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1. Introduction

Pawlak [15] introduced rough sets. In recent time concept of rough set theory has become an
important and major mathematical tool for managing uncertainty that arises from inexact, noisy
or incomplete information. Many authors enlighten ideas based on this theory. In connection
with algebraic structures, Biswas and Nanda [9] introduced the notion of rough subgroups,
whereas Kuroki [14] introduced it for semigroups. Generalized (m,n) bi-ideals in case of
semigroups with involution was introduced by Moin et al. [7] whereas (m,n) quasi-ideals
in semigroups was defined by Moin et al. [8]. Notes on (m,n) bi-I'-ideals in I'-semigroups was
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introduced by Moin and Rais in [5]] where authors studied properties of (m-left, n-right, quasi
and bi)-I'-ideals in case of I'-semigroups. Furthermore, Moin and Rais [6] defined rough (m,n)
quasi-I'-ideals in I'-semigroups.

The concept of an AG-groupoid was first given by Kazim and Naseeruddin [2] in 1972 and
they called it left almost semigroups (LA-semigroups). Holgate [12]] called LA-semigroup to left
invertive groupoid. The concept of a I'-semigroup (generalization of semigroups) was introduced
by Sen [[17] in 1981. Further in 1986, Sen and Saha [|18] defined I'-semigroups in different
way as compared to defined in [17]]. They also defined I'-groupoid in the same paper. In some
direction of fuzziness ordered AG-groupoids has been studied by Faisal et al. [10]. It should be
noted that an ordered I'-AG-groupoid is the generalization of an ordered I'-semigroups. In this
paper we have studied roughness in generalized (m,n) bi-I'-ideals in ordered LA-I" semigroups.
Generalized roughness in (€,€ vgk) of ordered semigroups have been studied by Muhammad et
al. [13]. Further, generalized roughness in LA-Semigroups was studied by Noor et al. [16].

Fuzzy (2,2)-regular ordered G-AG**-Groupoids is investigates and studied by Faisal et al.
[11]. Generalized roughness in ordered semigroups is studied by Moin [3]] recently whereas
T-roughness and its ideals in ternary semigroups were introduced by Moin and Naveed in [4].
On generalized fuzzy ideals of ordered LA-semigroups is discussed by Amjad et al. in [1].

Let S and I" be two nonempty sets. Then a triplet (S,T,-) is called an LA-I"-semigroup, where
- is a ternary operation S xI'x S = S such that (x-a-y)-f-z2=(z-a-y)-f-x for all x,y,z€ S
and all a,B €T [19]. An ordered LA-I'-semigroup is an ordered set (S, <) at the same time an
LA-T'-semigroup (S,I’,:) suchthata<b=a-a-x<b-a-xandx-f-a<x-f:-b V a,b,xec8S and
a,B el For the sake of convenience we write a-a-x <b-a-x as aax < bax. In what follows we
denote the ordered LA-T'-semigroup (S,I’,-,<) by S unless otherwise specified.

We prove that m-left, n-right, (m,n)-(quasi-, bi-, interior)-I'-ideals of ordered LA-I'-
semigroups S is also rough m-left, n-right, (m,n)-(quasi-, bi-, interior)-I'-ideals. By using
pseudo order of relations, it is proved that m-left, n-right ordered I'-ideals and (m,n) (resp.,
quasi-I', bi-I' and interior I')-ideals in ordered LA-I'-semigroups S becomes lower and upper
rough m-left, n-right ordered I'-ideals and (m,n) (resp., quasi-I', bi-I' and interior I')-ideals
of S.

2. Preliminaries and Basic Definitions

Definition 2.1. An ordered LA-I'-semigroup (po-LA-I'-semigroup) is a structure (S,I’,-,<) such
that (S,TI’,-) is an LA-I"-semigroup, (S, <) is a poset (i.e. reflexive, anti-symmetric and transitive)
and V a,b,x € S we have a < b implies aax < bax and xfa < xfb, where a,B€T.

Example 2.2. Consider an open interval Rg =(0,1) of real numbers under the binary operation
of multiplication. Define a * b = aéb =ba~'r7L, for all a,b,r € Rg and & €T, then for I' = {¢} it is
easy to see that (Rg, *,<) is an ordered LA-I'-semigroup or real ordered LA-I'-semigroup under
the usual order “<”. This shows that every ordered LA-semigroup is an ordered LA-I'-semigroup
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i.e., an ordered LA-I'-semigroup is the generalization of an ordered LA-semigroup.

Example 2.3. Consider S = {a,b,c} and I' = {y1,y2,73} be defined by as per the table given

below

‘ a b ¢
ala ¢ c
bla b b
cla b b
Yila b ¢
a |ec ¢ ¢
b |¢c ¢ ¢
c |¢c ¢ ¢
Y2|la b ¢
a |b b b
b |b b b
c |b b b
Ysla b ¢
a |b b b
b |b b b
c |b b a

Observing the table above we find that (ay1b)y2c =(cy1b)y2a ¥V a,b,ce S and V y1,y2,ys €l
whereas (ay1b)y2c # ay1(byzac) i.e. associativity is not satified by S but left invertive law is
satisfied. Hence S is an ordered LA-I'-semiggroup but not an ordered I'-semiggroups. For the
above tables we define left invertive law as per the following order:

<:={(a,a),(b,b),(c,c),(a,c),(a,b)}.
Let A be a non-empty subset of an ordered LA-I"-semigroup S, then we define
(Al={teS|t<a, for someac A}.

For A ={a}, we shall write (a].

Definition 2.4. A non-empty subset A of an ordered LA-I'-semigroup S, is called an LA-T'-
subsemigroup of S if ATACA.

Definition 2.5. A non-empty subset A of an ordered LA-I'-semigroup S, is called generalized
ordered-m-left I'-ideals of S (resp. generalized ordered-n-right I'-ideals of S) if

(i) A™T'S c A (resp. STA" c A);

(i) aeAand beS,b<a=>beA.

Equivalently, (A"T'S]1< A (resp. STA” < A) for non-negative integers m and n. An m-left
ordered I'-ideal in S is (m,0)-ordered I'-ideal and an n-right ordered I is (0,n)-ordered I'-ideal
in S.
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Definition 2.6. A non-empty subset A of S is called (m,n) quasi-I'-ideal of S if
(1) A"TSNSTA"cCA;
(i) aeAand beS,b<a=>beA.

Definition 2.7. Let A be non-empty subset of S then A is called oredred (m,n) bi-I'-ideal of
A if

(1) A"TSTA"cCA.

(i) aeAand beS,b<sa=>beA.

Every m-left oredered I'-ideal and n-right oredered I'-ideal in orederd I'-semigroup S
is an (m,n) bi-T-ideal of S where A? is defined as A°TSTA” = STA” =S when m =0 and
A™STA?=A™T'S =S when n =0.

Definition 2.8. An ordered (m,n) interior I'-ideal of S a non-empty subset A such that
(i) S"TATS"cA.
(i) Ifa€ A and b€ S such that b <a, then b€ A.

Definition 2.9. A non-empty subset A of S is called an ordered prime if xyy € A implies x € A
oryeAforall x,yeS,yel',a€A and b €S such that b <a, then b€ A. If A is a I'-ideal and
prime subset of S, then A is called prime I'-ideal of S.

Definition 2.10. A relation ® on an ordered LA-I'-semigroup S is called a pseudo order if <€ O,
O is transitive, that is (a,b),(b,c) € © implies (a,c) € © for all a,b,c € S and O is compatible,
that is if (a,b) € © then (ayx,byx) € ® and (xya,xyb) € © for all a,b,x€ S and yeT.

An equivalence relation © on an ordered LA-I'-semigroup S is called a congruence relation
if (a,b) € O, then (ayx,byx) € © and (xya,xyb) €O, for all a,b,x€ S and y €I'. A congruence ©
on S is called complete if [algy[ble =[ayble for all a,b € S and y €' and [alg is the congruence
class containing the element a € S.

3. Generalized Rough Subsets in Ordered LA-I'-semigroups

In this section we define generalized rough subsets in ordered LA-I'-semigroup and shall show
results based on them.
Definition 3.1. Let O be a pseudo order on an ordered LA-I'-semigroup S and A be a non-empty
subset of S. Then the sets

O_(A)={xeS:Vy, xOy=>yeAl={x€ S:ON(x)c A}
and

0,(A)={xeS:3yeA, such that xOy} ={x € S:ON(x)NA # @}

are called the ©-lower approximation and the ®-upper approximation of A.
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For a non-empty subset A of S, @(A) =(0_(A),0,(A)) is called a rough set with respect to
O if O_(A) and ©,(A) are not same.

« »

Example 3.2. Consider S ={1,2,3,4,5} and I' = {y1,y2,y3} with the following operation “-” and

the order “<”:

e S Y
DN DN DN DN H|DN
L Ul N W
=W Ot N |
O W N |

W W WWk WWWwWwWrks NMNNDNDN
W W W WU i WWwwWot NN DN O

W W WwWWNh WWwwWwwwWwNn NDNDNDDNDDNDDN
W W WWWWw Wwwwww NDNDNDDNDDNDW

w
(%)

1
2
2
2
2
2
1
3
3
3
3
3
1
3
3
3
3
3
1

<:={(1,1),(2,2),(2,3),(2,4),(2,5),(3,3),(4,4),(5,5)}.

Hence S is an ordered LA-I'-semigroup because the elements of S satisfies left invertive law.
Now, let

0={(1,1),(1,4),(2,2),(2,3),(2,4),(2,5),(3,3),(4,4),(5,3),(5,4),(5,5)}
be a complete pseudo order on S, such that

ON(1)={1,4}, ON(2)=1{2,3,4,5} and ON(3) = {3}, ON(4) = {4}, ON(5) = {3,4,5}.
Now for A ={1,2,4} < S,

0_-({1,2,4}) ={1,4} and 0.,({1,2,4}) ={1,2,3,4,5}.

So, ©_({1,2,4}) is O-lower approximation of A and ©,({1,2,4}) is ©-upper approximation of A.
For a non-empty subset A of S, O(A) =(0_(A),0,.(A)) is called a rough set with respect to
Oif O_(A) #0,(A).
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Theorem 3.3. Let © be a pseudo order on an ordered LA-T-semigroup S. If A and B are
non-empty subsets of S. Then

0.(A)I'0.(B)<O.(ATB).
Proof. Let z be any element of ©.(A)I'O,(B). Then z =xyy where x € ©®.(A) and y € ©,(B) and
Y € I'. Thus there exist elements /, m € S such that

l €A and xOl; m € B and yOm.
Since O is a pseudo order on S, so xyy®lym. As ayb € AT'B, so we have

z=xyy€O.(AT'B).
Thus 0,(A)'0,(B) < ©,(AT'B). O
Definition 3.4. Let ® be a pseudo order on an ordered LA-I'-semigroup S, then for each x,y € S
and yeI', BN(x)[ON(y) S ON(xyy). If

ON(x)'ON(y) =ON(xyy),

then O is called complete pseudo order relation.

Theorem 3.5. Let © be a complete pseudo order on an ordered LA-T"-semigroup S. If A and B

are non-empty subsets of S. Then
O_(A)'O_(B)cO_(ATB).
Proof. Let z be any element of ©_(A)['©_(B). Then z = xyy where x € ©_(A) and y € ©_(B).
Thus, we have ON(x) € A and ON(y) < B. Since O is complete pseudo order on S, so we have
ON(xyy)= ON(x)ON(y) < AI'B,
which implies that xyy € ©_(AT'B). Thus ©_(A)'O_(B)c ©_(AT'B). O

4. Generalized Ordered Rough (m,n)-(quasi-TI', bi-TI', interier-I')-ideals
in Ordered LA-T-semigroups

Definition 4.1. Let © be a pseudo order on an ordered LA-I'-semigroup S. Then a non-empty
subset A of S is called a ®-upper (resp., ©@-lower) rough LA-I'-subsemigroup of S if ©®,(A) (resp.,
©_(A)) is an LA-T'-subsemigroup of S.

Theorem 4.2. Let © be a pseudo order on an ordered LA-T'-semigroup S and A be an LA-T-
subsemigroup of S. Then

(1) ®,(A) is an LA-T'-subsemigroup of S.
(2) If © is complete, then ©_(A) is, if it is non-empty, an LA-T'-subsemigroup of S.

Proof. (1) Let A be an LA-I'-subsemigroup of S. Then,
P#ACOL(A).
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By Theorem we have
0,(ATO,(A)cBOL(ATA) SO (A).

Thus ©,(A) is an LA-I'-subsemigroup of S, that is, A is a @-upper rough LA-I'-subsemigroup of
S.

(2) Let A be an LA-T'-subsemigroup of S. Then by Theorem we have
O_(A)IO_(A)cO_(ATA)cO_(A).

Thus ©_(A) is, if it is non-empty, an LA-I'-subsemigroup of S, that is, A is a ®-lower rough

LA-T'-subsemigroup of S. O

The following example shows that the converse of above theorem does not hold.

Example 4.3. We consider a set S ={1,2,3,4,5} and I" = {y1,y2,ys} with the following operation
“” and the order “<” :

=
[\]

e e
DN DN DN DN -

S e
Lo U1 DN |
NGNS BJUI RSN S

W WwWwwWr AAMBMBRK RHRERRRARRKR
Lo QO O OO B B I R DN e N
WWWWwWw b brdrbRArPRRW HRRFRERRERRERRW
Co QO Q0 QO GOl Wi I IR R R e
QL LW W W WUl NN BB RO HHBHEBMHEKMHO

9}
w

Then choosing
<:=1{(1,1),(1,2),(2,2),(2,4),(3,3),(4,4),(5,5)}.

Here S is not an ordered semigroup because 3 =3-(4-5) #(3-4)-5 =4. But the elements of S
satisfies left invertive law. Hence S is an ordered LA-I'-semigroup.
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Now let
0={1,1),(1,2),(2,2),(3,3),(3,4),(3,5),(4,3),(4,4),(4,5),(5,3),(5,4),(5,5)}
be a complete pseudo order on S, such that
ON(1)={1,2}, ON(2)={2} and ON(3) =ON(4) =ON(5) = {3,4,5}.
Now for {1,2,3} =S,
0_-({1,2,3)=1{1,2} and 0,({1,2,3}) =1{1,2,3,4,5}.

It is clear that ©®_({1,2,3}) and ©.,({1,2,3}) are both LA-I'-subsemigroups of S but {1,2,3} is not
an LA-I'-subsemigroup of S.

Definition 4.4. Let © be a pseudo order on an ordered LA-I'-semigroup S. Then a non-empty
subset A of S is called a ®-upper (resp., ®-lower) ordered rough m-left I'-ideal of S if ©®,(A)
(resp., ©_(A)) is an ordered m-left I'-ideal of S.

Similarly we can define ©-upper, O-lower ordered rough n-right I'-ideal and ©-upper, O-
lower ordered rough (m,n) bi-I'-ideals of S.

Theorem 4.5. Let © be a pseudo order on an ordered LA-T'-semigroup S and A be an ordered
m-left (n-right, (m,n)) bi-I'-ideal of S. Then
(1) ©.(A) is an ordered m-left (n-right, bi-(m,n))-I'-ideals of S.

(2) If © is complete, then O®_(A) is, if it is non-empty, an ordered m-left (n-right, (m,n)-bi)-I'-
ideal of S.

Proof. (1) Let A be a ordered m-left I'-ideal of S that is S"T'A < A. Then by Theorem [3.3| we
have (i)
S"TOL(A)S(O:(S))"T(OL(A) SO (S™MIOL(A)S)O(STTA) SO, (A).
(i1) Let a € ®.(A) and b € S such that b <a. Then there exist y € A, such that a®y and 50a.
Since O is transitive, so b@y implies b € O, (A).
This proves that ©,(A) is an ordered m-left I'-ideal of S, that is, A is a generalized ©-upper

ordered rough m-left I'-ideal of S. In the similar fashion we can show that generalized ®-upper
approximation of an n-right ((m,n)-bi-)-I'-ideal of S is an n-right ((m,n)-bi-)-I'-ideal of S.
(2) Let A is an ordered m-left I'-ideal of S that is A™I'S < A. By Theorem [3.5(1)
ST™TO_(A)S(O_(S)"T(O_(A)SO_(S™I'O_(A)S)O_(STTA)cO_(A).

(ii) Let a € ®_(A) and b € S such that b < a. Then [alo € A and b®a. This implies that
[ale =[ble. Since [alg €A, so [ble € A. Thus b e O_(A).

This proves that ®_(A) is, if it is non-empty, an ordered m-left I'-ideal of S, that is, A is a
generalized O-lower ordered rough m-left, n-right ((m,n)-bi)-I'-ideal of S. In the similar fashion

it can be proved that generalized ©-lower approximation of an n-right ((m,n)-bi-)-I'-ideal of S
is an n-right((m,n)-bi-)-I'-ideal of S. O
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Definition 4.6. Let © be a pseudo order on an ordered LA-I'-semigroup S. Then a non-empty
subset A of S is called a @-upper (resp., ©-lower) ordered rough (m,n)-bi-I'-ideal of S if ©,(A)
(resp., ®_(A)) is an ordered (m,n)-bi-I'-ideal of S.

Theorem 4.7. Let © be a pseudo order on an ordered LA-T-semigroup S. If A is an ordered
(m,n)-bi-I'-ideal of S, then it is a generalized O-upper ordered rough (m,n)-bi-I'-ideal of S.
Proof. Let A is an ordered (m,n)-bi-I'-ideal of S.
(i) By Theorem [3.5| we have
(O, (A))™TST(O4+(A)' < (OL(A™MTOL(SHIBL(A")cOL(A™TS)A") <O (ATTSTA™") < O.(A).

(i) Let a € ®,(A) and b € S such that b < a. Then there exist y € A, such that a®y and b0Ba.
Since O is transitive, so bOy implies b € ©,(A).

From above and Theorem [4.2(1), we get that ©,(A) is an ordered (m,n)-bi-T'-ideal of S, that
is, A is a generalized @-upper ordered rough (m,n)-bi-I'-ideal of S. O

Theorem 4.8. Let © be a complete pseudo order on an ordered LA-T'-semigroup S. If A is an
ordered (m,n)-bi-I'-ideal of S, then ©_(A) is, if it is non-empty, an ordered (m,n)-bi-I'-ideal of S.
Proof. Let A be an ordered (m,n)-bi-I'-ideal of S.
(i) By Theorem [3.5| we have
(O_(A)"TST(O_(A))" < (O_(A™)T'(O_(SHI'(O_(A"))
CO_(A"TS)re_(A")
CO_(A™I'STA™)
cO_(A).

(ii) Let a € ®_(A) and b € S such that b < a. Then [alo € A and b®a. This implies that
[ale =[ble. Since [alg €A, so [blg € A. Thus b e O_(A).

From this and Theorem [4.2(2), we get that ©_(A) is, if it is non-empty, an ordered (m,n)-bi-
I'-ideal of S. O

Theorem 4.9. Let © be a pseudo order on an ordered LA-T'-semigroup S. If A and B are an
ordered n-right and an ordered m-left I'-ordered ideals of S respectively, then

0.(ATB)<0O,.(A)NOL(B).
Proof. The proof is straightforward. O

Theorem 4.10. Let © be a pseudo order on an ordered LA-semigroup S. If A is an ordered
n-right and B is an ordered m-left ideals of S, then

O_(ATB) < 0O_(A)nO_(B).

Proof. The proof is straightforward. O
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Definition 4.11. Let ® be a pseudo order on an ordered LA-I'-semigroup S. Then a non-empty
subset A of S is called a ®-upper (resp., ©O-lower) ordered rough (m,n)-interior I'-ideal of S if
0.(A) (resp., ©_(A)) is an ordered (m,n)-interior I'-ideal of S.

Theorem 4.12. Let O be a pseudo order on an ordered LA-T'-semigroup S. If A is an ordered
interior (m,n)-I'-ideal of S, then A is a O-upper ordered rough (m,n)-interior I'-ideal of S.

Proof. The proof of this theorem is similar to Theorem O

Theorem 4.13. Let O be a pseudo order on an ordered LA-T'-semigroup S. If A is an ordered
interior (m,n)-I'-ideal of S, then ©_(A) is, if it is non-empty, an ordered interior (m,n)-I'-ideal
of S.

Proof. The proof of this theorem is similar to Theorem O

We call A an ordered rough (m,n)-interior I'-ideal of S if it is both a ®-lower and ®-upper
ordered rough (m,n)-interior I'-ideal of S.

Theorem 4.14. Let O be a pseudo order on an ordered LA-T'-semigroup S. If A is an ordered
quasi-T'-ideal of S, then A is a generalized ©-lower rough oredred quasi-T'-ideal of S.

Proof. Let A be a quasi-I'-ideal of S. Then by Theorem we get
O_(A)ISNSTO_(A)=0_(A)TB_(S) NO_(S)I'O_(A)
CO_(ATS)NO_(STA)
CO_(ATSNSTA)
c0O_(A).

(ii) Let a € ®_(A) and b € S such that b < a. Then [alo € A and b®a. This implies that
[ale =[ble. Since [alo S A, so [ble S A. Hence b € ©®_(A). Thus we get that ®_(A) is a quasi-I'-
ideal of S, that is A is a generalized ®-lower rough ordered quasi-I'-ideal of S. O

Definition 4.15. Let O be a pseudo order on an ordered LA-I'-semigroup S. Then a non-empty
subset A of S is called a ©-upper (resp., ©-lower) ordered rough (m,n)-quasi-I'-ideal of S if
0,(A) (resp., ©_(A)) is an ordered (m,n)-quasi-I"-ideal of S.

Theorem 4.16. Let © be a complete pseudo order on an ordered LA-T'-semigroup S. If A is an
ordered (m,n)-quasi-I'-ideal of S, then A is a ®-lower ordered rough (m,n)-quasi-I'-ideal of S.

Proof. Let A be an ordered (m,n)-quasi-I'-ideal of S.
(i) Now by Theorem [3.5| we get
ST"TO_(A)NO_(A)S" =(O_(S)"TO_(A)NO_(A(O_(S))"

CO_(S™MIO_(A)NO_(ATO_(S")
CO_(ST"TA)NO_(ATS"
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CO_(S"TANATS")
cO_(A).
(i) Let a € ®©_(A) and b € S such that b < a. Then [alo € A and bOa. This implies that
[ale =[ble. Since [alg S A, so [blg € A. Thus b e O_(A).
Thus we obtain that ®_(A) is an ordered (m,n)-quasi-I'-ideal of S, that is, A is a ®@-lower
ordered rough (m,n)-quasi-I'-ideal of S. O

Theorem 4.17. Let © be a complete pseudo order on an ordered LA-T'-semigroup S. If A is an
ordered (m,n)-quasi-I'-ideal of S, then A is a ©-upper ordered rough (m,n)-quasi-I'-ideal of S.

Proof. Let A be an ordered (m,n)-quasi-I'-ideal of S.
(i) Now by Theorem we get
O,(A™MI'SNSTOL(A")=0,(A™MI'O,(S)NO,(S)I'O,(A")
COL(A™TS)NOL(STA™)
=0,(A™I'SNSTA")
< 0.(A).
(ii) Let a € ®,(A) and b € S such that b < a. Then [alo € A and bOa. This implies that
[ale =[ble. Since [alg €A, so [ble € A. Thus b e O, (A).

Thus, we obtain that ©,(A) is an ordered (m,n)-quasi-I'-ideal of S, that is, A is a ©-upper
ordered rough (m,n)-quasi-I'-ideal of S. O

Theorem 4.18. Let © be a complete pseudo order on an ordered LA-T'-semigroup S. Let L and
R be a ©-lower ordered rough m-left I'-ideal and a ©-lower ordered rough n-right I'-ideal of S,
respectively. Then LN R is a ©-lower ordered rough (m,n)-quasi-I'-ideal of S.

Proof. The proof is straightforward. O

5. Conclusion

(m,n)-(quasi-TI', bi-I', interior-I')-ideals of ordered LA-I'-semigroups in terms of rough sets have
been discussed. Through pseudo orders, it is proved that the two-sided ideals and (m,n) (resp.,
quasi-I'-ideals, bi-I'-ideals and interior-I"-ideals) in ordered LA-I'-semigroups becomes lower and
upper rough two-sided ideals and (m,n) (resp., quasi-I'-ideals, bi-I'-ideals and interior-I"-ideals)
in ordered LA-I'-semigroups.
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