W and an internal state variable field $:[0,7] — Y such that

t
0~ = AXe(@) + GF e(u®)+(EX)* V' + f g (ak(s)—flks(uk(s)) (€Y VYR, e(u(s)), ,6"(3)) ds
0

in Q" x(0,7), (29)
B =0 (a" - A¥e@™) - (E“) Vy*,e(w), ) in Qx(0,7), (30)
D" = E%e(u®) - B*Vy* in QF x(0,7), (31)
2
(i, 0y oy + (0%, @)y + j(w(®),v,0) = Et),v)y .y YveV,te(0,T), (32)
k=1
2

(B*Vy*(t) - EXe(m™ (1)), VP )mx = (q(8),P)w, ¥ peW, £€(0,T), (33)

k=1
w=Aa" p,(u,—w-g) onT3x(0,T), (34)
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u(0)=ug, u0)=vy, p0)=py, w(0)=uwo. (35)

We notice that the variational Problem PV is formulated in terms of a displacement field, a
stress field, an electrical potential field, a electric displacement field and a wear. The existence
of the unique solution to Problem PV is stated and proved in the next section.

4. Existence and Uniqueness Result

Now, we propose our existence and uniqueness result

Theorem 4.1. Assume that H(1)-H(10) hold. Then there exists a unique solution {u,f,0,v,w,D}
to Problem PV. Moreover, the solution satisfies

ueWh2(0,T;V)nCY(0,T;H), iicL*0,T;V’), (36)
BeWL2(0,T;Y), (37
weC(0,T;W), (38)
o € L%0,T;%), Dive € L%(0,T;V’) (39)
D € C(0,T;W). (40)
w e CY0, T;L%Ts)). (41)

The functions u, §,v,0,D and w which satisfy (29)-(35) are called a weak solution to the
contact Problem P. We conclude that, under the assumptions H(1)-H(10), the mechanical
problem (4)-(18) has a unique weak solution satisfying (36)-(41). We turn now to the proof
of Theorem which will be carried out in several steps and is based on arguments of
nonlinear equations with monotone operators, a classical existence and uniqueness result on
parabolic inequalities and fixed point arguments. We assume in what follows that assumptions
of Theorem hold, and we consider that C is a generic positive constant which depends on
Qr, Ax, G, &%, §%, 11, I'§, I's, pv,pr, ¥ and T and may change from place to place.

Let n € L%(0,T; V') be given. In the first step we consider the following variational problem.
Problem PV,I;W. Find (u,,y;):[0,T1—V x W such that

2
(i (), V)y v + Z (Ae@" (1)), "))y« = E@) —n(t),v)yy, YveEV,ae. t€(0,T), (42)

k=1
2
Z (B"ng(t) — gKg(ug(t)),v(p")HK =(q(®),P)w, YV peW ae.te(0,T1), (43)
k=1
up(0)=ug, up(0)=vy in Q. (44)

We have the following result for the problem.

Lemma 4.1. There exists a unique solution (u,,y,) of Problem PV;]“'” and it satisfies

u, eW20,T;V)nCY(0,T;H), ii, € L*0,T;V"), (45)
v, € CO,T;W). (46)
Proof. We define the operator A :V — V' by
2
(Au, vy y = Y (A¥e@®), e@ g YV u,veV. (47)
k=1
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We use and H(1) to find that
2
lAu - Av||?, < Zl A @) - A% @5 Y u,veV.
K=

Keeping in mind H(1) and Krasnoselski Theorem (see, e.g. [3, p.60]), we deduce that A :V — V'
is a continuous, and so hemicontinuous. Now, by H(1)(c) and (47), it follows that

(Au—Av,u—v)ervzmllu—vII%, YuveV, (48)
where the positive constant m = min{m 41,m 42}. Choosing v =0 in we obtain

2 2
(Au,u)y .y zmluly - Aolly, luly

1 2 1 2
> Smlluly - 5—lAoly, YueV. (49)

Moreover, by and H(1)(b) we find
lAuly < Clluly +C?* VueV,

where C! = max{C,,,C};} and C? = max{C?,,C?%,}. Finally, we recall that by we have
f-ne L%(0,T;V') and vy € H. Therefore, using a standard for ordinary differential equations in
abstract spaces (see, e.g. [13, Theorem 2.29]), we know there exists a unique function 9; such

that

9, € L*0,T;V)nC(0,T;H), 9,€L*0,T;V), (50)
On() + A9, (t) = £(t) —n(¢), a.e.te[0,T] (51)
9,(0) = vg. (52)

Let u; :[0,T]— V be the function defined by
¢
u,(t) :f Op(s)ds+ug VYV tel0,T] (53)
0

It follows from and (50)-(B3), that u, is a solution to (42), (44), with the regularity (45).
Next, we define a bilinear form: b(-,-): W x W — R such that

2
b(y,p)= ) (BVY Vo )ux  Vy,peW. (54)
k=1

We use H(9) and to show that the bilinear form b(,-) is continuous, symmetric and coercive
on W. Moreover, using and the Riesz Representation Theorem we may define an element
qy :[0,T]— W such that

2
(g7 (®),P)w = (&), Pw + D (E¥e(u(1),Vp )gx ¥V peW, tel0,T].
k=1
We apply the Lax-Milgram Theorem to deduce that there exists a unique element y,(¢) e W
such that

b(yy(t),P) = (qn(t),P)w VYV peW. (55)
It follows from (55)), that the pair (u,,;) is the solution to the nonlinear variational equation
(43). Let now t1,t9 € [0, T1, it follows from that

lyn(t1) —wnE)llw < C(lwn(t1) —un(t)llv + lgt1) — g(¢2)lw). (56)
Since u, € C1(0,T;H) and q € C(0,T;W), inequality implies that vy, € C(0,T;W). This
completes the proof. O
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In the second step, we let u € L%(0,T,Y) be given, and define Bu€ W12(0,T,Y) by

t
Bo(t) = o + fo 1(s)ds. 57)

We use (u,, ;) obtained in Lemma[4.1} and §, defined in to construct the following Cauchy
problem for the stress field.

Problem Pvgu. Find o, = (0',1]”,0',27“) :[0,T] — H such that

t
a,’;y(t) = 9K£(ug(t)) +f0 3'”’((0',’;”(3), £(u,’;(s)), ﬁZ(s))ds, a.e.t€(0,7), xk=1,2. (58)
In the study of Problem PV7, we have the following result.

Lemma 4.2. There exists a unique solution of Problem PVg}u and it satisfies oy, € L20,T;H).

Proof. We introduce the operator A, = (A}] "

A7) :L*0,T;H) — L*(0,T;H) defined by
t
Nyyo 0= G etui(e) + [ T(0"6),etwio), B)ds, (59)

for all o = (a1,02) e L2(0,T;H), t €[0,T] and x = 1,2. For a1, o9 € L%(0,T;H) we use and
H(3), to obtain

t
1Ay 1(8) = Ao a(®)llz < max(Lg1, Lg2) fo lo1(s) - oa(s)llgc ds

for all ¢ € [0,T]. It follows from this inequality that for p large enough, a power Af;ﬂ of the
operator A, is a contraction on the Banach space L2(0,T;H) and, therefore, there exists a
unique element o, € L2(0,T; ) such that Ayuoyu = oyu. Moreover, o, is the unique solution

of Problem PV7 , which concludes the proof. O

Lemma 4.3. Let (n1,u1),(n2, u2) € L%(0,T;V' xY) and let o; denote the functions obtained in
Lemma for i =1,2. Then, the following inequalities hold:

t
lo1()—as )3, < C(Ilum(t) —un, (B3 + fo e, (s) = wp, ()3 ds
t
+ fo 1By, (s) ﬁuz(s)n%,ds), ae. t€(0,T). (60)

Proof. Let t€[0,T]. Using and the properties H(2)-H(3) of G* and F*, we find

t
lo1)—as®l3 < C (uum(t) —un, (N3 + fo lo1(s)— aa(s)l13.ds

t t
¥ fo ety () — w12 ds + fo 1Bys() B I ds).

Using the Gronwall’s inequality in the previous inequality we deduce the estimate (60), which
concludes the proof of Lemma |4.3 O

In the third step, we use the displacement field u,; obtained in Lemma We consider the
following intial-value problem.

Problem PV}. Find w; € CY(0,T,L%(I's)) such that
Wy zloa*pv(unv_wn_g): (61)

Commaunications in Mathematics and Applications, Vol. 10, No. 1, pp. , 2020



156 Variational Analysis of an Electro-Elasto-Viscoplastic Contact Problem...: K. Rimi and T. H. Ammar

wy(0) = wo. (62)
Let us now we consider the operator £, : C(0,T,L%(T3)) — C(0,T,L%(I's)) defined by

t
Lpo(t) = Aoa™ f pv(ugy(s)—w(s)— g)ds+wo, V tel0,T]. (63)
0

Lemma 4.4. The operator £, has a unique fixed point w, and it satisfies
w, € CH0,T,LA(Ts)). (64)

Proof. Let w1,ws € C(0,T,L*(T'3)) and ¢ € [0, T]. From and H(7)(b), we deduce that

t
1€501(0) = Lyw2 @72, ds < C fo l1(8) = 02() e, -

By reiterating m times the previous inequality, we obtain

17wy — LM wel|? <@nw —w?
n P17~y P2lco,riLaws) =~ "L C2leo,riLawy)

For m sufficiently large, 2,']" is a contractive operator on the Banach space C(0,T;L?(T'3)). Thus,

from Banach’s fixed point theorem the operator £, has a unique fixed point w, € C(0,T :L2(T'3)),
and from H(7)(b), (45), we deduce that (64). O

We now pass to the final step of the proof of Theorem in which we use a fixed point
argument. To this end, we consider the operator:

M:L%0,T;V' xY)— L%0,T;V' xY)
defined by

M(n, w) = (T, w), 1%, w) (65)
with

2
(I, (), O)yry = 3 (S ey (£) +(EX)* Vs, £(0")) g
k=1

2 ¢
+1<;1(f0 T (o e(up(s)), By (s)) ds E(vK))W + j(u,(t),v,0,), (66)

%, p)(8) = (O (07,(8), e (1), B(), 0% (02, (1), e@3(1)), (1)) (67)
for all v €V and ¢ €[0,T]. We have the following result.

Lemma 4.5. The operator I1 has a unique fixed point (n*,u*)e L2(0,T;V' xY).

Proof. Let (n1,11),(n2, 12) in L2(0,T;V' xY) and let ¢ € [0,T]. We use the notation u; = uy,,
v =Wy, 0; =0y, and f; = B, for i =1,2. We use H(2), H(3), H(7), H(8) to obtain

I (1, p1)(®) = T (2, p2) (D13,

t t
= (2 (- ua(1 + fo lur () — wa(DIZ ds + ly1(6) — o), + fo 1B1(s) — palsN I ds).
By similar arguments, from (60), and H(4) it follows that
ITT2 (1, u1)(2) — TT2(n2, u2)()11%

t t
= (e (®) - ua®} + fo e (s) - ua(sDIZ ds + fo 1B1(s) — asNI -
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Consequently,

ITI(1, (B = g, )12,y < C(||u1<t> —usN% + Iy (&) — o)y

t
+ fo lwe1(s) —ua(s)I3ds

t
+ fo I B1(s) — ,52(8))”%018 +1B1(¢) - ,Bz(t))lli)- (68)
Moreover, from (42) we obtain
2
(01— b2, 01 —V)yr,y + ) (A¥e(@]) — A¥e(0), e(v —v§))gex = (01 =112, 01 —V)yr v
k=1

We integrate this equality with respect to time, use the initial conditions v1(0) = v2(0) = vg
and condition H(1)(c) to find

t t
m fo [01(s) — va(sNII% ds <~ fo (11(8) = 12(8), 01(8) — Doy ey s

where m = min(m 41,m 42). Then, using 2ab < % +6b2 we obtain

fo Jo1(s)— oIS ds < C fo ()~ a2, ds. (69)
The definition yields

1815~ Ba0I3 < C fo r(9)— el ds). (70)
Since u; and u9 have the same initial value we get

lw1(®) — w3 < fo t lv1(s) - v2(s) 113 ds. (71)

We substitute (69)-(71) in to obtain
t
|1, p1)(®) — Tz, p2)®) |31y < C fo 1, 1(8) = (2, 12)(8) | 3y .

Reiterating this inequality n times we obtain

2 crr 2
[T @1, ) =102, 2) [ 200 v 3y < == 111 00D = 12, 12D | L2 oy vy
Thus, for n sufficiently large, I1” is a contraction on the Banach space L%(0,T;V'xY), and so II
has a unique fixed point. O

Now, we have all the ingredients to prove Theorem

Proof. Existence. Let (n*,u*) € L?(0,T; V' xY) be the fixed point of IT defined by (66)-(67) and
denote

U = Uy, Yi =Yy, ﬁ*:ﬁﬂ*’ Wy = Wy, (72)
K _ K ofa K K\ * K K _

g, =A e(un*)+(8 ) VI/JT’*+0'17*M*, x=1,2, (73)

D’ =E%e(ul) - B Vyl, x=1,2. (74)

We prove {w.,0.,D., ., B w,} satisfies (29)-(35) and the regularities (B6)-(41). Indeed, we
write for n=n" and use to find

2
(i (8),V)yr ey + ) (A (@ (1)), €@ g + " (1), 0)yry

k=1
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=€), 0)y1.y Y vEV,ae. te(,T) (75)
Equation IT'(n*, u*) =n* combined with and show that
2 2
M* @), Vyy = D (B e@i(®), e ))q + Y ((E)* VYL, e@"))g
k=1

k=1
2 t
+y (f F< (0% — A%e(@X) — (E¥)* Vyr*, e(u®), f)(s)ds , e(vK))g{K
x=1 Y0

+ j(w,u.(t),v), YVveV. (76)
We substitute in and use (72)-(73) to see that is satisfied. From I1%(n*, u*) = u*
and we see that is satisfied. We write now for n = n* and use to find (33).
Next, and the regularities (36), (37), follow from Lemma 4.1}, and the relation (57).
The regularity o € L2(0, T'; ) follows from Lemmas assumptions H(1), H(3) and (73).
Finally, implies that

p i =Dive’ + f a.e. t€[0,T], k=1,2

and from H(9)(a), H(9)(b) and we find that (Divel,Dive?) € L2(0,T;V’). We deduce that
the regularity holds. Let now ¢1,¢9 € [0,T1, by H(5), H(6), and (74), we deduce that

1D+ (t1) =D (¢l < C (Il (t1) — @t lw + w4 (21) — w(22)lly) -
The regularity of u. and ¢. given by and implies

D, cC(0,T;H). 77
For x = 1,2, we choose ¢ = (¢!, ¢?) with ¢* € D(Q¥)? and ¢> =0 in and using we find
divD(t) = qg(t) Vtel[0,T], x=1,2. (78)

Property follows from H(9)(d), and (78).

Uniqueness. The unique solution part of Theorem is a consequence of the uniqueness of the
fixed point of the operator Il defined by (65)-(67) and the unique solvability of the Problems
PVZ v, PV7, and PVY, which completes the proof. O

Conclusion

We presented a mathematical models for the frictional contact problem between two elastic-
viscoplastic piezoelectric bodies with internal state variables. The contact is modelled with
normal compliance and wear. We establish a variational formulation for the model and we
prove the existence of a unique weak solution to the problem. The proof is based on a classical
existence and uniqueness result on parabolic equalities, differential equations and fixed point
argument.
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