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1. Introduction

The analysis of the qualitative properties of systems of the dynamic model equation is of great
importance in mathematical sciences. This is because of the significant roles of such model
equations (especially differential equations) in the study of real-life problems. The impulsive
retarded differential equation is one such model equations. An impulsive retarded differential
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equation is a delay equation couple with a difference equation known as the impulsive term.
The early research work on impulsive retarded differential equations are found in ([10,(17]).
Research interest in this area is on the increase as seen in ([4-7,/9,(12-1420]).

The establishment of the correspondence between the non-absolutely convergent integral
(Kurzweil integral) and the ordinary differential equations in [16] was the first breakthrough
in the study of a generalized ordinary differential equation. It is an extension of the Riemann
theory of integration. The increased research interest in this field is largely base on the fact
that investigation into the qualitative properties of other dynamic equations like the delay
equations, impulsive equations and difference equations via the generalized ordinary differential
equation is done in a unified viewpoint of dynamical flow theory. That is if an autonomous
function is considered for f(¢,x) = f(x), then @(¢,y) = ¢(t,y,f) is a local flow, and the technique
of topological dynamic can be applied. Otherwise, if the function is non-autonomous, then the
local flow translate is not guaranteed. In this case, the topological dynamic of the Kurzweil
equation will then consider the limit point of the translate f; = f(x,t + s) under the assumption
that: — the limiting equation satisfying the Lipschitz and Caratheodory conditions is not an
ordinary differential equation, and the space of the ordinary equation is not complete. But
that if the ordinary differential equation is embedded in the Kurzweil equations we obtained
a complete and compact space, such that the techniques of the topological dynamics can be
applied (Igobi and Abasiekwere [[12]).

Kurzwiel [|16] defined the space W where the translate f; of f is embedded to be complete
uniform space (complete metric space) such that (¢, f) — f; is continuous and ¢(f,x,t) must
also be continuous on W x R" x R, and W is compact. Then the function f and the ordinary
differential equation

x(t) = f(x,1) (1.0)
are members of the space W. That is, W is a function space and a space of equation satisfying

(i) V < W be a compact set, then there exists a number My such that
If(x,9)| <My, x€eV.
(i1)) V < W be a compact set, then there exists a number Ky such that

[fx,t)— f(y,)|<Kylx—y|, x,yeV.

Thus, the topology of the space containing all the functions f(x,t) is a metric topology
characterized by the convergence

t t
fr—fo if fo fk(x,s)ds—>f0 folx,s)ds. 1.1)

Artstein [3] presented more relaxed Kurzweil conditions as presented:

(i") V < W be a compact set, then there exists a locally Lebesgue integrable function My (s)

such that
t+h
|f(x,8)| < Mvy(s), xeV and My (s)ds is uniformly continuous in s.
0

That is, there exists uy(¢) >0 such that fg+h My (s)ds <€, h < puy(e).
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(ii’) V < W be a compact set, then there exists a locally Lebesgue integrable function Ky (¢)
such that

¢
[f(x,t)— f(y, )| <Ky(@®)lx—yl|, x,yeV and f Ky(s)ds <Ny
0
for all s and Ny fixed.

The precompactness of the function space and the continuity of (¢,f) — f;(¢,x) is guarantee
by equation (1.1) fulfilling (') and (ii’) for some Ny and v . That is, the Cauchy sequence f;
. . t

implies [y f(x,s)ds converges for all (x,t). However,

T
A()x=lim | f;(x,s)ds
=t Jo
does not necessarily imply the integral representation

t
A(t)x:f f(x,s)ds.
0

Consider the integral equivalent of the ordinary equation (1.0)

t
x(t)—x(tg)=| f(x,7)dT. 1.2)
to
Suppose the integral is a Riemann integral, we can define a -fine partition g =sy1 <sg<...<
Sp+1 =t on [tg,t] and an n; € [s;-1,s;],1=1,2,3,.... The differential approximation of equation
(1.2) in the Riemann sense is
n Si+1
Y| f(6:)8)ds. (1.3)
1=1vSi
If we defined

t
A(s)x(t)= | f(x,0)dd,

to
so that by equation (1.3) we have
t
Z[A(3i+1)—A(Si)]x(77i):S(dA,x,P)- (1.4)
i=1
Equation (1.4) defined the Riemann-Kurzweil sum approximation of x(¢) — x(¢¢) if and only if
x(t) is a solution of (1.2) and [s;,s;+1] is a fine partition. Thus for any I € R",

t
I=| dA(s)x(n) (1.5)

to
defines the Kurzweil integral if there exists an € > 0 such that

[I-S(dA,x,P)| <e¢.

The differential equation resulting from equation (1.5) is known as the generalized ordinary
differential equation.

The establishment of the correspondence between the generalized ordinary differential
equation and other types of differential systems are found in [12,/19].

In this work, we established results on stability and asymptotic stability of a non-
homogeneous impulsive retarded equation with bounded delays and variable impulse time in
the Lyapunov sense via the generalized ordinary differential equation. It is an extension of the
works: Igobi and Abasiekwere [12] where results on uniqueness were established, Federson and
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Schwabik [|8], Afonso et al. [1] where stability results of homogeneous systems were considered.
We consider a non-homogeneous impulsive retarded functional system of the form
¥(@&) =Boy(t)+Biy: +u(?), h(t,y:(8)#0 }
Ay(®) = I.(y(2)), h(t, y:()) =0,
where h(t, y;(t)) defines a spatial-temporal relation. If A (¢, y;(#)) # 0 then system is governed
by the retarded equation only, otherwise at any point A(¢, y;(¢)) = 0 the system undergoes impulse
and instantly changes by some amount 1;(y(¢z)).

(1.6)

Assumption 1.0.

(a) We assume that the set of points (¢,y) € G([¢g,t¢ + 1],X) for which A(¢,y;(¢)) = 0 consist of
a sequence of hypersurfaces satisfying:

(1) t= Tk(y(t)), TE G([thtO +77],X), k= O, 1727' ..
(1) to(y)<ti(y)<1T2(¥)<...

(1ii) ]}im Tr(y) =00

(b) The solution y(¢) € G([to,¢0 +nl,X) is right continuous, and so the initial data y;, = ¢ is
generalized to a regulated function that incorporates the left-hand and right-hand limit.

By Assumption [1.0| we re-defined (1.6) as initial-value problem
¥(#) =Boy(t)+B1y: +u(t), t#1r(y("))
Ay(te) = I (y(t7), t=1h(y(t7)) (1.7)

Yto =P,
where By, , B, are constant matrices, y(t) € G([to,¢0 +nl,X), u(?) : [to,to +nl — X, are
regulated right continuous Lebesgue integrable functions on [¢¢,t¢ + 1], y; € G([-r,0],X) for
t €[to,to +nl expresses the history of y(¢) such that y;(¢) = y(t+ ), p€[-r,0]. ¢ € G([—r,0],X)
and Ay(?) = y(¢+) — y(¢-) = y(¢+) — y().

In [12]] the fundamental matrix theorem was used to present the solution of equation (1.7) as

n

¢ ¢
y(t):(p+f L(s,ys)ds+f f(s)ds+ I,(y(tz)), (1.8)
to to k=1

for L: PC([to—r,to+nl,L(X))x[to,to+n] — X and f(¢):[t9,t0+06]1 — X such that ¢t — L(¢,y;) and
t — f(t) are Lebesgue integrable functions satisfying the following Caratheodory and Lipschitz
assumptions (1.1).

Assumption 1.1. (A;): there exists a Kurzweil integrable function My : [t¢,t0 +7n] — R, such
that

S1
f Ls, ys)ds

0

s1
Sf My(s)ds, for sy,sg€lto,to+nl, y€Gty,to+nl,R"),
S0

(A2): there exists a Kurzweil integrable function M :[%9,¢9 +n] — R, such that
s1
f L(s,x5)—L(s,ys)ds
S0

S1
S[ Mi(s)llxs — ysllds, forsi,sa€lto,to+n], x,y € G([¢o,t0+n],R"),
50
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(Ag): there exists a real constant M > 0 such that
S1 S1
f f(s)ds Sf Mds, s1,s2€lto,to+1l,
N S0

(Ay4): there exist positives constants K1, K9 such that for k=1,2,...,n and all x,y e R"
(I <Kilyl and [Ir(x)—Ix(y) < Kzlx—yl.

2. Generalized Ordinary Differential Equation

Let X be a Banach space and L(X) a Banach space of bounded linear operators on X, with
| -llx and | -llLx) defining the topological norms in X and L(X), respectively. A partition
is any finite set U = {s¢,$1,...,8;+1} such that a = sg <s1 <...<s;;1 = b. Given any finite
step function A(¢) : [a,b] — L(X), for A(¢) being a constant on (s;_1,s;), then VargA(t) =

n(P)
sup{ Y 1AGs;) _A(Si—l)”X} is the variation of A(¢) on [a,b]. The function A(#) is of bounded
i=1

variation on [a,b] if var? A(¢) < co.

The function A(¢) : [a,b] — L(X) is regulated on [a, b] if the one sided-limits A(¢—) = slirtn_ A(s)
and A(t+) = slirgA(s) exist at every point of ¢ € [a,b]. That is A(a—) = A(a) and A(b+) = A(b)
such that ATA(¢) = A(t)— A(¢t—) and ATA(t) = A(t+)— A(¢) for all ¢ € [a,b]. By G([a,b],L(X)) we
denote the set of all regulated functions A(¢) : [a,b] — L(X), which is a Banach space when
endowed with the usual supremum norm ||A|ls = sup{l|A(®)|x, ¢ €[a,bl}.

A tagged division of a compact interval Ula,b] c R is a finite collection of point-interval
pairs P = (v,U), where U ={sg,s1,...,s;+1} and v; € [s;_1,s;] (that is (v;,[s;_1,s;])) . A gauge on
[a,b] is any positive function § : [a,b] — (0,00). A tagged division P(v;[s;_1,s;]) is 6-fine if for
everyi=1,2,...,[s;-1,si1 < (v; —0(v;), v; +6(v;)).

Consequent of Definitions 1, 6 and Lemmas 2, 4 in [[12]], the initial value problem of the
linear non-homogeneous generalized ordinary differential equation is presented as

dx _ GLAx(E) + g(8)] }

(2.0)
x(to) = xo,

for A :[tg,to+nl— L(X), g:[to,to+n]— X, x0 € X and varifA <00, t1,te €[tg,to+nl.
2.1 Solution of System (2.0) using A Fundamental Matrix Equation

Proposition 2.0 (Schwabik [19]). Assume that A :[tg,to+n] — X, VarigJ’nA < oo and the matrix
I-A"A(t) is regular for all t € [to,to +nl. Then the matrix equation
¢
Kt)=Ky+ | d[A(s)K(s)], (2.1)
to

has for every Ko € X a unique solution K(t) on [tg,to+nl.

Definition 2.0. A matrix K(¢) satisfying the matrix equation (2.1) isa fundamental matrix of
the system (2.0).
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Theorem 2.0 (Schwabik [19]). If the assumption of Proposition is satisfied, then there exists
a unique n x n matrix value function U(t,s) defined on to < s <to+n such that

t
U(t,s)= I+f d[A(MIU(r,s). (2.2)

Lemma 2.0 (Schwabik [[19]). Suppose that the assumption of Proposition is fulfilled, then
there exists a constant M > 0 such that |U(¢,s)|l < M for all (t,s), and t,s € [ty, to +nl. Moreover,
we have

1U(t2,8) - U(t1,5)l < Mvar? A,

for all to =ty <ty =s<to+mn, and consequently var; U(-,s) < Mvar; A.

Lemma 2.1 (Schwabik [19]]). Suppose that the assumption of Proposition is satisfied. If we
define

U(t,s)=U(t,s), forto<s<t<to+n
Ut,s)=U(t,t)=1, forto<t<s<to+n

where U(t,s) € X is given by equation ([2.2), then for the two-dimensional variations of U on the
squares [to,to+n] % [to,to +n] on which U is defined we have varigﬂ7 U < oo.

Let us assume that U(t,s) € X satisfied Theorem Lemma [2.0/and then by variation
of constant formula equation (2.0) implies that

t
x(2)=U(E,t0)xo + (1) — g(to) — | dIU,s)1(g(s)— g(¢o)). (2.3)

to

Integrating the last term by parts,

t
dlU(¢,s)l(g(s) — u(to))

to

t
=U@,Dg)—gGn]-U, o)) —g(to)l - | U,s)dl(g(s) - g(to)l.

to

Substituting the term back into equation (2.3) we obtained

t
x(t)=U(t, to)xo— | U(t,s)dl(g(s)—g(to)l+ Z A U(t,0)A"g(o), to<o<t. (2.4)

to to<r<t
Equation (2.4) is the integral solution of the generalized ordinary differential equation (2.0)
using the fundamental matrix equation (2.2)).

Lemma 2.2. If g(t) e BV ([a,b]), then Y. |g®)| = varg g(t).

a<t<b

Proof. By the assertion in [11], the set of discontinuities of g(¢) in the interval [a,b] can be
written as {¢t; € X; k € N}, we can assume without loss of generality that ¢, <t3,7, 2k € N. So that
for each n € N,

S,=1A"g@ll+ Y A" gl

a<t<b
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Let £ >0 and n € N be given. We can choose a §; >0, in such a way that

and [tk _katk]m{tlat27' . 7tn} = {tk}

€
lg(tr —nr)—gtr—)Il < 2+ D)

We choose 1 > 0 such that
€
lg(a—mno)—gla—-)l < 5 a7n >tn.
Then,

S <ligl@)—gla—noll +lgla—no)—gla=)l + )_ lgtr) —gltr —nw)l
k=1

+ ) lglte —ni)— gt
k=1

€ n &
<lg@-gla—noll+3 +k§1 lg(tr) — gtr —ni)ll + =D

<e+lgl@—gla-nol+ ) lgltr)—gltr—nl,
k=1

and
lim S, < sup {llg(sz)—g(sp-DI} zvargg.
n—oo a<sp<b
Given that y e PC([to—r,to+nl,X), and ¢ — L(t,y;) are Kurzweil integrable on [¢¢,t¢ + J],
and using the claim of Lemma 14 in [5] and the results of [15], [18] we define the functions
F(t,y):PC([to—r,to+n],X) — C([tog—r,to+nl],X) and g(¢t) € C([¢o,to+n],X) on [tg,t0+05] as follow:

0, to—r<v<=<iy

M) Fl,ym =14 ), K&yds, tosvststotn 2.5)

t
L(s,ys)ds, tost<v<tip+n
to

v
f(s)ds, to<v<t<ty+0d
to

(i) g@)(v)= . (2.6)
f(s)ds, to<t=s=v=<tg+6
to
Also, we define a unit step function
¢ 0, to<t<tt
JRCE A
k 1, t=tg,

concentrated at tz € [to,00) so that given v € [tg,t9+7n] and x € G([to—r,to+n],X), the impulsive
term in equation (1.8) is defined as

i) Jo,om=Y [ ® f A @7
k=17k k

Consider the regulated function A(¢,y)(v) : G([¢o,to+n],L(X)) — G([to—r,to+n],L(X)) defined by
A(t,y)v)=F(t,y)©)+J (&, y)v), (2.8)
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for v € [tg,t0 +1nl, such that given s1,s9 € [to,t0+n] and x,y € G([¢g,to + 1], L(x)) we have
1F(x,82) — F(x,s1)|l < [h(s2) — h(s1)|
and
I1F(x,82) — F(x,81) = F(y,82) + F(y,sD)Il < lx — yll|h1(s2) — h1(s1)
where h1(t) = fttO[Mo(s)+M1(s)]ds, t € [tg,00).
Similarly, for J(y,#)(v) = i L @ [ WIL(y(£2)), we have

-1
e (x,82) — J (o, sl < ) [ (s2)— (81) K
k=1

and
n

IIJ(x,Sz)—J(x,sl)—J(y,82)+J(y,81)IISZ[ (s2)— | (s1)
173

173

Kollx—yll

where ho(#) = max(K1,K2) Z I @r)@®).

Now, for A(t, y)(v): G([to,to +nl,L(X)) — G([to —r,to +nl,L(X)) defined in equation (2.8), we
have

A(x,s2) = Alx,s )l < h1(s2) —h1(s1) + ha(s2) — ha(s1) = (h(s2) — h(s1)),
[A(x,s2) — Alx,s1) = A(y,s2) + A(y,s1)ll < llx — ylllh(s2) — h(s1)],
where h(t) = h1(t) + ho(t) is a non-decreasing real function which is continuous from the left
(Federson and Shwabik [9]). Then the generalized non-homogenous linear ordinary differential
equation (2.0) is properly defined and has the integral equation form as
1% 1%
x=x0(tg)+ | dF(t,x)+ | dJ(t,x)+g(t)—g(to)

to to

=xo(to)+ | d[A@D)]x +g(t)—g(to) (2.9)

o
satisfying the initial condition

@ —ty), vElto—r,tol
folfv) = 2.10
H(to)®) {qﬂ(to)(to), v E[tg,to+0]. ( )

O]

The equivalence result given one-to-one correspondence between solutions (2.4) and (1.8)),
and the existence and uniqueness theorems of the solution of system (1.7) using system (2.0)
are well established in ([3,7,/9,/12]).

3. Main Results

3.1 Stability of the Non-homogeneous Generalized Differential Equation
Definition 3.0. Let A : G([¢g,t0 + n],L(X) — G([tog —r,to +nl, L(X) be a regulated function,

to+0

and g € BV[to,to+nl is of locally bounded variation such that var, g <oo. Then the solution

function T'(¢,x) € G([¢g,to+n],X) is of bounded variation if there ex1sts a non-decreasing function

Commaunications in Mathematics and Applications, Vol. 12, No. 2, pp.[379 , 2021



Stability Results of Solution of Non-Homogeneous Impulsive Retarded Equation...: D.K. Igobi et al. 387

h :[0,00) — R such that A(0) =0 and

to
(@) [1T(x,t2)—T(x,t1)ll = f dA(x(s),t)+g(t)H
11

< ||A(x,t2) + g(t2) — Alx,t1) — gl

< |h(ts) - h(t1)| +var;® g < oo

() T (x,t2) = T(x,21) = T(y,t2)+ T(y, 1)l =

t
f 2d[A(x(s),t)+A(y(s>,t>]H
i1

< |A(x, t2) — Alx, 1)+ A(y, t2) — A(y, £1)ll
< llx =l 1A(E2) — A (£1)I.

Definition 3.1. Let T' € F(Q,h), for Q c B, x [tg,t0 +7l, for B, ={x € X,|lx] <q}, 0<g <c and
h :[0,00) — R is left continuous non-decreasing function, such that 7'(0,¢)—-7(0,n) =0 for ¢,n > 0.

Then for every [v1,v2] c[tg,to + 1], we have
1%

x(t) = 2 d[T(0,0)]=T(0,v2) - T(0,v1) =0, (3.0)

v1
and x = 0 is the trivial solution of the generalized differential equation (2.0), and x : [v1,v9] = X
is of bounded variation on [v1,v2].

Definition 3.2. The trivial solution (x = 0) of equation (2.0) is variationally stable if and only if
for every € > 0 there exists §(¢) > 0 such that if ||xgll < ¢ and g € BV[tg,t¢ + 1l continuous from
the left, with a(¢) > 0, for all ¢ € [¢¢,t0 + 1]
t
var,”"" (x(t) ~ Ma(t) D[A(x,s)]) =var,)"" g < 8(e),
to
then |x(¢,t9,x0)l <e.

Definition 3.3. The trivial solution (x = 0) of is variationally attracting if there exists a
00 > 0 and for every € > 0 there existsa 7' = T'(¢) = 0 and 6 = 6(¢) > 0 such that if x : [£g,20+n] — X
is a function of bounded variation on [¢g,t¢ + 1], and g € BV [t¢,¢o + 1l continuous from the left,
with a(¢) > 0 for all ¢ € [¢g,29 + 1] such that

t
llx(to)ll < 6o and varigm (x(t)—Ma(t) D[A(x,s)]) zvar:gmg <5,
to

then

(2,20, x0)ll <e&.

Definition 3.4. The trivial solution (x = 0) of (2.0) is variationally asymptotically stable if it is
variationally stable and variationally attracting.

Lemma 3.0. Let A(x,t): G([to,t0+1]l,X) — G([to—r,to +nl,X) be a regulated function for all
t>0, ge BV([ty,to +nl) is a locally bounded variation on [ty,to+nl. Then the trivial solution
(x = 0) of equation (2.0) is variationally stable if |U(t,ty)|l < M.
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Proof. Assume ||U(t,to)|| < M, and also using the integral solution (2.4), for g € BV[tg,to + 1l

satisfying Lemma then
t
(2, 20,x0)ll < 1U (¢, 20)llxo — | U (¢,9)1Ds[g(s) - gto)l+ ) IAU,0)IAg(0)

to to<o<t
t
<Mlxoll— | MDl[g(s)—g(to)l+ Z \U(t,0)-U(t,o-)IIA" g(o)
to to<d<t
< M||xoll —Mvar§0g+2Mvar§0g
<2Méd<e,
for |lxoll <9, Varigﬂsg <6, and 6 = 55;. By Deﬁnition the trivial solution of equation (2.4) is

variationally stable.
Conversely, assume the fundamental matrix is bounded then,

U, to+n)—U(t, to)llal(t)
< M|A(x,to+mn)—Alx, to)llalt)

to+n
< Ma()varl?™ [ |7 prac,n| +atto + - xteo)
to

tot+
<

t
"D[A(x,s)]) _ (x(to)—Ma(t) f OD[A(x,s)])]
0

(x(to +1n)—Ma(t)
0

< varf)om 8- varg0
= variom <é.
0
Hence,
llx@l = llx(¢, 20, x0)ll <. [
The Lyapunov functional theorem as proved in [19] for the generalized ordinary differential

equation is presented in the next lemma, but in this case, the solution of equation (2.0) is via
the fundamental matrix equation.

Lemma 3.1. Let V : [tg,00) x X — R be such that V(e,x) is continuous from the left and
V(e,x) € BV ([tg,00)) satisfies

V&) -VENI<Klx—yll, x,yeX, tel0,00), (3.1)
where K > 0. Also assume that for any solution x :(a,b) — X, for (a,b) < [ty,00), there exists a

function ¢p(x(t)): X — R such that
m V(t+n,x(t+mn)—V(t,x(t)

li < —p(x(1)), 3.2)
n—0 n
then
¢
V(t,y() = V(to,y(to) —Kvarigm (y(t) +Ma(t) d[A(t,x(S))]) +n¢(y(t)) (3.3)
to
holds.
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Proof. Let x be a solution of the generalized differential equation % =DA(t,x), such that
¥(t0) < U (0, 20)llx(20) < x(20),

and by equation (3.1)

V(tg+ T],y(t() =+ 1])) —V(to+ T],x(t() + 17))
<Kl y(to+n)—x(to+n)l

<K |y(to+m+U(2,to)xo — alt)

<K |[y(to+mn)+y(to)—Mal(t)

By the presentation in [19],

to
lo+n

to
to+n

to

dlU(s,to)]

d[A(t,x(s)]

for y:[tg,t0+nl— X,

to+n
_ K |l y(to + 1) + U to)xo — f Us, to)dlg(to +1) + g(to)]

Vto+n,y(t0+m)—V(te,y(to) =V (o +n,y(to+n)—V(to+n,x(to+1n))
+V(to+n,x(to+mn)—V(ty,x(to)).

Using hypothesis (3.2) and equation (3.4), we obtained

V(to+n,y{o+m)—V(to,y(t0)

<K Hy(to +m)—y(to) —Ma(t)

<K H Y(to+1) - y(to)— Malt)

to+

to
to+

to

to+n
+KHMa(t)f dl[A(t,y(s)]) — M a(t)
to

to+n

sKHy(to+n)—Ma(t)fO d[A(t, y(s)])

+K

Ma(t)

tot

to

n
dlA(t, y(s)])—Ma(t)

to+n to
<Klvar, "g+var; gl

to+n

+K

= K[var(t)oﬂ7 g+ Varé0 gl+ KM |la®)l

Hence

Ma(t)

to

dlA(¢,y(s)]) - Ma(t)

to

V(to+n,y{o+m)—V(to,y(t0)

< Klvar"" g +vary gl+ KM | a(?)|

0

n
d[A(t,x(s)])

tot+

to

lo
+KHy(to)—Ma(t)f0 d[A(t,y(s)])H

tot+

to

+n¢(y(t))

n
d[A(t,y(s)])"

n
d[A(t,x(s)])

n
d[A(t,x(s)])

to+n

to

d[A(t,x(s)])

Using Definition we estimate the second term on the left as

0
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to+n
f d[A(t,y<s>)—A(t,x(s>,t>]“
t

to+n
f dIA(, y(s)— At x(s)])

to+n
f dLA(E, y(s) — A(t, x(s)])
t

+n¢(y(2))

+n¢(y(1))

+n¢(y(2))

+nd(y(2)).

+n¢(y(2)).

(3.4)

(3.5)
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to+n
< f d (w 1(s) — x(s) ) =®)
t

0

to+n
< f w (ly()) = ()Y dA(2)

to+T to+n
_ lim ( f f )w(lly(S))+x(8)II)dh(t)
to+T

7—0

to+T to+n

hn(l) w (Ily(s)) —x(s)INdh(t) + hn% w (Ily(s)) —x(s)INdh(t)

to to+T

< sup w(O)hm(h(t0+T) h(to))

o€lto,to+n]

+ sup w(ly(o)) - x(a)ll)hm(h(to+n) h(to+1))

o€lto,to+n]

= sup w(lly(o))—x(o))(h(to+n)—h(to+)). (3.6)

o€lto,to+n]

Also, by Theorem 1.3.5 (Kurzweil [1]]), for p € (¢o,¢o + n(to)) and

p
x(p)=y(to)+ | DIA(t,x(s)] (for y(to) =x(¢p))
to

being a solution, then

o
¥(p)—x(p) = y(p)— y(¢0)— | DIA(,x(s)].

to
Therefore,

o
D[A(t,X(S))])

to

pgrt{)l+(y(p) —x(p)) = pli?(h (y(p) —y(to)—
o
:y(t0+)—y(t0)— 1im ( D[A(t,x(s))])

= y(to+) - y(to)— lim ( f DIAG,x(s))] - f DIAG, x(s))])

p—tot
=yt~ Tim (- [ Diacx6) 30~ tim ([ D1ac, x|
= lim_g(p)-g(to)
=g(to+)—g(to).
Hence
Jim [1(y(0) ~ (o)l = llg(to+) - g(to)l = var)’" g. (3.7
Given any arbitrary € > 0 and setting
y==>0, for KMla(®)l=A, (3.8)

such that p(y) > 0 for p € (0, p(y)], we have w(p) <y and y € (0, p(a)/2). Let there exists n1(¢¢g) >0,
n1(tg) < n(to) such that for p € (tg,t0 +n1(¢o))

to+

I(y(p) —x(p)l = var,~ g +A. (3.9)
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We defined an infinite set M(y)

M(y)= {to €lto—7,t0 +T];var§g+g > %},
such that for y defined in equation (3.8), and g € BV[¢o —7,%0 + 7] we have

to+

w(lly(p) —x(p)I) = w(var, " g+ 1) <w(p(y) <y.
Hence by equation (3.6), we obtained

to+n
f dLA(t, y(s) - A(t, x(s)])

o

If the lir(r)1 h(to +n) = h(to+) exists, then for any ns(¢9) > 0 such that ns(¢¢) < n2(¢0), and
17_, +

<vy(h(to+n—h(to+)), ne(0,n2(to)). (3.10)

0 <n<ns(ty) we have
Y
Uy + l)w(varig"L +1)

Using equation (3.6) and (3.9), we obtained

tO

Tlp+1
for /(y) defining the number of elements in set M(y).
Schwabik [19] defined

Y
h,(t) = H, (), telty,tal,
v zw>+1toe%<y> K

where H(t) = 0, for t < t9, and H(¢) = 1, for ¢o < ¢. The function A, : [t1,2] — R is a non-

decreasing and continuous from the left, such that
Y

h(to+n)—h(to+) <

var,? hy = hy(te) = hy(t1) = EFEg (3.12)
The points of discontinuity of 4, are only the points in M(y), such that for any
tEMM), hy(tH)=hyD)=+ (Y)V+ -

Defining
hy(®) = Yhe(t)+ Ry (1), telty,tsl,

where A .(t) is the continuous part of the function 4. Then EY is non-decreasing and continuous
from the left on [¢1,%9] and

ﬁy(tl) - ﬁy(to) =ylhc(t2) —h(t)]+ hy(tz) - hy(tl) < y(h(ta) —h(t1)+1.

By equation (3.10) and (3.11), and for n = na(tg) and n = na(ty), where t¢ € [¢1,t2] and
EY :[#1,t2] — R we have

to+n ~ ~
f dlA(t,y(s) — A(t,x(s)D| < hy(to+ 1) — hy(to).
¢

0

Using equations (3.5), (3.12), (3.13) for n € [¢g,to + 1] we have
Vi(to+n,y(to+ )= V(to,y(to)) < Klvary ™ g +varl® g1+ A (k) (to +n) — hy(t0)) + np(y(2))
< K[vary"" g +varl gl+ Ay +n¢(y(2))

< Klvar;"" gl + & +np(y()),
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and the hypothesis of Lemma [3.1 holds. That is

t
V(t,y(8)) < V(to, y(to)) — Kvari®™" (y(t) +Ma(t) ds[A(s)]) + Ny (@)). O

lo

Consequent to Lemma we state the sufficient conditions for the variational stability
and variational asymptotic stability for the trivial solution (x = 0) of the generalized ordinary
differential equation (2.0) as presented in [[19].

Theorem 3.0. Assume V : [tg,+o0) x By — R, for By ={x € X,|x| < q}, 0 < q < c is positive
definite, continuous from the left on [0,+00) and satisfies the following:
(1) V(¢,0)=0, t€[tg,00).

{1) |V(,x)-V(t,2)| <K|x—z|, for K >0 being a constant.

(iii) V(¢,x) is positive definite such that there exists a continuous increasing function b :
[0, +00) — R, for b(0) =0 and V(t,x) = b(llx()|x), for (t,x) € [to,+00) x By.

(iv) the right derivative along the integral path of equation (2.0) is negative definite. That is
V(it+n,xt+n)—-V(,x(t
DV(t,)" = lim (En, 2t +m) = VExB) _
n—0* n

then the trivial solution (x = 0) of equation (2.0) is variationally stable.

Theorem 3.1. Assume V : [tg,+o0) x By — R, for By ={x € X,|x| < q}, 0 < q < c is positive
definite, continuous from the left on [to,+00), and satisfies (1)-(iv) of Theorem Suppose also
that there exists a continuous function ¢ : X — R, such that ¢(0) =0 and ¢(x) >0, for x # 0, and
if for every solution x :[to,to + 1]l — By, we have
. V(t+n,xt+m)-V(,x(@)
lim <
n—07" U]
Then the trivial solution x = 0 of equation (2.0) is variationally asymptotically stable.

—p(x(2)), telto,to+nl

Consider the solution of equation (1.8) with the following assumptions:
L(0,t)=0, I,(0)=0, k=1,2,..., foralltelty,to+0], and tlim f(@)=0.
—00

Definition 3.5. The function y = 0 satisfying the above assumptions is the trivial solution of
equation (1.8) and by implication system (1.7) on [¢¢,%¢ + 1]

The following classical definitions of stability of the trivial solution (y = 0) of (1.7) are
presented:

Definition 3.6. (i) The solution y = 0 of the system (1.7) is stable if for every € >0, tg =0
there exists § = 6(¢,t9) > 0 such that if ¢ € G([¢g —r,2044],X), and for any solution
y=y(to,p):[to—r,v]— X of (1.7) on [to —r,v] such that y;, = ¢ and

(e, to)ll <6,
then

ly:(to, )l <&, fortelto,v].
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(ii)) The solution y = 0 of the system (1.7) is uniformly stable if (i) hold and § = 6(¢) > 0
(6 independent on ¢g).

(iii) The solution y = 0 of the system (1.7) is uniformly asymptotically stable if there exists
0o > 0 for every € >0, to = 0, there exists T' = T'(¢,t9) = 0 such that if ¢ € '¢, and for any
solution y = y(¢9,¢) : [to —r,v] — X of (1.7) on [¢¢ —r,v] such that y;, = ¢ and

ol <bo,
then

I7:(to, )l <€, for ¢ € [¢9,v][ |[¢o + T, 00).

We employed results of Theorems 19 and 20 in [12]], Theorems and Lemma |3.1|to
present the stability results of the initial value problem (1.7).

Let y e G([t0,t0 + n],X) be the solution of the impulsive retarded differential equation (1.7)
on [tg—r,to+nl and x(¢) € G([to,t0 +nl,X) the solution of the generalized ordinary differential
equation (2.0) satisfying the initial condition
o —tg), veElto—r,tol
@(to)to), v Elio,to+nl,
then x(¢9) = ¢;,, where ¢;, = p(to —r). Also, for y; € G([tc —r,to + 1], X), we have

x(t)E+0)=y(t+0)=y,0), forOelty—r,tol,

x(to)(v) = {

such that x(¢); = y¢, t € [¢0,t0 + 1], and at to, x(¢0)z, = y¢, = @.

Given that L : G([to —r,to +n],L(X)) x [tg,to + n] — X depend on both ¢ and y for y; € G([to —
r,to+nl,X), then L is a functional such that we defined a set I'y, = {y : [£9,t0+n] — X|w(t™) = w(?)
for all but finite number of points ¢ € [¢g,¢9 + 1]} and |y|,= sup [v(s)l<a,0<a<xk.That

to—r<s<to

is ¥ has left-hand limit and is right continuous on [¢¢, ¢ + 1] so that L(y;,t) = L(y, ).

Remark 3.0. Consequent of the results of Theorems 19 and 20 in [[12], for y € G([to—r,to+n],X)
and x € G([¢g,to+n],X) being solutions of system (1.7) and (2.0) respectively, then (¢,x(¢)) — (¢, y;)
is one-to-one mapping and

lx(@)ll = sup [x(t+06)|

to—r<6<tyo

= sup |x(v)|
to—r<v<t

= sup |y()l

to—r<v<t

= sup |y(t+0)

to—r<60<ty

= sup |yl

to—r<t<to+n
= llyell
=lyl.

Let W :[t9,00) xI'y — R be the associated Lyapunov functional of the impulsive retarded
equation (1.7) which we relate to the functional V : [¢g,+00) x B, — R, of the generalized
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ordinary differential equation (2.0) as
V(t,%) = W(t,y) = W(t, p). (3.13)

Lemma 3.2. Let y € G([to,t0+n],X), L : G(to—r,to+nl, LX) x[to,to+n] — X, f(t):[tg,t0+5]—
X such that t — L(t,x;) and t — f(t) are Lebesgue integrable and satisfies conditions A, B, A4,
Ao, Az, and I(ty), k =1,2,... satisfies A4. Assume further that W :[ty,00) x 'y — R is positive
definite, right continuous, locally Lipschitz in ¥ and satisfies:

(1) W(t,0)=0, te[ty,o0).

(1) Wi, v)-Wi, Wl <Kly—-vyl, for K>0, and v, w el

W(t+n,w(t+n)—-W(E,yp@)
, .

Then |V (t,x)-V (%) < K|x—%|, and D*W(¢,y) = h%l sup
T]_’ +

(iii)) D*W(¢t,y) = liI(I)l sup
n_} +

V(t+n,x(t+n)—V(t,x(t)
. .
Proof. Let y,y,y € G([to—r,to+nl,X) be the solution of the retarded impulsive equation (1.7)
such that for v, ¢ €'y, we have that y; = v, y; =¥ and y; = 0. Also, let x,x,x € G([to,t0 + 1], X)
be the solution of the generalized ordinary differential equation 23.0). Then by Remark [3.0] we
have that x(¢); = v x(¢t); = ¥ and x(¢); = 0, and using Theorem for V :[tg,+o0)xBy — R,
we have
V(t,0) =V (t,x:(£,0)) = W(¢,y:(¢,0) =W(£,0)=0, ¢€ltg,00).
Considering the hypothesis (ii), for K > 0 we have
W&, yv) =W, =IIW(E,y:)— W,y
=V (&,x(2)) — V (&, X))l
< K|lx(#); — x(t)zl
< sup Klx(tg+0)—x(tg+0)|

to—r<6<ty

< sup Klx(v)-x()|

to—r<v<t
< K|x(t) —x(2)|.

By hypothesis (iii) we have
W(t+n,w(t+n)—W(E,p(t))

D *W(t,y) = li%l sup
n_, +

U]

I W(t+n,w(t+n))—W(t,w(t))) . (W(t+n,yt(t))—W(t+n,W(t+n)))
= lim sup + lim

n—0* n n—0* n
1 W(t+n,wt+n)-W(Et,w@) W(t+n,yt(t))—W(t+n,W(t+n)))
= hm sup +

n—0* n n
_ 1 W(t+n,yt(t))—W(t,w(t)))
= lim sup

n—0* n

I V(t+n,x(t)t)—V(t,x(t)))
= lim sup

n—0* n
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. V(t+n,x(t+n)—-V(t,x(t))
= lim sup .
n—07" n
Hence the boundedness of the right derivative of W[tg,00)xI'c — R+ along xe G([to,t0+n],X). O

Theorem 3.2. Suppose L(t,y;) and f(t) satisfies conditions A1, As, As, and I, k =1,2,...
satisfies A4. Assume further that W :[tg,00) xI'y, — R, satisfies the conditions

i) W(t,00=0, t€[ty,00),
i) W, ) - W&, 9l < Kly -, for K >0, and w, 7 € Ty,
i) b(lyl) < W, w), for t € [tg,00), € T,

(iv) D*W(t,w) <O0.
Then the trivial solution (yy = 0) of is uniformly stable.

Proof. Let L(t,y;), f(t), satisfies conditions A1, Ag, Ag, and I, k = 1,2,... satisfies A4, also
A :[tg,tg+06]1— L(X), g :[tg,t0 + 5] — X be regulated functions. Using Lemma 3.2/ and equation
(8.13), for V :[¢g,00) x By — R, being right continuous and positive definite, then

V(¢,0)=W(t,0), forx(¢); =7,
and

IV(,x(2)) =V (@&, XD = IW(E,p) - WEPI <Ky -l =Klx—xl,
then conditions (i) and (ii) implies.

Using Lemma we have
_ t
V(t,x1)) < V(to,x(t0)) + Kvari0 (x(s) -Ma(t) | dA(t, x(s)))

to

- ¢
<K |lx(t)ll +Kvar§0 (x(s)—Ma(t) dA(t,x(s))).
to

By Definition |3.2| and setting 2K d(¢) < a(e) = € we have
V(t,x1)) < Kb(e) + Kb(e) = 2K6(e) < ale) = ¢. (3.14)
We define [tg —r,t¢ + n] as the maximal interval of existence of the solution x(¢,v); and set
a(e) =inf{b(t"), t* €[to,to +nll llx(t*)|| > €}.
Then
a(e) =inf b(t") < bllx(t ™)l = blly: ) < W™, y:(t™")) = V (", x(t")y), (3.15)

which contradicts equation (3.14), hence [|x(¢);|| < € and condition (iii) implies.
Proving condition (iv), we use equation (3.13) to imply

Vit +n,x+m)=W(E+n,x+n0)4n)
and

Wt +10,x(E+0)i1g) = WE+D, yi4q) = W, ).
So that for n=0,

1 1
EV(t +n,x(+n) - V(¢,x(8) = EW(t +1, Ye+n) — W(E, yt)
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1

and

1 1
lin(l) sup EV(t +n,x(t+mn)—-V(t,x(t) = lin(1) sup EW(t +n,w(t+n)—-W(t,p(t)
n— n—

=D*(t,y)<0.
Hence, the trivial solution x = 0 of system (2.0) is variationally stable, and so given any ¢ > 0,

there exists 6(¢) > 0 such that for X : [#9,¢0 + ) x B; — R, being a function of bounded variation
on [tg,t0 +nl, we have that

lxoll < 6(e)
t
Var§§+” (56(8) —Ma(t) D[A(x,s)]) = varigmg <b(e),

to

then
(¢, 20, yo)ll <e.
We prove the reverse |[|y:(to, )|l <e.
Let ¥:, = ¢ be the solution of system (1.7) on [¢9,0 + 7], for ¢ € T'y. Assume | @]l <6, then for
pv—1to), velto—r,tol
@(to)to), wveElto,to+nl
and by Remark 3.0, #(¢9)(v)= sup &)= |¢| <é.

to—r<v<ity
Also for x(¢) € B, a function of bounded variation such that

x(to)(v) = {

t
vary, (a‘c(s) - Ma(t) d[A(s,x)]) =var; g <0,
to

then [lx(v)|l < € holds.
Therefore, by Remark

17:GEo, )l = sup [[¥E+O)l= sup (@)= sup [Z@)]=I[x@)]<e,

to—r<0<ty to—r<v=<iy to—r=<v<iy

and hence, ||y:(to, @)l < € is proved. O

Theorem 3.3. Suppose L(t,y;) and f(t) satisfies conditions A1, Ag, As, and Iy, k =1,2,...
satisfies Ay. Let W :[tg,00) x 'y — R satisfies the hypothesis (i), (ii), (iii) of Theorem Assume
further that there exists a continuous function h : R, — R, with h(0) =0, and h(x) >0, for x #0,
such that for y €T,

1
li%1+ sup E(W(t +n,9(t+n)-WEt,y@) < -h(yl), telto,to+nl
n—>
Then the trivial solution y =0 is uniformly asymptotically stable.

Proof. Given V :[0,00)xB, — R, as defined in equation (3.13), then the hypothesis of
Theorem as proved in [19] is satisfies. Consequently, we defined a continuous function
¢ : B, — R such that ¢$(0)=0, ¢(2)>0, for z # 0, and

$(z) =h(lzll), z€B,. (3.16)
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By Remark [3.0jand Theorem 4.0 and Theorem 4.1 in [12], we have (¢,x(2)) — (¢, y;), and so using
equation (2.10)

x(B)(t+0)=y(t+0)=y0) and
x(t+Mirn = Yern, telt,t+nl

Hence

V=<t

1 1
1171_1% sup E(V(t +n,x(t+m)—-V(t,x())) = 1171_1}(1) sup E(W(t +1, Yt+n) — W(E,34)) < —h sup(ly(v))).

Again, from Remark [3.0|and equation (3.2) we have
sup|y(v)| = suplx(v) = lx(@®)e ] = 2@l

V<t V<t
and so
1
}]i_% sup E(V(t +n,x(t+n)—-V(t,x()) <-h sug(ly(v)l) = —h([x@®)) = —p(x(2)),
which satisfies Lemma [3.1]

Therefore by Definition x = 0 is variationally asymptotically stable and so for € > 0,
there exists 69 >0, T =T(e) =0 and 6 = 6(¢) > 0 such that for any solution x : [¢g,t0 +n] — X
and g € BV[tg,to+nl continuous from the left with a(¢) > 0,¢ € [£o,¢¢ + 1] such that

(o)l <o

and

t
var;gm (a'c(t) —Ma(t) d[A(x,s)]) = varigmg <9,
o
then x|l <.
Also for € > 0, let 69 >0 and T = T'(e) = 0 be defined. Given ¢ € I'; and any solution
y:[to—r,to+n] — X such that yo = ¢ and ||</>|| < 0, then by the proof of Theorem and the
assertion of Theorem x =0 is variationally stable and variational asymptotically stable.

Consequently, y =0 of (1.7) for
Iyl <&

is variationally stable and variational asymptotically stable. O

lllustration
We consider the general form of equation (1.7) with matrix B satisfying Hurwitz inequality.
Then there exists a positive definite matrix P € R™*™ that solves the Lyapunov equation

BIP+PBy=-1.

Also for Apin(P) defining the smallest eigenvalue of matrix P, we assume that |PBy| < % and
u(t) a non-negative function. Then we defined the Lyapunov function associated with system
(1.7) for W :[tg,00) x Ty, — R, as

t

1
W(t,y) =y Py(t)+ 5 w(s) y(s)ds.

to—r
Since (¢,v) € ([tg,00) x 'y, R ), then conditions (i) and (iii) of theorem (3.2) are easily confirmed.
That is W(t,0) = 0 and W(t,9) = Amin(P) |v|.
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The time derivative of W along the integral path of system (1.7) is computed as
D*W(t, ) =wt)TPBow(t) + Biw(t —r) +u(t) + (Bow(t) + By (t — )+ u() T Py(t)

1 1
+ §(w(t)Tw(t)) 4% NTyt-r)
= ()" PBoy(t) +w()" PB1y(t —r) + w(t)T Pu(t) + w(t) PBEw(t)

1 1
+w®PBTyT(t—r) +u@®)T Py(t) + é(w(t)Tw(t)) -5t~ Tyt -r)
= ()T (PBy +PBYy(@t) + 2uw(®) PB1y(t — r) + 2y ()T Pu(t)

+ %(w(t)Tw(t)) - %(w(t ~r 'yt -r)
= —%(w(t)Tw(t)) +29(t)T PB1w(t — )+ 2w(t)T Pu(t) - %(w(t -y -r)
< —% lw )2 +2PB1 |y (@)% - %Ilw(t =n)I?+2y@®) Pu(t)
< —%IIU/(t)IIz +PB1lly®)I® + PBylly(t - )l - %Ilw(t —r)I?+2y@®)" Pu()

< —

1
(5 _PBl) (||1//(If)||2 +llp(t - r)llz)—Pu(t)HW(t)ll .
So for any 7 > 0 sufficiently small, we have W(y (¢ +1n)) < W(w(?)) by the continuity of W, so that

at t = t;; we have
W(y(t+n)—-Wy(t)) -

n
Hence, we defined a functional V : [¢{9,00) x B, — R, satisfying equation (3.13) such that

Theorem [3.2 holds and
1
D V(x(t) = li%l EV(x(t +m) =V (x(t)) <0.
17_, +

0.

D*W(y(t)) = lim
n—0*

4. Conclusion

A non-homogeneous impulsive retarded equation with bounded delays and variable impulse time
was considered. Results on the necessary and sufficient conditions for stability and asymptotic
stability of the impulsive retarded system via the generalized ordinary differential equation
were obtained. An illustration was used to demonstrate the suitability of the results. This work
is an extension of the results of [1,8,12] to a non-homogeneous system.
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